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Abstract

The transmission channel of monetary policy in the benchmark New Keynesian (NK)
framework relies on the counterfactual Full-Information Rational-Expectations (FIRE)
assumption, both at the partial and general equilibrium (GE) dimensions. We relax
the Full-Information assumption and build a Heterogeneous-Agents NK model under
dispersed information. We find that the amplification multiplier is dampened. This
result is explained by the lessened and lagged role of GE effects in our framework.
We then conduct the standard full-fledged NK analysis: we find that the determinacy
region is widened as a result of as if aggregate myopia and show that our framework
beyond FIRE does not suffer from the forward guidance puzzle. Finally, we find that

transitory “animal spirits” shocks generate persistent effects in output and inflation.
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1 Introduction

There is mounting evidence that inequality and information frictions are quantitatively rel-
evant and matter for the transmission of aggregate shocks. On the one hand, the share of
financially restricted agents is 34% in the U.S., in an upward trend since 2001, and around
31% in Europe with some countries exhibiting values greater than 40%.! Recent theoretical
and empirical evidence suggests that economies with a larger degree of inequality respond
more to fiscal and monetary shocks.? On the other hand, surveys of expectations to con-
sumers, firms, professional forecasters and central bankers suggest that agents’ expectations
do not satisfy the Full Information Rational Expectations (FIRE) assumption. In particular,
there is evidence of aggregate underreaction to news in average forecasts.® At the same time,
empirical evidence suggests that households” and firms’ aggregate underreaction reduces the
effect of aggregate shocks; and that the role of GE effects after a monetary policy shock is
dampened initially.*

To understand in a clean and transparent manner the mechanism of the interaction of
these two forces, we build a tractable heterogeneous agents New Keynesian (HANK) model,
based on Bilbiie (2019b). Despite its simplicity, this framework captures the key micro-
heterogeneity inputs of the quantitative literature: cyclical inequality, idiosyncratic risk
and precautionary savings, which together generate heterogeneous marginal propensities to
consume (MPCs). In the benchmark FIRE setup, economies with larger inequality react
more to exogenous shocks under plausible assumptions. This amplification result arises
from the higher MPCs of financially constrained households, and depends on the FIRE

assumption at the GE dimension.” In this paper we are interested in exploring whether this

1. We consider a household to be financially restricted if it has no liquid savings to self-insure against
adverse shocks. The figures reported in the text are taken from Kaplan et al. (2014) and Almgren et al. (2018).

2. See Brinca et al. (2016) for the fiscal policy case, and Almgren et al. (2018) and Bilbiie (2008) for the
monetary policy case.

3. Coibion and Gorodnichenko (2015) find that agents when agents, on average, revise their forecasts on
unemployment and inflation upwards, they systematically undershoot the realization. These results suggest
a rejection of the FIRE assumption as a whole.

4. See Angeletos et al. (2020) and Holm et al. (2021).

5. The mechanism at play is the following. Consider an economy with financially constrained households
and optimizers. A monetary shock affects consumption through a substitution effect mandated by the
optimizers’ Euler condition, which we denote as the partial equilibrium (PE) effect. Households’ consumption
demand is affected, firms adapt to the new demand schedule and wages (endogenous to labor demand and
supply) in turn change. This income effect through wages affects financially constrained agents, which exhibit
large MPCs and will magnify the effects of monetary policy. We denote this second roundas the general
equilibrium (GE) effect. The transmission channel relies heavily on the FIRE assumption: not only are
agents (households and firms) perfectly aware that an aggregate shock has occurred, but are also certain
that others have observed it, that others are aware that others have observed it, ad infinitum. In particular,



result is robust to a data-consistent deviation from the FIRE assumption. We couple the HA
dimension with a deviation from the benchmark FIRE assumption in which we assume that
agents have imperfect and dispersed information about the state of nature. We find that
this framework is consistent with available evidence on the aggregate underreaction to news
(Coibion and Gorodnichenko 2015) and the lagged response of GE effects after a monetary
policy shock (Holm et al. 2021).

This paper quantifies the amplification multiplier from the HA literature away from the
counterfactual FIRE assumption. We use our setting to pursue the standard positive and
normative analysis in the NK tradition: study determinacy with interest rate rules, where
imperfect information relaxes the lower bound on the monetary authority dovishness; and
solving the forward-guidance puzzle (FGP). Finally, we study the different effect of a pure
monetary policy shock vs. a belief or “animal spirits” shock.

In the standard FIRE setting agents face no uncertainty on the exogenous fundamental,
and since information sets are homogenous across individuals, on others’ actions. In this
paper we accommodate such doubts. At the individual level, agents need to forecast not only
the exogenous fundamental (the monetary policy shock) but also aggregate variables that
are endogenous to individual actions (output and inflation). As a result, an agent needs to
predict other agents’ actions. We show that the economy can be described as a pair of across—
group dynamic beauty contests between consumers and firms (the inflation-spending NK
multiplier), with each group playing a within-group dynamic beauty contest (the spending-
income multiplier running within the demand block and the strategic complementarity in
price-setting running within the supply block), and provide new insights on how the PE vs.
GE mechanism is dampened through higher-order beliefs in the beyond FIRE framework.°

We extend the textbook NK framework in Gali (2008) in two dimensions: financial
frictions at the household level and dispersed information. We focus on the amplification
multiplier. As laid out by Bilbiie (2019a, 2008) and Gali et al. (2007), as well as richer mod-
els by Gornemann et al. (2016), Werning (2015), Auclert (2019) and Hagedorn et al. (2019),
whether aggregate shocks have bigger or smaller effects on aggregate consumption, com-
pared to the representative agent framework, is ambiguous. In a model that combines the

tractability of TANK models with the most important elements of heterogeneneous agent

the step at which the GE effects kick in, the change in wages and their income effect, depends deeply on
the FIRE assumption. It is at this step when the financially constrained agents magnify the aggregate
response, since their high MPC interacts with the aggregate wage rate change, giving in turn the well-known
amplification result.

6. A dynamic beauty contest is a class of games in which the optimal decision for an individual agent
depends on the expectation of the current and future decisions of others.



models, Bilbiie (2019a) shows that the output response to shocks is amplified if the income
elasticity of constrained agents with respect to aggregate income is larger than one. He refers
to this case as cyclical income inequality; a channel which is strengthened if a larger fraction
of agents is constrained.” Brinca et al. (2016) and Almgren et al. (2018) find empirical evi-
dence for the amplification multiplier in the case of fiscal and monetary policy, respectively.
Regarding the latter, we extend the model to include dispersed information following Lucas
(1972) approach to noisy information. Morris and Shin (2002) and Woodford (2003) are the
first to study the economy as a static beauty contest, and Allen et al. (2006), Bacchetta
and Van Wincoop (2006), Morris et al. (2006), and Nimark (2008) extend the economy to
a dynamic beauty contest. More recently, Angeletos and Lian (2018), Angeletos and Huo
(2018), and Huo and Takayama (2018) show that dispersed information attenuates the GE
effects associated with the Keynesian multiplier and the inflation-spending feedback in a
RANK economy, causing the economy to respond to news about the future as if the agents
were myopic. We extend the framework in Angeletos and Huo (2018) by merging the two
building blocks, the Dynamic IS and NK Philips curves, and study the inflation-spending
feedback and its implications for the amplification multiplier.

We also study forward guidance in the beyond FIRE framework. We are not the first
to attempt to solve the FGP: Del Negro et al. (2012), Mckay (2015), Andrade et al. (2019),
Hagedorn et al. (2019), and Angeletos and Lian (2018) have contributed to a growing lit-
erature that tries to find an explanation for the FGP from different angles, our approach
combining that of Hagedorn et al. (2019) and Angeletos and Lian (2018). We find that,
although there is compounding at the aggregate DIS curve arising from countercyclical in-
come inequality, higher-order uncertainty induces enough anchoring to cure the FG puzzle,
a failure of the standard NK framework. That is, our model is not subject to what Bilbiie
(2019a) denotes Catch-22.

The amplification multiplier magnitude is dampened in the dispersed information frame-
work, in which partial equilibirum (PE) effects dominate general equilibrium (GE) effects
initially, compared to the FIRE case. In this private and dispersed information economy,
agents need to forecast the exogenous fundamental and aggregate inflation and output.
While the information friction environment complicates the forecast of the fundamental, it
does not give rise to higher-order beliefs since the realisation does not depend on other’s
actions and an agent does not need to predict others’ beliefs on the fundamental. However,

7. In models that focus on the cyclicality of income risk , e.g., Werning (2015), amplification of aggregate

shocks is caused by an increase in the probability of becoming constraint for the unconstrained, which leads
the latter to save more and consume less.



forecasting aggregate output and inflation has the additional complication of having to deal
with higher-order beliefs. In the standard framework, first-order and higher-order beliefs
coincide, whereas in our case higher-order beliefs differ from first-order beliefs, and move less
than lower-order beliefs since they are more anchored to the prior. As a product of this, the
expectations of (endogenous) aggregate variables adjust less to news, and the GE effect is
attenuated. The main consequence of the different PE vs. GE role is that aggregate dynam-
ics will be entirely driven by PE effects initially, as estimated in Holm et al. (2021). After
some periods and a sequence of signals, agents will learn that a monetary policy shock has
occurred, and the aggregate dynamics will rely more and more on GE effects, until the PE
share converges to the full information benchmark.® We find that (i) the peak response of
output is about 1/3 of that in the FIRE case; (i7) impulse responses are hump-shaped, which
the standard FIRE framework can only produce if there is habit formation, price indexa-
tion and lumpy investment;’ and (444) when income inequality is countercyclical (the case
studied in Bilbiie (2008)), the response of output after a monetary policy shock is amplified
by around 8%, compared to 10% in the benchmark model. That is, dispersed information
effectively reduces the amplification multiplier and the overall effect of monetary policy.

Dispersed information adds aggregate anchoring and myopia. Under noisy information,
individual forecasts are anchored to agents’ own priors. Because expectations play a key
role in the determination of aggregate variables in modern macroeconomics, anchoring in
expectations translates into aggregate anchoring in endogenous aggregate variables and my-
opia towards the future. These two results, taken together, enlarge the determinacy region
of interest rate rules and solve the FGP. In the NK framework, the determinacy region is
ultimately linked to the forward-looking behaviour of the model equations. The Taylor rule
provides an essential stabilisation role, and an excessively dovish monetary authority ends up
creating explosive dynamics in the model equations. Adding information frictions produces
aggregate myopia and widens the determinacy region, a result consistent with the behavioral
NK framework in Gabaix (2016). Similarly, the FGP is solved by dispersed information via
the introduction of aggregate myopia.

8. Formally, imperfect information reduces the degree of complementarity of actions across agents, and
partially mutes the amplification multiplier mechanism that critically relies on them.

9. Havranek et al. (2017) present a meta-analysis of the different estimates of habits in the macro literature
and the available micro-estimates. In general, macro models take values around 0.75, whereas micro-estimates
suggest a value around 0.4. Groth and Khan (2010) conduct a similar analysis for the investment adjustment
frictions case, finding that the microeconomic estimates an order of magnitude below the ones used in the
empirical macro literature, in which they are estimated to minimize the distance between model dynamics

and empirical IRFs. Finally, the price-indexation model suggests that every price is changed every period,
which is inconsistent with micro-data estimates provided by Nakamura and Steinsson (2008).



Our last contribution is to study expectation shocks. We consider the case of public
information, and we show that although the non-fundamental shock is only transitory, its
effects are persistent, which aligns with the findings in Lorenzoni (2009). Because agents
cannot fully disentangle whether the shock to the signal that they have observed comes
from the fundamental monetary policy rule or the non-fundamental noise part, the “animal
spirits” shock partially inherits the properties of the pure monetary shock, which in turn
explains its persistent consequences. In a second extension we consider both public and
private information. We find that monetary policy is more effective and closer to the FIRE
benchmark, and the effect of belief shocks is lessened, as a result of effectively reducing the

degree of information frictions by including an additional signal.

Roadmap The paper proceeds as follows. In section 2 we describe our theoretical frame-
work, focusing on both household financial heterogeneity and dispersed information. Section
3 derives the equilibrium dynamics. In section 4 we discuss the different implications and
insights that our HANK model beyond FIRE provides: amplification multiplier, the role
of the PE vs. GE share, equilibrium determinacy, forward guidance and “animal spirits”

shocks. Section 5 concludes.

2 The Analytical HANK model

The HANK framework described in this section is a reduced-form version of the standard
incomplete markets (SIM) model, based on Bilbiie (2019a). Households face an idiosyncratic
risk of not being able to access asset markets and firm profits, instead of risk in their labor in-
come. This simplifying assumption allows us to solve the model in paper and pencil, and still
provides the desired precautionary savings motive that two-agents New Keynesian (TANK)
models lack. On the firm side, the model is kept close to the standard NK framework.

On top of household heterogeneity with respect to their market participation, agents
(households and firms) face uncertainty about the state of nature. They receive idiosyncratic
signals about the true state, which endogenously generates heterogeneous information sets.
Since agents rely on different information, their beliefs and forecasts will differ. This aspect
will be crucial for forecasts of endogenous aggregate variables like output or inflation. This
gives rise to higher-order beliefs: in order to forecast these endogenous outcomes, an agent
needs to forecast the action of other agents, other agents need to forecast the action of others,

ad infinitum.



2.1 Households

Households save in one-period (liquid) bonds and consume. They have access to financial

income, labor income, firm profits and government transfers.

Financial frictions Financial frictions are exogenous to individual behavior, in contrast
with the SIM model. In every period, a household is either financially constrained or not.
If the household is financially constrained, he is unable to save and loses access to the firm
profits, but keeps access to previous-period savings. We denote constrained households as
Hand-to-Mouth (HtM). In contrast, unconstrained households benefit from having access to
asset markets and firm profits. To insure against the risk of becoming constrained, which
entails losing access to part of their resources (firm profits) and the ability to borrow, un-
constrained households save in bonds. That is, precautionary savings take the form of liquid
bonds. As is standard in simple NK models, we assume that assets are in zero net supply.'’

In every period there is a realized idiosyncratic shock. The household then knows if he
will be financially constrained or not in that period. The exogenous shock takes the form of
a Markov chain. Denote s the probability to stay unconstrained, denote h the probability
to stay constrained, and denote 1 — s and 1 — h the transition probabilities. We assume for

simplicity that the markov process induces a stationary distribution. Formally,

h 1—h 1—s
(A 1-2) —(A 1) ==
1-s s 2—s5—h
Notice that this analytical HANK framework nests the standard TANK model when s =
h =1 (i.e., in the first period the state of each household is revealed and will never change).
We show below that another convenient aspect of this model is that it also nests the RANK

framework, and makes comparison between the three settings conveniently easy.

Information frictions On top of the financial heterogeneity dimension, which has a sim-
ilar structure as Bilbiie (2019a), there is an additional source of heterogeneity. Households
are able to observe their own current private variables (the salary they are paid, the con-
sumption and saving decision they make, the transfers they receive) but not all of the current
aggregate variables. For instance, they observe all goods prices and are thus able to see the

(current) aggregate price index, but they do not observe output, inflation or the nominal

10. There is no institution providing liquidity and there is no capital accumulation.



interest rate.!! In particular, they are not able to observe perfectly the aggregate (monetary
policy) shock, the only state variable. Instead, households observe an imperfectly correlated
signal. The signal and information structure will be introduced in section 3. For now it is
only important to keep in mind that the aggregate expectation operator does not satisfy
the Law of Iterated Expectations (LIE). This information structure produces heterogeneous
information sets across households, since each of them has observed a different reality over
time. It also hinders household’s decision, since it is harder for them to predict what other

households’ actions will be.

2.1.1 Household problem

There is a measure-1 continuum of ex-ante identical consumers in the economy, indexed
by i € Z. = [0,1]. Household i maximizes an infinite stream of his expected utility over

consumption and dis-utility over labor supply,

Z B"Eiru(Cit, Nit)
t=0

where Cj; denotes household i’s consumption decision at time ¢, and N;; denotes his labor
supply choice. Notice that, differently from standard FIRE models, there is an ¢ subscript in

the expectation operator, as a result of the heterogeneity in information sets and forecasts.

Unconstrained households A share (1 — \) of unconstrained households have access to
financial income Bj; they also have access to labor income W;N;;, where W, is the aggregate
wage rate. Finally, they receive the untaxed share of firm profits i:—/T\Et, where 7 is the profit
tax rate and F;. With these resources, an unconstrained household can either consume or
save in bonds Bj;; for tomorrow. The solution to their problem, derived in Appendix A, is

given by an individual Euler condition,
Ci” > BEi [RiCy1] (2.1)

where we have assumed that utility takes a CRRA form, with ¢ denoting the intertemporal

elasticity of substitution and ¢ the inverse Frisch elasticity. Opening up the expectation

11. Vives and Yang (2016) motivate this through bounded rationality and inattention, while Angeletos
and Huo (2018) argue that inflation contains little statistical information about real variables. Huo and
Takayama (2018) allow for endogenous information, but such a choice complicates the dynamics and the
concept of persistence becomes less clear.



operator, depending on which state the household can potentially go to (Markov structure),

the condition can be written as

(C) ™7 = BB { Ry [s(Cii) ™" + (1= 8)(Ci) 7]} (2.2)

Notice that this setting preserves the standard individual Euler condition. However, at the
aggregate level, there will be a discounted Euler condition.

The intratemporal optimality condition of the household i € S problem is
EqW, = (C3)7(N;)* (2.3)
which is the optimal labor supply decision.

Constrained households In contrast, a share A of households is financially constrained.
They are banned from asset markets and do not have access to firm dividends, but they
still have an intratemporal decision on how much labor to supply, and receive the taxed
share of firm profits as government transfers, { F;. Formally, household i € H only faces an
intratemporal labor decision,

i W: = (C3) 7 (Ni/)* (2.4)

which is the optimal labor supply decision.

2.1.2 Aggregate Consumption Function

The following proposition summarizes the aggregate consumption function for each household

type.

Proposition 1. The log-linearized aggregate consumption functions for households of type
S and H at time t are

RS %) 1—7 7\ e—= —c
Cf: _;Zﬁk]EtTHk_(l—s)(p—l—a T3 Y ZﬁkEtGHk
k=0 k=1

. 1 + QD—C SO 1 — T —=c
+ (1 - 5) E 5kEit |: O_]Etwt+k + mmEt6t+k:| (25)
k=0
1+ Y —=c @Y  T=c
H r
= — " Fuj+——-E 2.6
Cy ¢+atwt (p—i—a)\tet (2.6)

where B, (-) = f01 E; () di is the cross-sectional average forecast across households.

9



Proof. See Appendix A. m

That is, we can write current aggregate consumption of the S type as a function of future
streams of the real interest rate and future aggregate income of the S and H type. On the
other hand, the consumption function of the H type depends on the current aggregate wage
rate and the current share of transfers they receive.

Condition (2.5) has been derived without assuming a particular information structure, we
have simply not applied the LIE at the aggregate level. Therefore, it should be interpreted as
a general aggregate consumption function. Notice also that we have replaced the standard

FIRE expectation operator by E:(), the average expectation operator for households.

2.2 Firms and the Phillips Curve

Households consume an aggregate basket of goods j € Z, = [1,2], which takes the form of

2 e—1 ﬁ
([
1

where € > 1 is the elasticity of substitution between different varieties. Cost minimization

the standard CES aggregator

from the final good firm implies that the demand from each good is Cji4 = ( Dyt >_ Ciig,

Ptk
Py . . . . .
where 7 s good j’s price in relative terms to the aggregate price index,

2 ==
P = (/ pjt—Edj)
1

Each good is produced by an intermediate monopolistic firm that uses technology linear in
labor }/}t = th

Aggregate Price Dynamics As in the benchmark NK model, price rigidities take the
form of Calvo-lottery friction. At every period, each firm is able to reset their price with
probability (1 —6), independent of the time of the last price change. That is, only a measure
(1 — 0) of firms is able to reset their prices in a given period, and the average duration of
a price is given by 1/(1 — ). Such environment implies that aggregate price dynamics are

given (in log-linear terms) by

T = /z T4t dj = (1 — 9) [/I p;t dj _pt1] = (1 — (9) (p;k _ptfl) (2.7>

10



Optimal Price Setting A firm re-optimizing in period ¢ will choose the price P}, that
maximizes the current market value of the profits generated while the price remains effective.

Formally,

* - ]'
Pjt = arg H}D?;X kzg ekEjt {At,tJrkm [Pjth,tJrklt - Ct+k(Yj,t+jlt>} }

subject to the sequence of demand schedules

Py, \ °
Yj,t+k\t = (P:k) Yt+k

where Ay p = S* (th—ﬂ:’“)ig is the stochastic discount factor, C;(-) is the (nominal) cost
function, and Y} 4, denotes output in period ¢ + £ for a firm j that last reset its price in
period t.

Note that, under flexible prices (0 = 0), P;, = -5 W;. Aggregating over firms we obtain
the standard result that the aggregate price level is greater than the aggregate marginal cost,
due to the markup of monopolistic firms: P; = = W;. Aggregating the optimal labor supply
condition (2.3) over households we obtain Ny = W;C; °. Combining the last two conditions,
we can write

NY e—1
p— f—
C;° Wi

Pt<Ptsp:Wt

where P* is the price set by a hypothetical social planner. That is, the inequality im-
plies that output and employment are below their efficient levels, which comes as a result
of monopolistic competition. To solve this suboptimality, the government implements the

standard optimal subsidy that induces marginal cost pricing, so that the model is efficient

1
1—78

in equilibrium: with desired markup defined by P;, = = Wy, the optimal subsidy is

7% = 2. The profit function is

Dji = (1+7°)PyYje = WN;, = T/

The subsidy is financed by taxing firms th = 7°Y,, which gives total profits D; = B,Y; —
W, Ny.

Proposition 2. The firm-level Phillips curve is given by
Tt = H@]Ejt’yt + (1 — Q)E]’tﬂ't + BQEthLHl (28)

11



where mj; = (1—=0) (p, — pr—1), & = w (o0 + @), and the aggregate Phillips curve can
be written as
T = K0 Z(ﬁg) tyt-‘rk’ + 1 - Z 69 E t Tt+k (29)
k=0 k=0

where E{() = fl

o Eji(+) dj is the cross-sectional average forecast across firms.

Proof. See Appendix A. m

Just as in the household’s case, conditions (2.8)-(2.9) are derived under a general in-
formation structure, in which we relax the assumption that the aggregate firm expectation
operator satisfies the LIE. Notice that this approach gives rise to an individual Phillips curve
(2.8), each firm j’s policy function. Each firm decision can be described as a beauty contest
in which they need to forecast current output and inflation, which in turn depend on each

household’s and firm’s actions, and their own future optimal action.

2.3 Fiscal and Monetary Policy

We assume that the government and the monetary authority do not face information fric-
tions and know the current state of nature. The government conducts fiscal and monetary
policy. In fiscal terms, on top of the aforementioned optimal production subsidy, it con-
ducts a redistribution scheme: it taxes profits from unconstrained households and rebates

the proceedings to the constrained. In log-linear terms

1—7
S
e, = (&3
1=
T
H _
et—xet

Monetary policy is conducted following a Taylor rule of the form

it = QT + QyYs + (2.10)
vy = pUs_1 + 1 (2.11)

where the error term follows an AR(1) process to match the empirically observed inertia in

the interest rate.

12



2.4 The Dynamic IS Curve

As in the textbook NK, the model can be summarized in a system of two equations, repre-
senting the demand and supply side. Unlike the textbook NK; the system cannot be collapsed
to two first-order expectational difference equations. The hierarchy of beliefs prevents the

LIE from holding, and the system representation is given by the following proposition.

Proposition 3. The average-household-level DIS curve is given by

Cit = —g(l - )\)Eitrt + [1 - 5(1 - )\X)]Eityt + 5[5(1 - )\X) - 1]Eitct+1 + /BEitCi,t—f—l (2-12)

and the aggregate DIS curve can be written as

v = —§<1 — N> BB+ [1— B = 2B + (0= B)(1 = Ax) Y A Eyer (2.13)
k=0 k=1

X
there is amplification and if x < 1 there is lessening), and 6 = 1 +

) measures the degree of amplification with respect to RANK (if x > 1

x=D(1-s)
1-Ax

degree of compounding at the consumer’s Euler condition (if 6 > 1 there is compounding and

where x = 1+ (1 —

measures the

if 6 <1 there is discounting).
Proof. See Appendix A. O

Again, conditions (2.12)-(2.13) are derived under a general information structure, in
which we relax the assumption that the aggregate household expectation operator satisfies
the LIE and where agents do not observe aggregate variables. Notice that this approach gives
rise to an individual DIS curve (2.12), each household ¢’s policy function. Each household
decision can be described as a beauty contest in which they need to forecast current real
interest rates and future output, which in turn depend on each household’s and firm’s actions,
and their own future optimal action.

Note that, given that the inverse of the Frisch elasticity is strictly positive (¢ > 0), x > 1
if 7 < A. As we will show below, there is amplification of the effects of monetary policy if
X > 1, and dampening otherwise, or if income inequality is countercyclical (7 < A). If instead
there were too much redistribution, poor households would be better off at a recession,

making income inequality procyclical and switching the result to lessening.'> Almgren et

12. Werning (2015) argues that there is amplification as long as income inequality is countercyclical and
liquidity is not countercyclical. In our model with zero liquidity we are in the acyclical liquidity case.

13



al. (2020) find empirical evidence for the amplification effects of monetary policy, and we
therefore focus in the case y > 1.

A further remark helps in understanding the dynamics. Consider our benchmark frame-
work with amplification (x > 1), which in turn implies § > 1. In an economy without
financial frictions, Bilbiie (2019a) shows that § > 1 (coming from the precautionary savings
motive) induces compounding in the aggregate DIS curve. To understand the mechanism,
consider our DIS curve beyond FIRE (2.13). Absent information frictions, first-order beliefs
coincide with higher-order beliefs and one can simplify the above expression by making use
of the LIE and obtain

Yy = —%Etrt + 0411 (2.14)

1

I%A/\X. One can see that 6 > 1 induces compounding at the aggregate DIS curve.

A counterfactual consequence of compounding is that the FGP is exacerbated. That is, in

where ¢ = o

the full information benchmark, one cannot have amplification of monetary policy and cure
the FGP. This is a situation that Bilbiie (2019a) denominates Catch-22.

An additional benefit of our framework beyond FIRE is that it solves the Catch-22. In
our case, even if § > 1, there will be discounting in the aggregate DIS curve (even if the
individual Euler conditions preserve compounding due to precautionary savings). Aggregate
discounting is, however, hard to see from the beyond FIRE DIS curve (2.13). In fact, it is
hidden inside the cross-sectional average expectations. In the beyond FIRE economy, in-
dividuals update optimally their expectations using the Wiener filter, a close cousin of the
Kalman filter. As a result, current expectations are partially anchored to lagged expecta-
tions and move only sluggishly. Since, as is common in the forward-looking NK framework,
aggregate outcomes depend crucially on expectations, this anchoring in expectations trans-
lates to both anchoring in outcomes and myopia about the future. This myopia, consequence
of information frictions, is sufficiently large to outweight the compounding induced by the
precautionary savings motive, hereby parameterized in reduced form by 6 > 1.

As noted before, a convenient feature of this model is that it nests the more commonly
known RANK and TANK settings. If s = 1 then § = 1 and we are in TANK; if further A = 0
and 7 = 0, then y = 1 and we are in RANK. We now show in section 3 that the equilibrium
solution to the above system (2.13), (2.9), (2.10) and (2.11) can be reduced to a system of

2 first-order difference equations.
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3 Information Structure and Equilibrium Dynamics

Let us now describe the information structure. We take a deviation from FIRE that is
standard and well-known in the literature: dispersed and noisy information. Similar to
Lucas (1972), we assume that agents do not observe the fundamental shock and are therefore
uncertain about the state of nature. Every period, each agent receives a dose of private
information on the aggregate fundamental. Formally, there is a collection of private Gaussian
signals, one per agent and per period. In particular, the period—t signal received by agent &

in group ¢ is given by
Lkgt = Ut + Ukgt Ukgt ~~ N<07 02) (31)

where g = {household, firm}, o, > 0 parameterizes the noise in group g. Notice that, by
allowing o, to differ by g, we accommodate rich information heterogeneity (for example,
firms could be more informed than households on average).

Suppose that an agent wants to forecast an unobserved fundamental v, that follows
the AR(1) process (2.11) where n, ~ N(0,07). In such environment, an agent optimal

expectation (Kalman filter) of an exogenous AR(1) process takes the following form
Ekgtvt = (1 — Gg)Ek:g,t—lvt + ngkgt (32)

where G, is the Kalman gain, the weight that agents (optimally) assign on new informa-
tion x4 relative to the previous forecast, which depends on the variance of the exogenous
marginal cost process ag, on the variance of the signal noise variance o2 and on v; persistence
p. In order to test the null of the FIRE assumption, or the role of dispersed information,
Coibion and Gorodnichenko (2015) suggest the following: regress the ex-ante average forecast
error, computed as the difference between the realized variable at t + 1 and the expectation
at time t of that variable at ¢ + 1 (that is, we compute the average mistake), on the average
forecast revision. We define the average forecast revision as the change in the forecast of a
variable at time ¢ + 1 formed at time ¢ minus the forecast of that same variable formed at

time t — 1. Therefore, the forecast revision measures the rigidity of agents’ expectations.

Vi1 — Egvirr = Yo (Egrvigr — Egioqvi41) + w (3.3)

where v, = 1;;;9 under noisy information. Notice that, under the full information rational
g

expectations assumption, 7, should be zero. Under full information, each agent individual
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forecast of a future outcome is identical to each other agents’ forecast. As a result, the
average expectation operator in (3.3) could be interpreted as a representative agent fore-
cast. Therefore, (3.3) would be effectively regressing the forecast error of the representative
agent on its forecast revision. In that case, the forecast revision (dated at time t) should
not consistently predict the forecast error. Otherwise, a rational representative agent would
incorporate this information, dated at time ¢, into his information set. Therefore, the above
regression suggests that the FIRE assumption is violated in data if 74, # 0, but is uninfor-
mative on whether the full information or the rational expectations (or both) are violated.
In our model we will maintain the rational expectations assumption, and assume that agents
face information frictions, generating heterogenous beliefs (information sets) across house-
holds.'?

As we show below, the nowcast of inflation will take a similar functional form as (3.2),
with the difference that the gain will not only depend on the information structure G
but also on the other model parameters and on each agent policy function as a result of

higher-order beliefs. Therefore, one can regress

Tt — Bgmerr = Yor (Egemirr — Egpoamen) + ug (3.4)

for which Coibion and Gorodnichenko (2015) find 74, > 0 in the data.

Equilibrium Dynamics The equilibrium dynamics must therefore satisfy the individual-
level optimal policy functions (2.12) and (2.8), and rational expectation formation should
be consistent with the Taylor rule (2.10), the exogenous monetary shock process (2.11) and
the signal process (3.1).

In this class of global games in which there is a signal about the stochastic fundamental,
the literature has extensively used the Kalman filter to solve for optimal expectation updat-
ing, a form of bayesian learning. A caveat from the Kalman method is that it requires the
knowledge of the dynamics of the forecasted variables. Recent work by Huo and Takayama

(2018) shows that an equivalent version of the Kalman filter, namely the Wiener-Hopf fil-

13. Bordalo et al. (2018) and Broer and Kohlhas (2019) find evidence for a violation of the rational ex-
pectations assumption by regressing (3.3) at the individual level, finding evidence for agent over-confidence
when forecasting inflation. Notice that, even if we assume information frictions, the above regression at
the individual level should report a 8 estimate of zero, because at the individual level the forecast revision
should not consistently predict the forecast error. We do not assume a departure from rational expectations
because, as Angeletos and Huo (2018) show, over-confidence would have no effect on aggregate dynamics
and would therefore not affect inflation persistence.
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ter, can be used to solve for the optimal updating solution in closed-form without knowing
the equilibrium dynamics of the forecasted variable. We derive such Wiener-Hopf filter in
Appendix B.

In summary, although the system (2.13), (2.9), (2.10) and (2.11) has been solved only
numerically in the literature, we take Huo and Takayama (2018)’s approach and show in
Proposition 4 that the solutions to the fixed points are simply two ARMA(2,1) processes,
which can be written jointly as a VAR(1).

Proposition 4. In equilibrium the aggregate outcome obeys the following law of motion

a; = A(V1,92)a,_1 + B(V1,02)v, (3.5)
where a; = yt] is a vector containing output and inflation, A(Y1,32) is a 2 X 2 matriz and
Tt
B(v1,93) is a 2 x 1 vector
e 1 V1192201 — Y12¢21 U2 —Y1th1a(V1 — U2)
Y11ha — Y12 Vo11Paa (V1 — Ug) — (1292101 — P1192202)
¥ W
_ Vi (1= ) + v p
W 9
Yo (1 =)+t (1 -2

where (Y11, 12, V91, 0ea) are fized scalars that depend on deep parameters of the model, sat-

1sfying the following conditions,

1—p8
(1 =Bp)ls(1 = dp) + ¢,] + K(dr — p)

K

(1= Bp)[s(1 = dp) + ¢y] + K(dr — p)

Y+ P12 = —
o1 + oy = —

(3.6)

(3.7)

and (U1,v2) are two scalars that are given by the reciprocal of the two largest roots of the

characteristic polynomaial of the following matrix

011 (Z) Om(Z)

C(Z>: 021(Z> 022(2)
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012(2’) >\1sz% 0( A 2¢x)
o2
n
021(Z> == —/\QZ _pog K0

Coa(2) = Mg {(59 ) (z - %) (z—p) + %ez (- 5)}

where Ay, g € {1,2} is the inside root of the following polynomial

2

1 o
D(z)=2*— <—+p+—"2)z+1
p po;

Proof. See Appendix A. m

The first aspect to notice is that the equilibrium dynamics follow a VAR(1) process. This
result is consistent with the empirical macro literature, and easy to interpret. The square
coefficient matrix A(¢;,7;) is endogenous to ¥ and ¥ (in fact, 91 and ¥ are its roots).
In our framework, 9, and ¥y are two parameters that govern information frictions. When
the signal noise is high enough such that signals are completely uninformative, ¥, and v,
reach their maximum value of p. On the other hand, when signals are perfectly informative,
Y1 = ¥ = 0. Because they are the roots of A(¥,1;), A(0,0) = 0. In that case, which
is simply the standard NK model with full information, the model dynamics are instead
a; = B(0,0)v;.

Two aspects are worth discussing. First, the beyond FIRE model produces anchoring, in
the sense that A(t;,192) # 0. Importantly, it does so wouthout assuming habits, adjustment
costs or backward-looking firms. As shown by Havranek et al. (2017) and Groth and Khan
(2010), the microeconomic estimates of those channels are well below the ones used in the
empirical macro literature, in which they are estimated to minimize the distance between
model dynamics and empirical IRFs. In summary, our model fixes the well-known failure
of standard models to produce hump-shaped IRFs by introducing information frictions, and
not by assumming ad-hoc sluggishness. Second, the equilibrium dynamics are less sensitive
to monetary policy changes. Using our framework, we can compare the impact effect of mon-

etary policy shocks on output and inflation. This is easily verified by comparing B(d1, ¥s)
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Parameter Description Value Source

o} Discount factor 0.99 Bilbiie (2019a)
0 Calvo probability 0.75 Bilbiie (2019a)
o Intertemporal elasticity of substitution 1 Bilbiie (2019a)
© Inverse Frisch elasticity 1 Bilbiie (2019a)
O Inflation response in Taylor rule 1.5 Gali (2008)
by Output response in Taylor rule 0.125 Gali (2008)
p Autocorrelation of monetary shock 0.8 Christiano et al. (2005)
o? Variance of monetary shock 1 Bilbiie (2019a)
T Profit tax rate 0.19 Bilbiie (2019a)
A Share of HtM 0.37 Bilbiie (2019a)
s Pr(unconstrained; ;—unconstrained; ) 0.96 Bilbiie (2019a)
o3 Consumer signal innovation variance 2.18 Table 11

o3 Firm signal innovation variance 2.18 Table II

Table I: Parameter values.

and B(0,0): each element in B(¥;,v2) is smaller (in absolute terms) than each element in
B(0,0), given that 91,9, € (0, p).

4 Applications and Additional Insights

In this section we study the different implications of our HANK beyond FIRE by conducting
several policy experiments. We exploit the two main frictions, financial and informational,
and explain their joint interaction and consequences. In particular, we show show that
the Taylor Principle is satisfied in the economy beyond FIRE (with the determinacy region
widened), we explain the key role of PE vs. GE effects and how these are affected by financial
frictions, we show that the model solves the FGP, and we obtain the effect of an “animal
spirits” shock.

Table I reports the parameters used in the different policy analyses. All these values are
standard in the literature. The first block contains the standard RANK parameters. The
discount factor 3, Calvo inaction probability #, the intertemporal rate of substitution o, the
inverse Frisch elasticity ¢ and the variance of the monetary policy shock 0727 have standard
values in the literature, taken from Bilbiie (2019a). We take p = 0.8 from Christiano et
al. (2005) and Lindé (2005) to match the empirically observed inertia in the Taylor rule. We
set the Taylor rule parameters ¢, and ¢, to the values used in Gali (2008).
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The second block contains the parameters related to household financial heterogeneity.
These are taken from Bilbiie (2019a), and include the probability of being financially re-
stricted s, set to match the quarterly autocorrelation of the income process in Guvenen et
al. (2014), the profit tax rate 7 and the share of HtM A, jointly set to match the aggregate
MPC and the amplification magnitude in Kaplan et al. (2018).

The third block contains the parameters related to imperfect information. The informa-
tional friction in our HANK beyond FIRE setting and its dynamics depend critically on how
precise signals that consumers and firms receive are. Coibion and Gorodnichenko (2015) were
the first to point out the overall failure of the FIRE assumption. They suggest regressing (3.4)
on survey data on expectations. Under FIRE, aggregate forecast errors (the left-hand-side
term) should be uncorrelated with aggregate forecast revisions (the right-hand-side term).
Because the economy can be reduced to a single representative agent, any additional piece
on his information set should not produce systematical bias in forecast errors, for he would
adjust his optimal action. Coibion and Gorodnichenko (2015) find ,, consistently positive
across variables and agents, suggesting under-reaction in aggregate forecasts. This, on its
own, does not point out to the correct model: it provides evidence to reject FIRE as a whole,
but does not suggest if the failure is coming from FI (but maintaining rational expectations)
or from RE (but maintaining full information). Very likely, it is a convex combination of
the failure of both in the real world. The latter finding motivated a line of research that has
produced great advances in the behavioral macro area. Gabaix (2016) proposes a behavioral
NK model in which agents miss-perceive the persistence of the exogenous monetary policy
shock. Farhi and Werning (2019) suggest a level-k theory in which common knowledge is
broken at some level k, such that individual best responses are only iterated k£ times. How-
ever, these models are restrictive, in the sense that they do not allow for learning since agents
are cognitively bounded. Instead, the FI deviation that we take maintains RE and allows
for learning.'*

In order to find the values for ; and o, that are consistent with the available empir-
ical evidence, we follow Coibion and Gorodnichenko (2015) and regress (3.4). Although
our framework is flexible to accommodate heterogeneous signals precision, the literature has

extensively focused on inflation forecasts when estimating (3.4). We therefore restrict atten-

14. In a previous version of this paper we allowed for bounded rationality, in the sense that agents mis-
perceive signals’ precision (over- and under-confidence) and mis-perceive the exogenous shock persistence
(over-extrapolation). The former helps to match the individual-level version of (3.4), but is irrelevant for the
aggregate dynamics presented in the IRFs. The latter has a small effect on the aggregate dynamics, driven
by the fact that the data suggests a tiny degree of over-extrapolation.
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FE Inflation
FR Inflation 0.643***

(0.120)
Constant 0.00964

(0.0314)
Observations 203

HAC robust standard errors
in parentheses
*p < 0.05, ** p<0.01, ** p < 0.001

Table II: Regression table

tion to inflation, which gives us a single moment to match, and calibrate the informational
parameters to match empirical evidence.!”

We report the estimates our estimates in Table II. We see that the forecast revision
coefficient is positive and statistically significant. That is, in our HANK beyond FIRE we
calibrate the private information precisions (0; = 03) to match the empirical evidence on
forecast revisions, 7o, = 0.643. In order to do so, we first need to obtain the model-implied

coefficient in our HANK beyond FIRE, v3!. The following proposition serves that purpose.

Proposition 5. In our beyond FIRE framework the regression coefficient K, is given by

M AL Jboa(p — 90) (1 = 920)[p(1 — i) + 91 (1 — pAi) — p9i(1 — AD)]
o p—A (1 = 1A [¥an(p — 1) (1 = PaA1) + thaa(p — V2) (1 — d1A1)]

L alp = 0)(1 = 910)[p(1 = Vo)) +05(1 = phi) — pi(1 — W} (4.1)

(1 =2 [21(p — V1) (1 — Da1) + thaa(p — P2) (1 — P1A1)]
Proof. See Appendix A n

Note that the set (A1, 91, 02,191, 122) is endogenous to the signals’ precisions oy and o5.

In order to find the noise levels that are consistent with our empirical findings, we need
to solve the fixed point described by (4.1). We calibrate the pair (71,72) by minimizing
the square distance between the model-implied coefficients v and the empirically observed
coefficients v,. As already reported in Table I, these values imply that (0%, 03) = (2.18,2.18).
15. We use data from the Survey of Professional Forecasters (SPF). This survey is interesting for us for
many aspects. The most important one is that these professionals are asked to give a forecast for each future

quarter, which allows us to obtain the forecast revision at any point in time in the data. Second, professional
forecasters are an ideal match to firms in our model.
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4.1 The Taylor Principle beyond FIRE

As in the standard NK model, the Taylor Principle boils down to studying the determinacy of
the system (2.13), (2.9), (2.10) and (2.11). In the standard model, equilibrium is determinate
whenever the system is not explosive. It turns out that in these forward-looking models,
equilibrium is indeterminate when current outcomes are excessively affected by expectations
of the future. One should therefore expect, as discussed in Gabaix (2016), that introducing
myopia should widen the determinacy region, making system (2.13), (2.9), (2.10) and (2.11)
stable for a larger set of (¢r, ¢,) combinations.

Let us start by discussing the full-information rational-expectations benchmark. We are
interested in isolating the role of financial frictions. As discussed earrlier, these are modelled
in reduced-form by %{ and 0. In the empirically factual case of amplification, both terms
are greater than unity. As we discussed in (2.14), § > 1 generates compounding in the DIS
curve. As a result, the model becomes more forward-looking, and the stability region is
reduced. To see this formally, we conduct the standard Blanchard and Kahn (1980) analysis

in the FIRE case, summarized by the following proposition.

Proposition 6. The FIRE equilibrium is determinate if

U—ﬁ®+%w@+¢y>0 (4.2)

(1= B)(1 = 8) + ~lslon = 1)+ (1= B)y] >0 (43)
(1+6)(1+5)+%[n(¢ﬂ+1)+(1+ﬁ)¢y] >0 (4.4)

Proof. See Appendix A. 0

In order to isolate the role of each of the financial frictions terms, we first compare a
TANK model (in which ¢ is restricted to 1, for there is no precautionary savings motive)
with the benchmark RANK. In these cases, (4.4) is always satisfied for strictly positive Taylor

rule coefficients, and conditions (4.2)-(4.3) are reduced to

1—6+EM@+¢Q>O (4.5)

(¢r —1) + (1= B)dy, >0 (4.6)
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Notice that condition (4.6) implies that (4.5) will always hold.'® As one can see from (4.6),
the term ¢ is completely inocuous when we study determinacy (it will be of interest when
we study the sensitivity to aggregate shocks). As a result, the determinacy region in RANK
and TANK is identical. This makes transparently clear that it is ultimately §, which is the
companion of the forward-looking element in (2.14), what will drive the restrictions on the
Taylor Principle. If we now compare the HANK model (with § > 1) with the benchmark
RANK, we verify that the determinacy region is reduced. In that case, (4.4) is always
satisfied so we only need to consider the other two. As one can see from (4.2)-(4.3), § > 1
is affecting the leftmost term in both equations, by making it negative. As a result, the
rightmost element on the left hand side in both conditions needs to be sufficiently larger.
Precautionary savings are therefore reducing the determinacy region, which we see visually
in Figure 1 panel 1a, since they generate compounding in the individual Euler condition.
We now turn to the more interesting beyond FIRE case. Under the parameter values
reported in Table I, we conduct the beyond FIRE equivalent of Blanchard and Kahn (1980),

which we summarize in Proposition 7.

Proposition 7. Fquilibrium exists and is unique if

1— 191192 >0 (47)
(1= 01)(1—3) >0 (4.8)
(1+9,)(1 +103) > 0 (4.9)

and ¥y and Yy are the only two outside roots of polynomial C(z), defined in Proposition 4.
Proof. See Appendix A. m

Condition (4.8) is usually the only one that we consider in the standard framework, since
the FIRE equivalent of conditions (4.7) and (4.9) are trivially satisfied. In our beyond FIRE
framework (4.7)-(4.9) are satisfied since 1 € (0, p) and V5 € (0, p), with p < 1. In fact, the
most restrictive condition is that J; and 05 are the only outside roots of polynomial C(z).

Note that ¥; and 1), are determined endogenously by the deep parameters in the model, so

16. Notice that we can rewrite (4.5) as

1-61-Xx
o 1-—2X

+k+ B0y +E(pr —1)+ (1 —B)py, >0
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RANK vs. HANK

Additional Determinacy RANK

Indeterminacy

(a) RANK vs. HANK (standard)

RANK vs. RANK beyond FIRE

(b) RANK vs. RANK beyond FIRE

HANK vs. HANK beyond FIRE

Determinacy

(c) HANK vs. HANK beyond FIRE

Figure 1: Determinacy regions.

24



that some parameterizations can yield an indeterminacy even if conditions (4.7)-(4.9) are
met but C'(z) contains more than two outside roots.

In order to compare how is equilibrium determinacy affected by the imperfect informa-
tion structure, it is useful to plot the determinacy regions both beyond FIRE and under
FIRE. Figure 1 plots the determinacy regions under both frameworks. As one can see, im-
perfect information widens the determinacy region. This is a result of aggregate myopia.
As we discuss in section 4.3, the aggregate dynamics behavior is as if agents were myopic.
This aggregate myopia is microfounded through (optimal) sluggishness updating of expecta-
tions. In the beyond FIRE economy, current expectations are partially anchored to lagged
expectations (each individual’s prior about the state of nature). Since, as is common in the
forward-looking NK framework, aggregate outcomes depend crucially on expectations, this
anchoring in expectations translates to both anchoring in outcomes and myopia about the
future. Because the present aggregate actions are less sensitive to future actions (than in

the standard NK), the determinacy region is widened.

4.2 Response after a Monetary Policy Shock

Our HANK beyond FIRE differs from the textbook NK in two dimensions: household het-
erogeneity, or HA, and information frictions. In order to isolate the effects of financial and

information frictions, we will study them separately.

Amplification Let us first consider financial frictions. We are not the first to study the
HA dimension. Gali et al. (2007) and bilbiie2008 are two early examples of this literature.
Their key result is that, under (plausible) parametric assumptions, adding rule-of-thumb
households amplifies the response of aggregate variables to exogenous (monetary and fiscal)
shocks. The proposed transmission mechanism works as follows. Unconstrained households
change their consumption choice after a monetary policy shock (according to their individual
Euler condition), which in turn affects aggregate demand. Because wages are fully flexible,
they adjust to the new schedule. This is how the effects of monetary policy reach the HtM.
Because they have a unity MPC, they will consume all the income change coming from wages
and will magnify any change in aggregate demand.'”

17. Almgren et al. (2020) test this mechanism in the data. Focusing on Euro Area economies, which are
subject to the same monetary policy shock (for they share the Central Bank), they show that monetary

policy has heterogeneous effects across countries and that the HtM channel drives these results: the larger
the share of HtM (or rule-of-thumb) households in an economy, the larger are the effects of monetary policy.
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We show this graphically in Figure 2. In panel 2a we plot the impulse response of output
and inflation in the FIRE RANK framework

a; = B(0,0)v,

after a monetary policy shock.'® It is important to notice that in the standard framework
without information frictions, the peak response occurs on impact. This, as argued before,
comes from the lack of anchoring. Christiano et al. (2005) show that introducing consumption
habits, investment adjustment costs and price indexation helps to produce hump-shaped
IRFs. However, as argued in section 3, the microestimates for these frictions are an order
of magnitude lower than those required in the macro literature, which simply calibrates
them to match empirical IRFs. On top of this, empirical evidence suggests that individual
consumption responses following an income shock have a monotonically decreasing pattern,
which makes the consumption habits channel counterfactual (see Fagereng et al. 2019). A
second remark is that the HtM transmission channel is present. In order to quantify the
effects coming from the HA channel, consider a TANK and a HANK economy that are
perturbed by the same monetary policy shock. We plot them in panel 2b, together with
their RANK counterpart. We find that both output and inflation are more responsive in
the HA economies, consistent with the empirical findings in Almgren et al. (2020), due to
the HtM channel (x > 1). In particular, the TANK economy produces a peak value in the
output IRF that is 190bp larger; and these effects are maximized in the HANK setting with
precautionary savings where the peak value in the output IRF that is 280bp larger.

Two problems arise in the light of Figure 2. First, the finding that output increases by
0.3% after a 25bp monetary policy shock seems excessive. The empirical macro literature
generally presents results in the range of 0.05%—0.15% (see e.g. Ramey (2016) for a literature
review.) Second, we find that IRFs’ peak occurs on impact. Empirical evidence suggests that
there is sluggishness both for output and inflation at the aggregate level, but the necessary
micro adjustments made in theoretical frameworks are generally not micro-consistent. We
propose a solution to these puzzles that takes the form of dispersed information, and we find

that our framework beyond FIRE reconciles the micro- and macro-econometric evidence.

PE vs. GE In line with empirical evidence, the HtM channel proposed by Gali et al. (2007)
and bilbiie2008 is also present in our HANK beyond FIRE, yet partially muted. As long

18. A convenient feature of our model beyond FIRE, as already discussed, is that it nests the standard
framework when we restrict 1 = ¥ = 0, and makes thus easier the comparison.
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Figure 2: Output gap and Inflation dynamics after a 25bp monetary policy shock
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as there is not excessive fiscal redistribution, parameterized by 7 < A, there is amplification
of monetary policy. Our main finding is that the amplification magnitude is dampened. In
order to interpret the role of information frictions in the model, it is convenient to decompose

the total response in the DIS curve (2.13) into partial (direct) and general (indirect) effect

components:
Yo = —E(l - ) Z BkETHk +[1 = B(1 - )‘X)]Etyt + (6 = B)(1 = Ax) Z /BkEtyt—i-k (4.10)
g k=0 k=1
PE ;:,ffect GE :Hect

In IRF-terms, we can write the IRF at time 7 € {¢t,t + 1, + 2,...} in terms of the two PE

and GE components,

IRF;, = + s T >t

where IRF, . = g%, and PE, and GE, are the direct (or partial equilibrium) effect and the

general equilibrium effect. Let us now define the PE share p, as

PE;

K= PE. + GE.

The following proposition provides the PE share i, beyond FIRE

Proposition 8. Beyond FIRE, the time-varying PE share ji; is given by

1, = _§<1 _ )\)p (51pT + 52)\71— + (53’(971— + (541972—
" o Y11 (pmtt = 9T + Yo (pmH — 95
where
5, = L4 ¢y (111 + Y12) + (0r — p) (Y21 + 22)
1—pp
M = (p—9;) [\ = pd[8 + M1 = Blp + 95 — M))]Jv,
50— — 24 )
i pz(l—pﬂ){ p+¢y; (1= 89;)(0; = M) (1 = ;M)

2

(p = U5)[M — p[B+ M1 = Blp+ 05 — Mi))l]ebgy
ol (1= 50,)00; = W1 = 0;%)

B 22: (p = 95)[pAi (14 pB03) = 0(p — M(1 — p(B + A\1)))]ea;
(1= B9;)(W0; — AM)(1 —JjM)

j=1
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_19%('0 — M)(1 = pA1)[py 11 + (¢ — V1))

%= P2(1 = BU1) (1 — A1) (1 = J1 )
5, = _ﬁ%(p — M) (L = pA1)[dyth12 + (O — V2)19]
P21 = 02) (P2 — M) (1 — Pa)y)
Proof. See Appendix A n

We plot the total response, the PE response and the PE share over time p, in Figure
3. We find that, while the total effect is muted initially, PE effects arise immediately.
This result, consistent with the empirical findings in Holm et al. (2021), comes from the
information frictions dimension. GE effects depend on the hierarchy of beliefs, with each
higher-order belief creating more anchoring. On the contrary, PE effects do not depend on
higher-order beliefs, since the outcome realization does not depend on agents’ beliefs.'? The
beyond FIRE PE share p, is initially high (even above 1, consistent again with the empirical
evidence in Holm et al. 2021) and converges over time to the FIRE PE share.

In order to interpret the differences with the FIRE case, it is key to understand that the
transmission mechanism proposed by Gali et al. (2007) and bilbiie2008 relies heavily on
GE effects. The key impact of constrained households” MPC relies on them being perfectly
aware of the state of nature and of others’ actions for the nowcast of real wages. Notice that
in this framework agents need to forecast not only the exogenous fundamental (the monetary
policy shock) but aggregate inflation and output. While the information friction environment
complicates the forecast of the fundamental, it does not give rise to higher-order beliefs since
the realization does not depend on other’s actions. On the other hand, forecasting aggregate
output and inflation has the additional complication of having to deal with higher-order
beliefs: agents need to infer what others believe, agents need to infer what others think they
belief, ad infinitum. This rise of higher-order beliefs, which are more anchored to the prior at
each increasing order, increases the anchoring in the GE dimension. As a result, aggregate
dynamics will be entirely driven by PE effects initially. After some periods, agents will learn
that a (persistent) monetary policy shock has occurred, and the aggregate dynamics will rely
more and more on GE effects, until the PE vs. GE share converges to the full information
benchmark. As one can see in Figure 3b, the GE multiplier is arrested in the first periods.
As time goes by and agents have received enough signals, their aggregate action converges

to the FIRE one (as we will see in Figure 4) and the PE share p, converges to the standard

19. A caveat to this result is that PE effects will depend on higher-order beliefs in our case, since the real
interest rate is endogenous to the stabilization role of the Taylor rule. Quantitatively, we find that PE effects
are less anchored than GE effects.

29



25

PEshare
in

05

-0.5
Q 2 4 L] 8 10 12 14 16 18 20 Q 2 4 L] 8 10 12 14 16 18 20
Quarters Quarters

(a) Total vs. PE effect. (b) PE share p, over time.

Figure 3: Total, Direct and Indirect Effects.

FIRE value.

To summarize the PE vs. GE discussion, imperfect information reduces the degree of
complementarity of actions across agents, although it is important to remark that the am-
plification mechanism is still present in the model. Higher-order uncertainty, or beliefs,

effectively arrests and slows down the GE effect.

Impulse Response Functions Now that we understand how is the HtM channel modified
by dispersed information and the role of PE vs. GE effects, let us study the equilibrium
dynamics. Suppose that the monetary authority shocks the economy (3.5) with a 25bp
monetary policy shock. Figure 4 plots the impulse response of output and inflation.

Two aspects are worth mentioning. First, the HtM channel is still present. A larger
degree of financial frictions leads to a more responsive economy to aggregate shocks (see
table I1I). This result, as argued before, comes from countercyclical income inequality (here
parameterized by x > 1). Our main finding is that the role of such mechanism is partially
muted by dispersed information. The TANK economy produces a peak value in the output
IRF that is 51bp larger; and these effects are maximized in the HANK setting with pre-
cautionary savings where the peak value in the output (inflation) IRF that is 77bp. Table
[TT gives numbers for the amplification magnitude lessening in the dispersed information
framework. Second, the peak effect in output is around 1/3 of that of the standard frame-
work, around 0.10% and in line with the findings in Ramey (2016), and the IRFs have the
hump-shape that we observe in the data (see e.g., Christiano et al. (2005) and Ramey (2016))
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Figure 4: Impulse responses after a monetary policy shock.

Note: FIRE dynamics in dashed lines, beyond FIRE dynamics in straight lines. RANK dynamics in blue,
TANK dynamics in red and HANK dynamics in black.
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Framework Comparison (vs. RANK) Amplification (peak)

Standard TANK 6.76%
HANK 9.97%
Beyond FIRE TANK 5.33%
HANK 8.05%

Table III: Amplification magnitude from Output IRF's

without compromising the individual (monotonically decreasing) responses to income shocks

documented in Fagereng et al. (2019).

4.3 Forward Guidance

A documented failure of the standard NK model is the Forward Guidance Puzzle. Forward
guidance is an unconventional monetary policy tool that can be used by Central Banks in
a situation in which the nominal interest rate (their main policy tool) is stuck at zero, so
that further expansionary conventional policy is unfeasible. The Central Bank commits to
keeping nominal interest rates low (relative to what their Taylor rule would mandate), in
the hope of unanchoring inflation expectations and output. In the recent financial crisis,
several Central Banks made use of it (see e.g. Angeletos and Sastry (2020) for a more
comprehensive treatment.) The excessively forward-looking standard NK model predicts
that a forward guidance 7—shock (i.e., a promise at time ¢ to shock the economy in period
T >t by using the real interest rate) has the same (or more) effect the more in the future it
is promised. To see this, we iterate forward the FIRE DIS curve (2.14)

R
Yi = _E Z O Eyriy;
j=0

where we have assumed that expectations of long-run output gap are equal to the steady-
state value, limy_,o 67 Eyyry = 0. Recall that in the standard NK ¢ = o and § = 1.
In that case, y, = —1/o 2;’;0 Eritj, and any future shock on the nominal interest rate
(a forward guidance shock) has an identical impact on today’s output, irrespective of the
period in which it is realized. This is aggravated in the case in which there are financial
constraints, since the precautionary savings motive and amplification induce compounding
(0 > 1) at the aggregate level, making the process explosive: the further in the future the
shock takes place, the larger the increase in the output gap today. This is the situation that

Bilbiie (2019a) denominates Catch-22: a realistic amplification of monetary policy effects
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aggravates the FGP. It is, however, wishful-thinking that this policy tool, perfectly valid in
zero lower bound (ZLB) periods, is so effective. Del Negro et al. (2012) were the first to
study this empirically, and find that forward guidance is indeed less effective than what the
theoretical model suggests.

We argue in Proposition 9 that the information frictions at the individual level induce
anchoring and myopia at the aggregate level, as discussed in Angeletos and Huo (2018). This
result will be sufficient in order to cure the FGP, while still maintain the amplification result.
In order to analyze the effects of forward guidance in our HANK beyond FIRE framework,
consider a situation in which the economy is stuck in a liquidity trap. Suppose that the zero
lower bound (ZLB) for nominal interest rates is binding between periods ¢ and 7, such that
7 > t. The following proposition rewrites the DIS curve beyond FIRE in FIRE terms, and

proves that there is FGP anymore.

Proposition 9. The ad-hoc equilibrium dynamics
a; = wya_1 + wfg]EtatH + Py, (4.11)

produce identical dynamics to the supply-side dispersed information model for certain pair of
2 x 2 matrices (wy,wy). The DIS curve and the Phillips curve can be written in FIRE terms

as

1 . 1
Yt = WhyYt—1 + WorTt—1 — E(Zt — Eimi1) + wryBeyeyr + (an — Z) K¢ (4.12)

Tt = OpyUt—1 + OpnTi—1 + KUYt + O gy i1 + O pn i

where {Wyy, Wor, Wy, Wi, Oby, Obrs Oy, Opr } are scalars defined in Appendiz A. Dispersed in-
formation cures the Forward Guidance Puzzle if one of the roots of the polynomial P(x) =
Wt — T + wyy, lies outside the unit circle, and the other root lies inside the unit circle.

Furthermore, the effect of forward guidance at period T on consumption at period t is given

by

agt ( Wern Wor ) 1
FG == =+ — 4.13
YT OE e, wryC w7 (4.13)

where |C| > 1 is the outside root of the polynomial P(x).
Proof. See Appendix A n

A caveat of the above proposition is that scalars {wey, Wer, W sy, Wer, Obys Obr, Ofy, Oz b are

not unique, although dynamics are unique. That is, different weights are consistent with the
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(1) (2)

DIS Phillips Curve
Yi1 0.418*** —0.196**

(0.0393) (0.0992)
M1 —0.108* 0.348***

(0.0563) (0.0767)
i 0.502***

(0.194)

T 0.169*

(0.100)
Yer1 0.609*** —0.331***

(0.0475) (0.126)
i1 —0.0499 0.638***

(0.0837) (0.0771)
Observations 203 203

Standard errors in parentheses
*p<0.10, ** p < 0.05, *** p < 0.01

Table IV: Regression table

equilibrium dynamics described by (3.5). Intuitively, agents’ actions can be anchored /myopic
with respect to aggregate output or inflation, or a combination of both. Hence, in order
to study the dynamics in the Phillips curve and the FGP, the theorist is left with two
degrees of freedom. We therefore restrict wy, and dy, to equate its empirical counterparts,
reported in Table IV, and the myopia parameters wys, and wy, will be then determined
endogenously.”’  Secondly, in the benchmark NK model with no information frictions we
have wyy, = wWpr = Opy = Opr = 0fy = 0, wpy = 0, wpr = 1/¢ and 0y, = [ and the DIS and
Phillips curves are reduced to (2.14) and (A.49), respectively.

Proposition 9 derives the general DIS curve in FIRE terms (4.12). In order to analyze
the effects of forward guidance in our HANK beyond FIRE framework, consider a situation
in which the economy is stuck at the ZLB in which nominal interest rates are binding at the

zero constraint, i, = 0 for k& € (¢,7). As a result, the ex-ante real interest rate is the (log)

20. To estimate the DIS and Phillips curves we rely on GMM methods, using four lags of the Effective Fed
Funds rate, GDP Deflator, CBO Output Gap, Commodity Price Inflation, Real M2 Growth and the spread
between the long-term bond rate and the three-month Treasury Bill rate as instruments.
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Figure 5: The effect of Forward Guidance on current output, RANK.

Note: Results shown for the RANK framework. FGP is also cured in the TANK and HANK cases (|¢| > 1),
but exhibit an oscillatory pattern driven by ¢ < —1.

inverse of expected inflation, E;ry, = —E;m; 1. In this case, the DIS curve (4.12) becomes
Y = Wyle—1 + WorTi—1 — Wrrllyry + wry Ky

Notice how dispersed information adds anchoring and myopia in the DIS curve: anchoring
is added both via output and inflation by introducing two additional lagged terms. On
the other hand, myopia is introduced by introducing a term wy, < 1 < ¢. Because during
the ZLB E;r, = —E;m;,1, and there is also myopia with respect to future inflation, the
contemporaneous effect of a real interest rate shock is also diminished, ws, < 1/¢. In Figure
5 we plot the impact of a forward guidance shock at period 7 on today’s output for each
7. The FGP is cured, so that the further in time the forward guidance is implemented, the

lesser the effect.

4.4 Beliefs Shock
4.4.1 Public Information

In this section we replace private information by public information, and obtain the model

dynamics after a shock to the common signal. The benchmark model does not allow for
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this exercise, since a shock to an individual signal (whether household or firm) does not
have any effect on aggregate variables, since agents are atomistic. We keep the rest of the
model unchanged, except for the information structure. Instead of the individual signal
Tigt = Ut + Uge, all agents receive a common and public noisy signal informing them on the
monetary policy shock v;. Formally, there is a collection of public Gaussian signals, one per
period and common across agents. In particular, the period-t signal received by all agents,

regardless of their group g, is given by
2t = Ut + €, e ~ N(0,07)

where o, > 0 parameterizes the noise in the common signal. The following proposition

summarizes the equilibrium dynamics under public information.*!

Proposition 10. In equilibrium the aggregate outcome obeys the following law of motion
a; = A(191, ﬁz)at_1 + B(Q%, 192)Ut + B("L91, 192)615 (4.14)

where a; is a vector containing output and inflation, A(¥1,02) is a 2 X2 matriz and B(¥,7s)
is a 2 X 1 vector, both already presented in Proposition 4, where ({11, V12,121, 099) are fized
scalars already presented in Proposition 4 and (¥1,vs) are two scalars that are given by the

reciprocal of the two largest roots of the characteristic polynomial of the following matrix

Cu (Z) 012(2)
021 (Z) 022(2)

Cll(z):x{(ﬁ—z) (z—%) (z—p)+%éz [Z(H%)—(s}}

C(z) =

where

Cu(e) =700 =) (+= ) (= ) + ;‘79 == 5]

€

21. Although an extension in which the common signal is only common within each group is perfectly fea-
sible, we find that the extension complicates significantly the (simple) representation of the model dynamics
in (4.14).
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where \ is the inside root of the following polynomial

2

1 ol
D(Z)EZQ—<E+P+p7n)Z+1

Proof. See Appendix A. O

The first aspect to notice is that the equilibrium dynamics still follow a VAR(1) process,
with an additional contemporaneous exogenous shock ¢;. This term can be interpreted as
a belief or “animal spirits” shock. Notice that both shocks have identical effects on impact
on aggregate variables, given that agents cannot completely disentangle the noise and the
fundamental shock from the signal. However, since the belief shock ¢; is transitory and not
autocorrelated, it has less long-lasting effects than the monetary policy shock. We plot the
impulse responses of output, inflation and the policy rate in Figure 6.%2

Although the belief shock is purely transitory, it produces persistent and hump-shaped
dynamics of output over time. This is the result of having imperfectly informed agents,
which cannot immediately differentiate between a belief shock and a true monetary policy
shock. Notice also the different response of the policy rate: after the expansionary monetary
policy shock the policy rate moves down. On the other hand, after the non-fundamental
belief shock, the Central Bank raises interest rates to cool down the economy, which reduces

the general equilibrium effect of the belief shock.

4.4.2 Private and Public Information

What if instead of replacing private by public signals, we allow agents to observe two signals,
one private and one public? In this section we extend the model to include public information,
and obtain the model dynamics after a shock to the common signal. On top of the individual
signal ;5 = vy + uig, all agents receive a common and public noisy signal informing them
on the monetary policy shock v;. Formally, there is a collection of public Gaussian signals,
one per period and common across agents. In particular, the period—t signal received by all

agents, regardless of their group g, is given by
2t = Ut + €, e ~ N(0,07)

where g, > (0 parameterizes the noise in the common signal. The following proposition

summarizes the equilibrium dynamics under public information.

22. We set the public signal noise to the value reported in Table I, 02 = 2.22.
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Figure 6: Impulse Responses of output, inflation and the policy rate after a monetary policy
shock (dark line) and a belief shock (dotted line) in the HANK economy.
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Proposition 11. In equilibrium the aggregate outcome obeys the following law of motion

ar=Qu > AMNTu_+ Q) ATey (4.15)
k=0 k=0

where a; = [yt

] s a vector containing output and inflation, and
T

0, [ 1#12]’ o, | %]

_%1 %2 _¢21 ¢22
A= 191 0 ’ r— 1-— ’191/p
L 0 192 _1 — ?92/p

where (11, Y12, Va1, Yoo, G11, P12, P21, Po2) are fized scalars that depend on deep parameters
of the model, and (91,9s) are two scalars that are given by the reciprocal of the two largest

roots of the characteristic polynomial of the following matrix

Ci(z) Cia(z) Cus(z) Cul(z)
C(z) = Ca(2) Can(z) Co(z) Cou(z)
CUs1(z) COsp(2) Csz(z) Csalz)
Cu(z) Cu(z) Cu(z) Cu(z)

where

Ci(z) =5 {(1 ~ ) (1 - 5;:5) + M]

Mok {81001 =) = 1]+ 2 [1 = 5 (1= Ay + 282)] ]
2 (z— A)(1 = A\ 2)po?
Cr(z) = 2 (% - 1)

o 2
_)\10;‘;6(1 —A) (1 — ¢r2)
o(z — M) (1 = A z)po?

012(2’) = —

014(2) =

021 (Z) = O

2
CQQ(Z) =1- @ + 012(2)

»—Aqw|mqw

023(2’) = O
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Cs4(2) (z = A2)(1 — Aaz)po?
Ciu(2) =0
Ao tklz
Culd) = ~ o o
Cu3(2) =0
_ B0 haoy(1-0)
cutey=1-i [ 2+ e

where Ay, g € {1,2} is the inside root of the following polynomial

Proof. See Appendix A. m

The first aspect to notice is that the equilibrium dynamics do not follow a VAR(1) process
anymore, unless (), = ). which is not generally satisfied. In this case the two exogenous
shocks do not share the impact effect anymore, since agents can partly disentangle them
through the two signals. Notice that by introducing an additional signal we are effectively
reducing the degree of information frictions that agents face. Even if there is an exogenous
shock to the common signal, private signals will be unaffected. As a result, agents will not
fully react to the “animal spirits” shock. In fact, we find that the effect of the belief shock
is smaller than before, and the monetary policy shock is more powerful and the produced
dynamics are closer to the standard FIRE dynamics, as plotted in Figure 7.

To summarize, adding public information reduces information frictions, which in turn

dampens the effect of any belief shock and enlarges the effect of monetary policy shocks.
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5 Conclusion

The amplification result in the FIRE benchmark relies on financially constrained households
being immediately affected after a monetary policy shock through the GE effects. We provide
a new theory to explain the transmission channel of monetary policy in HANK economies.
By introducing dispersed information, the GE considerations are dampened in the initial
periods, reducing the magnitude of the multiplier.

We use our theory to shed light on other questions of first-order importance. We find that
our framework produces hump-shaped IRFs without resorting to ad-hoc micro-inconsistent
adjustment costs in habits, pricing or investment decisions. Instead, we microfound aggregate
sluggishness using dispersed information and expectation formation sluggishness, for which
we provide empirical evidence. This results in a different PE vs. GE role than in standard
FIRE models, and is consistent with recent empirical evidence. We also show that dispersed
information produces as if myopia, which extends the equilibrium determinacy region, and
is crucial for the solution of the forward guidance puzzle.

Finally, we find that purely transitory “animal spirits” shocks can generate large and

persistent effects in output and inflation.
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Appendix
A Proofs of Propositions in Main Text

Proof of Proposition 1. An unconstrained agent ¢ € S chooses consumption, asset holdings
and leisure solving the standard intertemporal problem: max Ej Y .-, U (C’g, N ), subject

to the sequence of constraints:
Bit + Qig1Vy < Zin + Qi (Ve + PD,) + WiNii — PO} (A1)

where C%, N;} are consumption and hours worked, By; is the nominal value at end of period
t of a portfolio of all state-contingent assets held, except for shares in firms. Likewise for
Zi, beginning of period wealth. V, is average market value at time ¢ of shares, D; their real
dividend payoff and €2; are share holdings. Absence of arbitrage implies that there exists a
stochastic discount factor @); ;41 such that the price at ¢ of a portfolio with uncertain payoff
at t+ 1 is (for state-contingent assets and shares respectively, for an agent ¢ who participates

in those markets):

P PV P
By = Ey Qi,t,t+1Zi,t+1?j_1 and 1=E; |:Qi,t,t+1 (fil% + V:Dt+1):| (A.2)

which iterated forward gives the fundamental pricing equation: 1 = E; [% Zzozl Qi,t,t+th+k] .

The riskless gross short-term real interest rate R; is a solution to:
1 =Ey (RQipiv1)

Note that for nominal assets we have the nominal interest rate 1 = E; <%[tQi,t,t+1>-
Substituting the no-arbitrage conditions (A.2) into the wealth dynamics equation (A.1) gives
the flow budget constraint. Together with the usual no-borrowing limit for each state, and
anticipating that in equilibrium all agents will hold a constant fraction of the shares (there is
no trade in shares) €2;, whose integral across agents is 1, this implies the usual intertemporal

budget constraint:

E Qi1 Xipr1| < Ey [Xit + WN;; — Ptc’zi]

it
Pt+1
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where

E:Xit = Ei [Zie + Q0 (Vi + P.Dy)]

=Ey | Zu+ (Z PtQi,t,t—i—th—i-k)
k=0
and
W,
zt Z Qut,t-i-k itk = < ]Ezt ,t, t+k Nz t—l—k]
=Eu Z Qi t+kY; t+k (A.3)

where W

Vi = QD + PHkN ek

is income of agent i. Maximizing utility subject to this constraint gives the first-order

necessary and sufficient conditions at each date and in each state:

UC (Ci,t-i-l)

b Uc (Cy)

= Qitit1

along with (A.3) holding with equality (or alternatively flow budget constraint holding with

equality and transversality conditions ruling out Ponzi games be satisfied: limy_,o Eit [Qi ¢ 445 Zi 14k =

limy o0 Eit [Qi 1,444 Virr] = 0). Using (A.3) and the functional form of the utility function the

short-term nominal interest rate must obey:

UC (Cz t+1)

YU (CE)

Denote by small letter log deviations from steady-state, except for rates of return (where

they denote absolute deviations). Notice that

Ue (C5..,)
_ nk i,t+k
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and in steady state: Q, = 8*. Thus we have

s Uc (C5,..,)
. I itttk ¢ \Mittk) o (S S
it t+k ;5]; UC (C’g) ( i,t+k 1t)

where

Qitt+k = Qi+l T Qigr1p4+2 T oo+ Qitrk—1,t+k

Using the stochastic discount factor notation, we can write the unconstrained Euler

condition as

1
s _ S s H
;qt,t-&-l =Cy — 3Eitci,t+1 - (1= S)Eitcmﬂ

[terating forward the above condition,

k—1
1
Cg = Sk]EitCtSJ,-k — Z [;Eitq5t+1 + (1 — S)Eitcz{{f—l—j (A4)
=0

Using the definition of the stochastic discount factor, we can write

1
s _ S s H s S H
;%,t+k =Cy — S]Eitci,t—i-l —(1- S)Eitcz‘,t—H T Cip1 — 3Eitcz’,t+2 —(1- S)Eitci,t+2 +..

s s H
+ Ciph—1 — S]Eitci,t—i-k —(1- S)Eitci,t+k

and we can thus write

k
1
EEitqst_g_k = CES; + (1 —s)Ey Z(C%g,urk - Cz{{t+k)

J=1

Log-linearizing the intertemporal budget constraint around a steady-state with no shocks

nor information frictions, zero profits and no inequality, C* = CH

Z fChn = Zﬁkyié:ﬁk (A.5)
k=0 k=0
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Adding 0 'Eiq;y,), on each side

o0

1
Z/Bk]E |:gq§t+k + Ciﬁ+k:| Zﬁk it [ Giok + %t+k} (A.6)

k=0
Using the iterated Euler condition (A.4), the LHS is reduced to

o0

1 1
1 _ ﬁ ’Lt 1 _ B Z /Bk]Elt Z RS II{t—l-k) Z BkEZtQt itk + Z ﬂ ]E’Ltyzt-i-k (A7)
k’ 0 k=0

We can also write

o) 00 k—1 00
g
Z 5kEitqtbjt+k = - Z Bh Z Eirevr = _m Z BYEiriin
k=0 k=1  j=0 k=0

Hence, we can write the consumption policy function as

o

By
—(1—s ZB Eit (], — Cliir) ZB Eiresr + (1= 5) ZﬁkE“yié;Jrk (A.8)
k=1 k=0
We assume that the government implements an optimal steady-state subsidy such that
there are zero profits and perfect consumption insurance in steady state, 7° = (e —1)~}, and
that the government implements a redistribution scheme by taxing profits, 7. Log-linearizing

the budget constraints

1_7— S

Ci = w; + ni + met =Yt (Ag)
T
i =wet i + e =y (A.10)

Using the intratemporal labor supply conditions

Eqw; = aci + gon;-z (A.11)
Eqw; = acftl + gong (A.12)

Combining (A.9)-(A.12), we can write

1+ ¢ 1-—7

S

y = ——Ew E; A13
Cit = oto t t+g0+01—)\ t€t ( )
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-
Cit = —O_]Eitwt + —i O__Eitet (A.14)

Hence, we can rewrite the consumption function (A.8) as

> 1—7 7 15} >
G=—(1-9) 8" [ﬁ (1 " X) E¢t€t+k] 5 > B Eiresk

k=1 k=0
- 1+ v 1-—7
+ (1 - B) Z 5kEzt [mEith—k + mmEiteH_k] (A15)
k=0

Aggregating across ¢ € S agents, we can write

9] 1 — . © _
S =—(1-s) Zﬁk {% (1 — ; — g) Et€t+k:| — gZﬂkEtT‘t+k

k=1 k=0
- I1+o= o 1—7- }
+(1— "E, Eqw Ee A.16
(18 Y B | Bt B (A.16)
O
Proof of Proposition 2. The First-Order Condition is
- k 1 *
Z 0" At,t+kY‘,t+k\tP— (‘F)jt — MU 4e) | =0
P t+k
where W;, vy = Cp, (Y] e4j¢) denotes the (nominal) marginal cost for firm j, and M = <.

Log-linearizing around the zero inflation steady-state, we obtain the familiar price-setting

rule
o

p;t = (1 —p0) Z(ﬁe)kEjt (¢j,t+k|t + M) (A.17)

k=0
where ;e = log W4 and p = log M.
Market clearing in the goods market implies that Y;, = Cj; = fIh Ciji di for each j
good/firm. Aggregating across firms, we obtain the aggregate market clearing condition:
since assets are in zero net supply and there is no capital, investment, government consump-

tion nor net exports, production equals consumption:

/Y}tdj://cijtdjdijyizot
I 7, 14
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Aggregate employment is given by the sum of employment across firms, and must meet

T, Z;

Using the production function and consumption demand, together with goods market clear-

P\
No= [ udi=vi | (?) i
T 7, \ 1%

Log-linearizing the above expression yields to

aggregate labor supply

ing

The (log) marginal cost for firm j at time ¢ + k|t is

%,Hk\t = Wik — MPNj tyk|t

= Wtk

where mpn; ;i and n;, k), denote (log) marginal product of labor and (log) employment
in period ¢t + k for a firm that last reset its price at time ¢, respectively.

Let ¢y = fIf Y, denote the (log) average marginal cost. We can then write

¢t=wt

Thus, the following relation holds

Vjk)t = Ve (A.19)

Introducing (A.19) into (A.17), we can rewrite the firm price-setting condition as

o

Py = (1 —50) Z(ﬁe)kEjt (Pt — Aetn)

k=0

where ji = p; — p is the deviation between the average and desired markups, where p; =

—(¢t _pt>-

Suppose that firms observe the aggregate prices up to period ¢ — 1, p'~!, then we can
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restate the above condition as
Pt — D1 = —(1—p6) Z JtMtJrk + Z(ﬁe)kEthHk
k=0 k=0

Define the firm-specific inflation rate as mj; = (1 — 0)(pj, — pr—1). Then we can write the

above expression as

Mg

T = —(1—-0)(1 - po) Z Jt,UtJrk + (1 —-10) (ﬁ@) Gt T4k
k=0

e
Il
o

Mg

= (1= 0)E;i[m — (1 — B0)u] + BOE;, {(1 0) > (B [mern — (1 - ﬂe)ﬂt+1+k]}

B
Il

0

Mg

=(1- Q)Ejt[ﬂ't — (1= B0)iu] + BOE {(1 0) (ﬁe) ]t+1[7Tt+1+k - (1= Be)ﬂtJrlJrk]}

e
Il

0
—(1 = 0)(1 — BOEjufiy + (1 — O)Ejom; + BOEjum; 01 (A.20)

where m, = fIf i dj.

Note that we can write the deviation between average and desired markups as

—
=Pt —
—(oy, + ony)
—(o+ )y

As in the benchmark model, under flexible prices (§ = 0) the average markup is constant
and equal to the desired p. Consider the natural level of output, y;' as the equilibrium
level under flexible prices and full-information rational expectations. Rewriting the above

condition under the natural equilibrium,

p=—(+¢y'

which we can write as
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y?:wy

where 9, = —ﬁ. Therefore, we can write

fu=— (0 + )y

where 9, = y; —y;' is defined as the output gap. Finally, we can write the individual Phillips

curve as
Tt = (1 — 6)(1 — 59) (O' + QO) Ejtgt + (1 - H)Ejtﬂ't + 56Ejt77i,t+1
= ff@Ejtgt + (]. — Q)Ejt’ﬂ't + 60]Ejt7ri,t+1 <A21)
where kK = w (0 + ), and the aggregate Phillips curve can be written as

oo

T = RHZ BOWE! G + (1 - 6) > (B9 MR (A.22)

k=0 k=0
[l

Proof of Proposition 3. Denote aggregate consumption and aggregate labor supply for the

unconstrained household as
Cf:/cgdz', NtS:/Ngdz'
and aggregate consumption and aggregate labor supply for the constrained household given

by
~ [cttai. N = [Nla

Equilibrium in the goods market requires that consumption of unconstrained and con-

strained households equals total consumption
Cy = \CH 4+ (1 - N)C?

Since we are in a closed economy without investment and government spending, the resource
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constraint is Y; = C;. Equilibrium in the labor market requires
N; = AN + (1 = A\)N?

With uniform stady-state hours by normalization (N° = N¥ = N), and the fiscal policy

inducing C¥ = C# = (| the above log-linearized market clearing conditions yields

y=c =i +(1—N)¢; (A.23)
ny = Mt + (1 - \)n? (A.24)

Finally, because the final good sector is competitive and observes all relevant prices pj;, we

pt:/Pjtdj
yt:/yjtdj:/njtdj

have

Yp = ¢ = /Cit di (A.26)

Combining the (expectation augmented) optimal labor supply condition of unconstrained
households (A.11) and that of constrained households (A.12), and the labor and goods
market clearing conditions (A.23)-(A.24), we can write
Eiwt = aEfct + @Ejnt (A.27)
= (p+ U)Ef Yt
where we have used the aggregate market clearing condition in goods and labor sectors. As
is common in NK models without nominal wage rigidities, profits are countercyclical. This

results in dividends (and transfers received by firms) being countercyclical. Using the fact

that e, = —wy, we can write (A.14) as

i L Il+op(1 r E;
¢l = - — w
t o+o 14 A e

TD —cC
[l
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—C
= XE;
Hence, we can finally write the aggregate consumption function as

=1 =N+ A\l

- Pay > B+ (1= B = M)|Ey + (06— B) (1= M) Y B Ejcrr (A28)

g
k=0 k=1

where 6 = 1+ % and ¢ = J%. Finally, notice that this is implied by the following

beauty-contest game for a representative household ¢,

g
Cit = —;(1 = NEir: + [1 = B(1 = M)|Eay: + B[0(1 — Ax) — Eci1 + BEicivi
is equivalent to (A.28) provided that limg_, 6TIE,-tci’t+T, which is broadly assumed in the
literature given 5 < 1.

Replacing the real interest rate by the Taylor rule process in the DIS curve (A.28),
Ty =1 — Tip1 = QuTi + QyYs + vy — Tyy1, We Obtain

Bén

(1 — )\)Eit’ﬂ't — ﬁ
g

S

Py

g

(1- A))} Evy; — (1 — NEqv,

+ 5[5(1 - )‘X) - 1]Eitct+1 + g(l - )‘>Eit7Tt+1 + BEitCi,tH

Cit = {1—6(1—>\X+

]

Proof of Proposition 4. The final goal is to write the DIS curve and the NKPC (2.13)-(2.9)
in a similar way to Huo and Takayama (2018). That is,

ane = 1Ei1& + BiEianis1 + yuiEaran + annEiar + 12Eias + anBarass,  (A29)

Qjor = 902Ej2t§t + BZEthaj2t+l + ’Y21Ej2ta1t + 0421Ej2ta1t+1 + 722Ej2ta2t + 0422Ej2ta2t+1

To show this, let me focus on (A.29). Iterating forward

aiir = 1 Z ﬁfEilt&Jrk + y11Eaear + (111 + o) Z 5fEilt6L1t+k+1 + Y12Eirag: + (Bimiz + ai2) Z 5fEmGQt+k+1
k=0 k=0 k=0
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And the aggregate action for households is

ayy = 1 Z B Eéiek + y11Enan + (Bi711 + o) Z BrEriaresnr + 12Erean + (Bimz + on2) Z BYE1ioi i1
k=0 k=0 k=0

(A.30)

In a similar way, we can derive the aggregate action for firms

Aot = P2 Z B§E2t£t+k + 721E2ta1t + (B2y21 + aa1) Z 5§E2ta1t+k+1 + 722E2ta2t + (Bay22 + a22)) Z 5§E2ta2t+k+1
k=0 k=0 k=0

(A.31)

Notice that (A.30)—(A.31) are equivalent to (2.13) and (2.9), respectively, if a;; = y,

ag = mp, & = vy, Eiy(+) = Ee(+), Eo(-) = Ex(+) and the following parametric restrictions are

satisfied
1—A
o= B0
w2 =10
B =0
5 Bo = 0
Y=1-p 1—)\X+Fy(1_)\> Vo1 = KO
= —B(1— T2 =10
g 91 =0
a1 = 5[(5“ - )\X) - 1]
6 Q99 :0
192 = —(1 — )\)
o

The best response of agent 7 in group g is specified as follows

2 2
igt = Pgligt& + ByBigraigrt1 + Z VoiBigeaje + Z g Bigeajita (A.32)

J=1 Jj=1

where a_g is the aggregate action of the other group at time ¢. Parameters {8}, {7V},
{ogr} help parameterize PE and GE considerations. Notice that GE effects run not only
within groups but also across groups (the interaction of the two blocks of the NK model).

Parameters {p,} capture the direct exposure of group ¢ to the exogenous shock.*”

23. The parameter ¢, is allowed to be zero for some, but not all, g. For instance, if {; represents a monetary
policy shock, it shows up in the Dynamic IS curve but not in the NKPC (and the converse would be true
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Let a; = (ay) be a column vector collecting the aggregate actions of all groups (e.g., the

vector of aggregate consumption and aggregate inflation)

Q1
a; =
Q2

Let ¢ = (¢,) be a column vector containing the value of ¢, across groups

Y1
- |7
P2
Let B = diag(f,) be a 2 x 2 diagonal matrix of discount factors, with off-diagonal elements
equal to 0.
0 p

Let - be a 2 x 2 matrix collecting the (contemporaneous) interaction parameters -,;
Y11 V12
7 et
Y21 V22
Let o = (k) be a 2 x 2 matrix collecting the (future) interaction parameters ay;

11 012
a =
Qg1 g2

B1 + an Q2

Qg1 B2 + arag

Finally, let d = 8 + «.,
6 pum—

Let us now have a look at the fundamental representation of the signal process. We know
that

§ = p&e—1+m
1
— , ~ N(0, o2
1_ me Ug ( %)
Tigt = ft + Uigt, Uigt ™~ N(07 O';)

for a markup shock, for example, which we do not study in this paper).
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Notice that the signal process admits the following state-space representation

Zy=FZi_1 + O5iy
Xt == HZt + \I[/S\igt

with F = p, ® = |:0'n O], Zy =& H =1, ¥ = [0 ag] and X; = z;4. Define 7, = 0_%,

Ty = aig The signal system can be written as

1

1—pL
o

Tigt = N+ Uige

yr + OgUigt

1
[ } M
— 0‘9 R
uigt
- [m ]|
a 1=pL E aigt

= Mg(L)gigh é\igt ~ N(07 I)

pL

n

In
1—pL
Tn

Suppose that there exists { B, (L), w,} such that

Slfigt = Mg(L)gigt = Bg(L)wigt <A33>

with By(L) invertible, w;,; serially uncorrelated and w; ~ (0, V). Then x; = By(L)w;y is a
fundamental representation of w;g. Since By(L) is invertible, x}, and wj, contain the same

information. (A.33) implies that both processes share the same autocorrelation function

GY(2) = ph,(2) = My(2) My(z")
= BQ(Z)VQB/(Z_I)

By Propositions 13.1-13.4 in Hamilton (1994),

B,(Ly=1+H(I - FL)"'FK,
V,=HP,H + U,V
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We need to find

P, = F|P,— P,H'(HP,H' + UV, V)" 'HP,|F + ®®' (A.34)
Ky = PyH' (HPyH' 4+ W 0! )~! (A.35)

We can write (A.34) as

Py =p|P; — Py(Py+0.) 'Plp+ 0,

— P+ P(1—p*)o} —o =020, (A.36)
Denote ry = P;'. Then we can rewrite (A.36) as
2 2.2 2y 2 _ 2
0,00k, = [(1—p*)oy —o,]kg + 1
2
T, T, T,
M Tn \/L'n S Tn
We also need to find K,. From (A.35)
K, = P,(P, oo L
g g( 9+Ug) _1_{_&90_3
Using the Kalman filter, the forecast of the fundamental is given by
]Eigtgt = (I - KQH)F]Eigt—lft—l + Kgxigt
= )\gEigtflftfl + Kgxigt
where
N =(U—-K/H)F
_ KgOop
1+ k407
1|1 T, 1 7\’
== —+p+—g:F\/<—+p+—g) —4 (A.37)
20p PTy P PTy
where we choose the ;5 root that lies inside the unit circle (the one with the ‘—’ sign). We
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can also write

where I have used the identity x, = *s79/(p - A,). Finally, we can obtain By(L)

pL
B,(L)=1
= T 0w
C1-L
- 1—pL

z and therefore one can verify that

with

! AgTg (1= pL)(L = p)
L
My ()M (z71) = T + T,
O =T
Finally, we can write
G(L)

ML) = e

Let us now move to the forecasting part. The forecast of a random variable f;

fe = A(L)s;
can be obtained using the Wiener-Hopf prediction filter®*
Bafi = [ADM (LB, B a

24. To explain the [ - |4 operator, let us give an example. Suppose g(z) is a rational function of z that does
not contain negative powers of z in expansion, and all its roots lie inside the unit circle (|¢;| < 1 Vj). Then

9(2) } _ 9(2) Z &)
(2-&)—&)... -8y (-&)kE-&)...(:-&) = z—gk)l‘[#k(gk—&)
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Based on this result, we can solve the model. Denote agent ¢ in group ¢ policy function

Qigt = hg(L)Tigt

(in this model, agents only observe signals. As a result, the policy function can only depend

on current and past signals). The aggregate outcome in group g can then be expressed as

Qgt = /aigt di

L)xig di

/ < Lnt + O'guzgt) di
hy(

) L77t

follows

Let us now obtain the forecast of the fundamental &. We can write the fundamental as

§ = Mt

Consider now the forecast of the own and average contemporaneous and future actions.

Using the guess that a;g1 = hy(L)Zigir1 and agp1 = hy(L)E11, we have

Qgt+1 = hg(L)ftH

- 2l

-2 [ o]

— [ 0] 5
agr = hy(L)&;

= hy(L) [ ;/; 0] B

—1/2h ~
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Qigt+1 = hg(L)Tigr41

_ hy(L
),
_ hy(L
— gé )M S'Lgt
_ hg(L) [ ap] o
I |:1 oL Ty /2i| Sigt
_ [ —1/2_hy(L) —1/2hg<L>] 3,
n L(-pL) '9 L igt
Qigt41 — Qgt41 = [O Tg_1/2 hgéL)} Sigt
Let us now obtain the forecasts. Recall that, for
a(L) .

- Hi:l(L - ST) >

The optimal forecast is given by

B f; = [A(L)J\4’(L—1)13’(L—1)—1}+ VB(L)

_ D) g, - A)G(A\)V ' B(L)™! -
HiﬂL—&) el (L — AMH#AM M) T (O — B7)

,..»—A

)G (Br)V ' B(L ) .
; L — B) H 1 (B = Ar) Hq—;ék(ﬁk_67—> '

Hence, applying this general example to our particular case

25 Tit—
e = |7 2 T U= AL)L = A"

g

172
UQO}F%;]@%(1—MML—M

T-phg V2 (N = AL —=N) p (1—)\gL)$z‘gt

Tg

_ [ﬁ 0} [#] (Ag = P)(Ag = Ag) TgAg (1 — pL)

Tgg 1 .
an(l —Agp) 1= AL v

= Glg(L)xigt
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Eigtakt+1 - |: n L(1—pL) (L — )\g)(l _ )\gL)
Y
B [ 1/ hy(Ag) O] 1:;—&;1 (Ag —p)(1 = pL) )‘ngm
(L= AL =AL) p v

2
e _hy(L) O} II_UPT] (L—p)(1—pL) Ay

_1/2
Tg

T Xg(l—pAg) ey
g
_ AgTy [ hi(L) _ (1 — pL)hi(Xy) Tiny
PTy (L =21 =XgL) (1= pA) (L —Ag)(1—=AgL) !
- GZk(L)xigt

_1/2
B | (L—=p)(1—=pL) A,
E,, ap = [7_ /2 hi (L) 0} 1—pL—1! 99 i —
gtUkt n 1—pL T;l/Q (L — )\g)(l - )‘gL) P ”

—1/2

_ [Tfl/zhk(,\g) O} &,—Ag—l (Ag = p)(1 = pL) A7y ‘

T T-ph 7_9_1/2 (L—=X)(1—=XL) p Ligt
_ ATy [ Lhy(L) (1= pL)Aghi(Ng) "
= — igt
pTy L(L = AL =AgL) (1= pAg)(L — Ag)(1 = AgL) !
= Gsp(L)Tig
—1/2
_ I | (L—p)(1—=pL) A\,
E. ) _ — YV2hg(L) | | 1=pL—1T ( 9'9 .
igt (Gigt+1 — gi1) [0 To 7L } e | L= A= NL) p
P
B a0 [Tt | A =)A= pL) ATy
[O 79 Ag ] 7;1/2 (L=X)(1—=X,L) p gt
1 hy(0) (1 = pL)T,
_ 1l 9y,
9L 1-=M\L ™
_ ﬁ (L —p)hy(L) _ (Ag = p)hg(Ag) _ phg(0)] 1 —pL .
p | L(L—X) A(L —),) AL | 1= AL
= Gug(L)Tigt

Recall the best response for agent i in group g (A.32), which we rewrite for convenience

2 2
Qigt = Pgligt&s + BgEigtigr41 + E Vgiligtaje + E agiEigiajiit

j=1 j=1

The fixed point problem is

hy(L)Tigr = 0yGhrg(L)wigt + ByGag(D)igr + Y Yok Cir(L)aigr + > agrGar(L)Tige + ByGag(L)igy
k=1 k=1
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_ ATy . BoAg [ (L = p)hy(L) _ (Ag = P)hy(Ag) . phy(0)] 1 —pL S
T (=MLY= Np)pry, L(L —\,) A(L —\,) AL | 1=X L7
( 9 gP)PTy p 9 9 g g g
4 — YghAgTy [ Lhy(L) B (1 = pL)Aghi(Ag) } Tyt
v P (L=2)(L=XL) (1= pA)(L =X (L =N, L) |
4 - gk Ag Ty [ hi(L) _ (1 = pL)hi(Ng) ] Tyt
1 PTn (L=X)(L=XL) (L =pA)(L =N (1= AL)| "
ByAgTy [ hy(L) _ (1 = pL)hy(Ay) ] Tiny
pTy L(L =X)L = AgL) (1= pAg)(L = Ag)(1 = AgL) “
Rearranging terms on the LHS and RHS
h (L) |: . 59>\9(L _ p)(l _pL) o ﬁgAng :| Tiat—
! PL(L = X)(1 = NgL)  pry(L = Ag)(1 = AgL)| ™
_ 7gk>\ Tg - Oégk)\ Tg
Z e v Repw KD LA e sy v Ty i
_ 909/\5779 Tigt — hg(Ng) By(A\g — p)(1 — pL) ByAgTy(1 — pL) o
(1= AgL)(1 — )‘gl))an v ! P(L = Ag)(L = AgL) — pry(1 = pAg)(L = Ag)(1 = AgL) v
By(1 — YAy Te(1 — pL)
g (O)L(l - >\ L Tigt ~ Z (A an (1= pA) (L — M) (1 — AL)
_Zh Oégk/\ Tg( _pL) T
g an (1= pA)(L = A)(1 =N, L) ™"
Multiplying both sides by L(L — A,)(1 — A\,L),
BgAg Tg
(L) { AL = 2,)(1 = XpL) = 222 (L= p)(1 = pL) + L b
1
ATy X
— ZLILN " hi(L) [yge L + agr] igr
n
PN - _ _ -
= pro(1— )\gp)L(L Ag)Tige — hg(0)By(1 — pL)(L — Ag)Zigt
_ Ag — p AgTq AgTq B '
{th‘g)ﬁg [ P + o7 (1 — Agp) an (1= Agp) th [AgVgrk + agr] ¢ L(1 — pL)Tig

(A.38)

Aggregating across agents, we can write the above system of equations in terms of h(L) in
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matrix form

C(L)h(L) =d(L) (A.39)
where

C(L) = diag {L(L — \,))(1 = A\,L)} — B diag {% {(L —p)(1 - pL) + EL] } -

Tn

A A
— diag {9—7—9L2} ~ — diag {g—TgL} o (A.40)

PTy PTy
One can verify from (A.37) the following identity

1 1 T,
M+ —=p+-+-—2<
Ag P PTy

and, to simplify algebra, one can rewrite (A.40) as

C(L):diag{—)\gL {L2—L(Ag+%) +1”—ﬁdiag{—Ag {LQ—L<%+p+;—;’) +1”—

A A
— diag {g—Tng} ~ — diag {Q—TgL} a
PTy PTy

1
= diag {\,} [(8 - IL) diag{L2 - (— +o+ i) L+ 1} .y diag{i}fy— L diag{i}a]
i p pr pr

= diag {\,} | (8 — IL) diag { (L - %) (L - p)} — (B —IL)L diag {i} -

L an
— L*? diag {i} v — L diag {i} a]
Py Py
That is, we can write C(z) = Culz) Cualz) , where

Co1(z) Coa(2)

1 T

Cu(z) =M |(Bi—2) (2= =) (z=p) + —2[2(1 —711) — du]
p Py

i
Cha(2) = —Alzp—;(z%g )
n
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T
Cgl(Z> = —)\2210—;(2’)/21 + 521)
n

Ca®) = e (B2 =2) (5= 2) (= )+ 2 lell = ) = s

PTy

We can also write the RHS of (A.38) as

() = BT (L= Ay) = (1= L)L = A h0)

Ag —p AgTy o _
a {hg(/\g)ﬁg { P * pTy(1 — )\g,o)] py (1 — Agp) ;hko\g)()\ﬂgk + gk)} L(1—pL)

Hence, we can write d(z) = iz P , where
dQ[Z; 2
dlzh ()] = — 2Ty -1t _5 (A1 — p) + (B11 + A )L_ 21— p2)hi(A)—
1125 M = p(l—)\lp)ﬂ? 1 ol 1(A1—p 11 1711 (1_/\1P)Tn_ P 1{A1
— 61(2 — )\1)(1 — /)Z)hl(O)
P -1 B U N O P _dem ] _
daz; ho(-)] = o0 )\Qp)TnZ(Z A2) ; _520\2 p) + (022 +/\2722)(1 o) | 2(1 = pz)ha(A2)

From (A.39), the solution to the policy function is given by

h(L) = C(L)"'d(L) ?iﬂ—g@d(“

Hence, we need to obtain det C(L). Note that the degree of det C'(L) is a polynomial of
degree 6 on z. Denote the inside roots of det C'(L) as {(1, (3, (3, (4}, and the outside roots as

{191’1, vy 1}. Because agents cannot use future signals, the inside roots have to be removed.
Note that the number of free constants in d(L) is 4:

(A —p ATy ] ATy 2
{hl(O)} ) {hl()\l)ﬁl i P + ,07',7(1 — /\1p>- + an(l — )\1p) ; hk<)\1)<)\1’71k + Oélk)}

Ao —p Aoty ] A2y &
{h2(0)}, {hQ(/\Q)/B2 > + o (L ap) | + (1= Jap) ;hk(/\Q)()\Thk + OéQk)}

With a unique solution, it has to be the case that the number of outside roots is 2. By
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Cramer’s rule, hy(L) is given by

w1 ot
M) =—aem
a1 4
ha(z) = - -

det C(z)

Which are the policy function for groups 1 (consumers) and 2 (firms). The degree of the
numerator is 5, as the highest degree of d,(L) is 1 degree less than that of C(L). By choosing

the appropriate constants {hl(()), h(A1), h2(0), h()\z)}, the 4 inside roots will be removed.

Therefore, the 4 constants are solutions to the following system of linear equations

det di(G) Cha(Ch)] _0
[ d2(C1) Caa(Gr)
det di(C2) Cha(Ca) _0
[ d2(G2)  Ca(G2)
det C11(G3) di(G3) _0
| C1(G3) da(Gs) |
det Ci1(Ga)  di(Ga) _0
|Ca1(Ga)  d2(Ca) |

After removing the inside roots in the denominator, the degree of the numerator is 1 and
the degree of the denominator is 2. The above determinants can be written as a system of
4 equations and 4 unknowns (our free constants). Once we have set the appropriate free

constants the policy functions will be

{Egl +{Eg22
(1 — 7912)(1 — 1922>

hg('z) =
and hence we have

Qgt = hg(L)gt

_ ng + JgQZ 5
T (1= 012)(1 —0y2)
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B AN AN
= Vol <1 - 7) N AR (1 B ?) A

= Z/}glglt + ¢g27§2t
We can write

| A2t

= Qgt

el
|21 Va2 U

_ —1/1111§1t + ¢12§2t]
| D101 + Yooy

Notice that we can write

V1(1 =91 L) = (1 - ?1) & = Vi =010, + (1 — ﬁ) &

~ 9 - - 9
Vo (1 —JoL) = (1 - ?2) § = Vo = Ua¥q1 + (1 — ?2) &

Which we can write as a system as
{9; = A{S{t—l +T'&

where

Hence, we can write

a; = Qé;t
= Q(AG,_, +T¢,)
= QAb,_; + QT
= QAQ a1 + QT
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= Aa,t,l + Bft <A41)

Finally, we need to show that (3.6)-(3.7) hold. First, notice that in the standard FIRE
framework there is no information friction, ¥; = ¥ = 0.?° Therefore, the dynamics under

equilibrium follow a; = Aprga:—1 + Brireé: where

0 0
] ’ Brme — Y11+ 1o

o1 + P22

FIRE —

0 0

Under the standard FIRE case (A.51), which I rewrite for convenience

a; = (I - ’7)7190& + (I — 7)715Etat+1

In order to find the solution dynamics under FIRE, we proceed with a guess and verify

approach. Assume that a; = D¢;. Using the method of undetermined coefficients

D& = (I —~)"'p&+ (I —~) 0B, DE 1y
= (I —~) @&+ (I =) '6Dp&,
D=(I~-~) "¢+ ~~)"dDp

~

hence, it must be that D = [I — (I —~)"'8p] (I —~) '¢. Notice that, for consistency,
Brirg = D. As a result, even if we cannot find the analytical form of the individual
(111, Y12, Va1, 122), we know that conditions (3.6)-(3.7) hold. ]

Proof of Proposition 5. We know that

770571(P - 191) ¢92<P - 192)
Qgt+1 = hg(L>§t+1 = {p(l — 191[/) p(l — 192[/)} i1
= (P = Ag)(L = pAy) 1—pL
Batwos = STy [0~ T )] &
w (P = AL = pAg) [hy(L) 1 —pL
Egt—1a9t+1 = p(L —_ /\g)<1 — )\gL) |: L - Ag(]_ . p/\g) hg()\g>:| gt_l

25. To verify this, solve the household problem as if there were no firms (only the consumer group),
assuming that the nominal interest rate follows an AR(1) process. In that case one can obtain analytically
11, and verify that we are back to the standard case holds when 7 = 0 (see e.g., Angeletos and Huo (2018)).
Alternatively, one can verify numerically that the dynamics implied by the beyond FIRE case when we
restrict ¥ = ¥2 = 0 coincide with the dynamics of the FIRE case a; = D¢&;.
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Let us first obtain the LHS of the regression

= hy(L) (P = Ag)(L = pAy) 1—pL
Agts1 — Bgrtgern = =& — (L= )( Y L) [hg(L) =, hg(/\g)] &
L (p= (1= pAy) (p—Ag)(1 — pL)
- {hg( ) {z - p(L = Ag) 1 - )‘gL } p(L Ag)(L=AgL) } .
_ L (p=Ag)( — pAg) (p Ag)(L —pL) 1
_{%@ﬂE_MLfX | A T

Ag(L = p)(1 = pAy) (h—
:P““mw—&m—%mmﬂm‘%“”@ D) "
__{ balp =) —pl)  walp—d)diM(p—L)
T (=)= pL)(L = AL) (1= 0iAg)(1 = i L)(1 = A L)
N Vy2(p — 92)(1 — pL) C Yplp = Y9N (p— L) }l
(L= 020g) (1 — pL)(1 = AL) — p2(1 — 0adg)(1 — 0aL)(1 — A, L) [ L™

_ 77Z)gl(/0_791) i Vg2(p — Do) 1
p(1—010)  p(1—tahg) | T— AL "
~ Yalp—d)thAy p— L 1
21— 1)) 1—0L1— AL
%2(/? Uo)ladg p—L 1
21— Uo)g) 1— UL 1— AL

— wl(p—ﬁ) Q/’QP 192
\[p(gl — 1Ay ) gl — N, ] ;)\gﬁtﬂ 7

v~

_‘gl

Uplp =001, 1-p'L
Tl 0y A-oD)(I- A0
Vg2(p — V2)02), 1—p7'L

T, (D)D)

o0
_= J .
= g1 E >\g77t+1—g

¢gl<p V1)01Ag [V1 — p 1 pt— Ag 1
- + Ne+1
p(l — ’191)\ ) 191 — )‘g 1-— 191[/ 191 — >\g 1-— /\gL
Vga(p — V2)02Ag [U2 —p~' 1 pl=N 1
- + Ne+1
p(l — 792)‘g> 192 — )‘g 1— 192[/ 192 — )‘g 1-— /\gL

= g1 E >\g77t+1—j
j=0
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wgl(p v )191 Zﬁlnﬂ-l —j

p(1 —910,)(
+:;2
K 010\
g1<(1/)_ 1911 ) Z)\gﬂtﬂ —J
+—‘g3
?/)gz(P 192)192
(1_192)\ 192_ 219 Nit1—5
+:;4
¢92(P 192)?92
p(1 = U2, )( 192 _ Z)‘gmﬂ —J
+—‘g5

= (~g1+~g3+~g5 Z)‘gnt-i-l —j

=0
Xgl =
o0 oo
- J - J
+ Zg2 E :19177t+1—j + Zg4 E 19277t+1—j
> =0 =0
Xg,2 Xg,3

which is the LHS of the regression. Let us now compute the RHS of the regression
(L) 1—pL hy(L) 1—pL

= = . (p— Ag)(l - :0)‘9) hy g
Bttt = Bttt =)0 [ L I g
_ (P = Aghg(Ay) 1

pA 1ML
(p—
- Z Agnt —J
N\ ~~ 1] 0
Xg,4

and we have the RHS. We can write the numerator of Ky c¢ as

C [agt—i-l - Egtagt—i-la Egta'gt—‘rl - Egt—lagt-i-l] =

= C|Xg1 Y Nh1s + Xo2 Y Hma1—5 + Xg3 > By

7=0 7=0 7=0
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+ Xga Y AZ;UH] =

Jj=0

2 |:Xg,1Xg,4)\g Xg,2Xg,4’l91
n

+ Xg,3Xg,4192:|
1-X 120 1=\

The denominator is

V [Egeagiyr — Eg1ag41] =V

Xg,4 Z /\Z;m_j]
j=0

2
_ 02 Xg,4
TN )2
1— A2

Finally, the coefficient is

Xg,1 Xg,2 191(1 - /\52]) Xg.,3 192(1 — )\3)

Koca ===
. Xoa © Xga 1= A0 Xga 1 — AgUs

Proof of Proposition 6. Recall that equilibrium dynamics satisty,

a; = ¢U7§ + SEtaHl <A42)

We need to find the conditions under which the equilibrium process is stationary. This sums
up to having all the eigenvalues in matrix 5" outside the unit circle. This restriction is
satisfied if

det & ' > 1 (A.43)
det & ' —trd  >—1 (A.44)
det 8 ' +trd  >—1 (A.45)

Introducing the respective values in (A.43)-(A.45), we obtain (4.2)-(4.4).
[

Proof of Proposition 7. Recall the equilibrium dynamics described by Proposition 4. We

need to find the conditions under which the equilibrium process is stationary. This sums up
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to having all the eigenvalues in matrix A inside the unit circle. This restriction is satisfied if

detA < 1 (A.46)
detA —trdA > —1 (A.A4T)
detA + trd > —1 (A.48)

Notice that trA = ¥, 4+, where ¥, and ¥5 are the two roots of the characteristic polynomial
of A, and det A = ;5. Therefore, the above conditions can be translated to

191792 <1
(1 — 1)(Wa — 1) > 0
(91 + 1) +1) > 0

Notice that such system can only be satisfied if both roots are inside the unit circle. Intro-
ducing the respective values in (A.46)-(A.48), we obtain (4.7)-(4.9). O

Proof of Proposition 8. The aggregate outcome is

o (-2)
o (- )1—% 1_pL)m+¢m(1—%)(1_1925(1_@)7%
2)

:¢11<

+ 1 (1——>{ 1 B 1 ]
12 P (p—09)L(1 — pL)  (p — ) L(1 — V,L) 1
oy (12 0) 1 1

) 1 1 1
1- 2 _
+¢12( p)p—ﬁg L_pL 1_192L:|77t+1

¥a 1
§t+¢12 (1 - ?> 1 _192L§t

{ L—pL) (- 01>L1<1 —MJ "

0 1 . : - :
=1 <1 - —1) D LY mey = Y (LY mea | +
p)p=" |z =
¥y 1 — : - :
t(l-—)——5 D (LY ma =) (2L mga
PP 2 |55 iz0
=Yn (1 - —) ! Z (P =97 e + 412 (1 - &) ! f:(PTH — 95 ) s
p— 191 p P 192 =0
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_ @ Z(pTH _ 19I+1>

P 7=0

Y2 o - r
Ne—r + 3 Z(P =0 e,

7=0

The PE component is given by

PE; =

_ B

o

where
Z 5kE§7Tt+k
k=0
Z ﬂkEfyt+k
k=0

o0

Z BkEtUtJrk =E

k=0

o0
JTC =
§ BE k1 =

k=0

with

—C

&LL—mé—mm”}

Z 5 Etrt—i-k

o0

—(1=A) Z ﬁkE: [DrTsk + Qylesk + Vesk — Toght

k=0

c LT('t
tL ﬁ

&=

C
t

$u (%)
$0(-4)

[(L - ﬁ)(Ll - ﬁjL)Ut]

& Ly,
tL /8

&=

:LL—mé—mmw]

CLUt
tL_B

;L 3 Z¢2]

( __> hL ﬁia—mLWJ

e~
| |
=

) =

—1/2
[ v 0] 1Z’LL_1 1—pL™t | M7 1 .
(L—B)(1—9,L)(1—pL) AT ML 1= ML
+
P - k
= -
<1—mﬂ@—ﬁ»§% o
92 (p— M)(1 — pA
i =)A= ph) Zﬁim%
plp —95)(1 = BI;) (05 — A) (1 — J;A1)
AM{A —pd B+ M (= Bp+70; — }Z)‘ Dk
p(1 = pP) (1 = B9;)(0; = ) (1 =0 A '
—1/2
s ol 1—pL | oanm 1
|: Tn / 0:| 1—5[11_ p — 11 nt
(L-p) (1~ pL) 71 21— NL p 1—M\L
Jr
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o0

A
sz T — k_ pﬁ)z)\lnt_k

k=0

T1-
_1/2 0] % 1-— pL )\17’1 1
(L —5)( 1—19L L B0, L)(1=pL) S | ToNLT| T T AL
+

(1—p5)(p D) me’“

93 (p — /\1)(1 — pA1) .
oo = 0,)(1 = B0,)(9; = A)(1 = ;M) Zﬁj”t—k

M {p0;(1+ A3) = Mifp+ 9,(1 — pB(1 N
- P(l—pﬂ)(l—ﬁﬁ)(ﬂ—/\)g_g)\l ZAlmk

Hence, we have

o0

Z ,BkE Mol = w21 + wQ Z

k=0

2
— p9;[8+ (1= Blp+9; — M)ty
1—p5 Z_: 1—519)(19 “ ) (I =00 JZMM

2 92 (ﬂ )\1)(1 — p)\l w2j
_; 2(1_&9)@9 —A)(1=9;\) Zﬁﬁt k

o0 — +
ZﬁkEt?ka %1 %2 Z k
k=0

A (p—95)[M — pd;[B+ M1 = Blp+ 95 — MYy ~—
+p2(1—pﬁ)z (1= B89;,)(0; — A)(1 —9;\) ZAW k

2
p /\ 1—p)\ )
§ 2 )( 1 1j Z/ﬁntk

j=1
(o]

Z B Eyvi iy, = E P — E A M-k
k=0 - ﬁ — pp)

k=0
S e %1 + ¢22
Z BYE e ka1 = p Z k
k=0

n A )Z(P—ﬂj)[ﬂ)w(l*‘P@ﬁ?)—ﬁj(P A1 = p(B 4 M)ty & Z)‘l -

P pf) 2 (1= 59,)(8; — )1 — 9;)
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2
P p = M)(1 = pA)y
_221 9 119 ) i 2:9)\ Zﬁ”““
= (1= B0;) (05 = M) = J;A)

Therefore, the PE share p., is given by

_ OPE./on,
HJT B ay‘r/ant
o P (pmH = 0T 4 ra(pmHt — 95t
where
51— L+ ¢y (Y11 + ¥12) + (D — p) (Y21 + V22)
b 1—pp
X ~ = (p = 9)[ — o8+ (1= Blp+ 95 — M)y
- pm{ P (1= B0,)0; — AL~ ;)
2
(p = 05) [\ — pds[B + Ai(1 = B(p+ 5 — Ai))]eby
el (1= B0,)0; — A)(L— J;0)
B ZQ: (p = 9P (1 + pB03) = 9;(p — A1 — p(B 4 A1)))]e2;
= (1= B9,)(0; — M) (L — W A1)
5u — 19 1(p = M)(1 = pA1)[pyth11 + (¢r — V1))
’ p2(1 = B1) (01 — A)(1 — 91 \)
5y = _ﬁ%(p — M) (1 = pA1)[@y i + (P — U2)1ha0]

P*(1 = BU2) (02 — A1) (1 — J2A1)

]

Proof of Proposition 9. In order to study forward guidance it is convenient to write the

model as if there is full information. To see this, let us first recall the dynamics in the

standard model. In the benchmark NK model the Phillips curve is given by

Ty = KUYy + B]Eﬂrt_;,_l (A49)

the DIS curve is given by (2.14), and the Taylor rule is given by (2.10)-(2.11). Inserting

the Taylor rule into the DIS curve, one can write the model as a system of two first-order

stochastic difference equations

flat = BEtatH + é’Ut <A50>
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where a; = [y; ] is a 2 x 1 vector containing output and inflation, Ais a2 x 2 coefficient

matrix, B is a 2 x 2 coefficient matrix and C' is a 2 x 1 vector satisfying
—1
0

a; = th + EEta/t+1 (A51)

A ST on

—K 1

. B=

gé,andé:
0 5

Premultiplying the system by A~ we obtain

where § = A"'Band g = A~'C.
Notice that the DI DIS and Phillips curves, (2.13) and (2.9), involve higher-order beliefs.
Angeletos and Huo (2018) show that the following system dynamics under FIRE mimic the

dynamics of our DI model
a; = wWpQ_1 + ngEtat+1 + Evt (A52)

Anchoring is obtained by including an ad-hoc term wpa;_ 1, where wy is a 2 x 2 matrix.
This element will induce inertia in the model dynamics, as we see in the data. Myopia
is obtained by including an ad-hoc term wy interacting with expected future outcomes.
Formally, we replace SEtatH by w fSEtatH. Here wy is a 2 x 2 matrix that induces myopia
in the model dynamics as long as its spectral radius lies within the unit circle. Effectively,
this element is reducing the forward-looking behavior in the model. As we will see in the
next sections, this is key for our findings on the Taylor Principle or curing the FGP.

To show that the ad-hoc model presented above captures our HANK beyond FIRE un-
der certain (wy,wy), we rely on the Method for Undetermined Coefficients. The ad-hoc
behavioral dynamics (A.52) and the HANK beyond FIRE dynamics (3.5) are observation-

ally equivalent if

Aa; 1 + B = @& + waEtatH + wpas_q
= @& + wpdB,(Aay + B&y1) + wyay_
= @& + wd(Aay + BE&41) + wyay
= @& + wrd(Aa; + Bpét) + wyas
= @& + wrd[A(Aa,_1 + B&) + Bp&y] + wyay—
= [@+wrd(A+p)B| &+ [wrdAA + wy] @y
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They are thus equivalent if

Wy = [[ — wng]A
B—-p=wi6(A+p)B (A.53)

Now that we have the system dynamics (A.52), we just need to multiply the system by
A to back out the DI DIS and DI Phillips curves, which we can write as

~ W ~ w i 1 . 5 ~ 5 7/ ]_
Yo = %yt_l + %ﬂ't—l - E(Zt — Eymipr) + %Etytﬂ + 2 Eimiiq (A.54)
T = Wry¥i—1 + Wen 1 + KYt + Oy BGr 1 + OnnBemmen (A.55)

where
Wyy = (S + @y)wp 11 + Prwp 21
Wyr = (S + dy)wb,12 + Prtp 22
Wry = Wp,21 — KWp,11
Wrr = Wp22 — KWp,12

S
Oy = ———— + w + KW + ¢ (w + KW

vy g+¢y+/{/¢7r [(O ¢y)( 11 f,12) ¢ ( 21 f722)]

1

e = (6~ 0 wopn] + 16 i
= o T (O = Bl + ) + dmran] + 0k + B0 + N0 + 6, J0paz + Grioyan)]}

S

Ony = ————— [(Wro1 — KW + Kk (Wrog — KW
Aty (w21 r1) + K (w2 r12)]

1

Opeg = —————— (0 — B ) (Wro1 — Kw + |0k + + Wrog — KW
S+ Oy + Ko {(6 = Bor)(wr 1) + | Blo + ¢y)] (w22 r12)}

In order to analyze the effects of forward guidance in our HANK beyond FIRE framework,
consider a situation in which the economy is stuck in a liquidity trap. Suppose that the zero
lower bound (ZLB) for nominal interest rates is binding between periods ¢ and 7, such that
7 > t. During the ZLB period, nominal interest rates are against the constraint, 7 = 0 for
k € (t,7), and thus the ex-ante real interest rate is the (log) inverse of expected inflation,

Eiry = —E;mes1. In this case, the DIS curve (A.54) becomes

L Wy Wy Oyr ) .
Yt = %%—1 + %ﬂ't—l - %Etﬁ + %Etyt—&-l (A.56)
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Using the lag operator, we can factorize (A.56)

]Et ((5y,r7”t — wyﬂ’ﬂ'tfl) = Et [(5ny72 — §L71 + wyy) gtfl]
=K, [5yy (Lil - 71) (Lil - 72) f‘jtfl]

2

where v, and 7, are the roots of the polynomial P(z) = d,,27% — sz~ + w,,, with the two

roots satisfying |y1| < 1 and |y| > 1. Dividing both sides by (L™! — )

Hence, we can write the dynamics as

o) k o] k

_ _ Wy Syn ( 1 > Wy < 1 )

Y = N1Yi—1 + M1 — — | Erppr + — | Emiina
5yy/72 5yy'72 g 2 0 3 Z

o] k
. Wy Wyr Wy Oy Wy 1
= MYt—1 + yfy M1 + —2 Tt2+%7"t1—( R ) (—) Bk
k=0

Oyy 2 Oyy Y2 Oyy V2 Oyyr2 Oy V2
(A.57)
Therefore, the effect of a forward guidance shock promised at time ¢ in period 7 is
O, ( Oyr Wyr 1
FGippy = —— = — T — A58
b aEtTt+T 5yy72 5yy7§ V3 ( )

which is decreasing in 7 provided that |y,] > 1. Since ;' lies inside the unit circle,
lim, .., FGyir =0, and the forward guidance puzzle is solved.
O

Proof of Proposition 10. The proof is identical to the proof of Proposition 4, modulo the

replacement of o, for o.. In the public information case, the individual action is given by

aigt = hy(L)2
= hy(L)(& + €)

The policy function of an agent in group ¢ is given by
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_ ng + @’Eg2 z
h(Z) = A0 90 — 6o

and hence we have

agr = ho(L)(&: + €)

_ J1+YZ22
TG &t

0 1 7 1
= Vg1 (1—?1) 1_01L(§t+6t)+1/1g2 <1—f) 1_92L(ft+€t)

- 77b91§115 + ¢g252t

We can write
—alt
a; =
a2t]
_ -@/111 (P 511&
_¢21 Yoo | |Oa

_ -¢11§1t + 1200
_¢2191t + 205

Notice that we can write

5115(1 —0,L) = (1 - 9_p1) & +e) = O = 0101, + (1 — %) (& +€)

§2t(1 —6,L) = (1 — 9—;) (& +e) = 521: = 92§2t—1 + (1 — %) (& +e)

Which we can write as a system as
Op = N0y +T'(& + &)

where
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Hence, we can write

a; = Qgt
= Q[Af +T(& +€)]
= QNG + QT (& + «)
= QAQ a1 + QU (& + ¢
= Aa;_1 + B + Beg (A.59)

]

Proof of Proposition 11. This proof mimicks the proof of Proposition 4, and extends it to
allow for a public signal. In a similar way, we can write the aggregate action for households

or firms as

Agt = Py Z 5§Egt§t+k + 191 Egrars + (Byvg1 + g1) Z 5§Egta1t+k+1 + 7g2Bgran + (Byvge + g2)) Z ﬁgﬁgta%—i—k-&-l
k=0 k=0 k=0

(A.60)

where ay; = vy, ag = m, & = vy, Eiy(-) = Ew(+), Egi(+) = Ex(-) and the following parametric

restrictions are satisfied

1
9012—2
5 3 w2 =10
1:
B2 = 50
_ 9y
= o1 = Kb
0621:0
app=0—0
1 042220
Q12 = —

The best response of agent 7 in group g is specified as follows

2 2
Qigt = PgBigi&t + ByBigt@igr+1 + Z VoiBigraje + Z 0rg;Bigrajis (A.61)

j=1 j=1
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where a_, is the aggregate action of the other group at time ¢. Parameters {8}, {7V},
{agk} help parameterize PE and GE considerations. Notice that GE effects run not only
within groups but also across groups (the interaction of the two blocks of the NK model).
Parameters {¢,} capture the direct exposure of group g to the exogenous shock.

Let a; = (ag) be a column vector collecting the aggregate actions of all groups (e.g., the

vector of aggregate consumption and aggregate inflation)

Qg
a; =
Q2

Let ¢ = (¢,) be a column vector containing the value of ¢, across groups

a

Let B = diag(f,) be a 2 x 2 diagonal matrix of discount factors, with off-diagonal elements
B 0
B =
0 f
Let «v be a 2 x 2 matrix collecting the (contemporaneous) interaction parameters -,;
Y11 Y12
’7 =
[’721 ’722]
Let o = (agx) be a 2 x 2 matrix collecting the (future) interaction parameters ay;

11 012
o =
Qa1 g9

B1 + aq1 Qa2

Qo1 Ba + oo

equal to 0.

Finally, let 6 = 8 + «,
6 p—

Let us now have a look at the fundamental representation of the signal process. We know
that

§ = pSi—1 +
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1 2
- 1_pL77t7 ntNN(Oagn>

Tigt = & + Uige,

uz’gt ~ N(O, O';)
2 =& + &, e ~N(0,07)

Notice that the signal process admits the following state-space representation

Zt - FZt_l + q)gigt
Xt — HZt + \Ij/s\igt

10

ce 0 0 !
, v = and Xt = [Zt xigt] .
0 1 0 o, O
Define 7, = %, Ty = 0—12 and 7, = ﬁ . The signal system can be written as
n g €

WithF:p,CD:[() 0 gn},zt:gt,yz

—1/2 o ~
Te 0 17], 3 Ur
Xt - 74)/2

12 7 =~
i/ B U;
0 Tg 1—oL igt

= Mg(-L)gigta é\igt ~ N(Ov ])

Denote ), as the inside root of det[M,(L)M,(L)], which is given by

1)1 3 1 A\
SV (_+p+ﬂ) 4 (A.62)
g

2 p PTy P PTy

We can also write

V—l — 7—97—6
p7y(Tg + 7e)

PTg+AgTe _

Ty )\g P
AgTg+pTe

Ag—p lamwtere

Te

AgTg+pPTe 79(Ag—p)
B (L)il = —1 1- ngg+T€ L ngiTe L
g 1— )\ L TE()‘jfp)L 1 — pTgv::\gTeL
Tg+Te Tg+Te

Let us now move to the forecasting part. The forecast of a random variable f;
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can be obtained using the Wiener-Hopf prediction filter

Eif, = [A(L)M'(L")B(L™) ], B(L) za

Based on this result, we can solve the model. Denote agent ¢ in group g policy function

Qigt = hgl (L)Zt + th(-L)Iigt

(in this model, agents only observe signals. As a result, the policy function can only depend
on current and past private and public signals). The aggregate outcome in group g can then

be expressed as follows

Qgt = /a'igt di

= /hgl (L)Zt + th(L>.CE7;gt di

g

o ~ ~ ~ ~ .
= /hgl(L) (1 _anT/t + aeet) + hgg(L) (1 _anT/t —+ Uguigt) di

Onp ~ ~
= [hg1(L) + hg2(L)] 1 _annt + hg(L)oce

Let us now obtain the forecasts. Recall that, for

Ly
Hi:l(L_/BT)

The optimal forecast is given by

Eif, = [A(L)J\/(L*UB'(L*)*1}+ VB(L) 'z,

- v

Hi I(L - /87')

M) GOV B(L) ! o
L >\k> HT;,ék()\k A )Hi:l(/\k - 57) t

wM:

B)G(B)V - <> i
; LB HT (B = A T2 (B — B1)

Hence, applying this general example to our particular case
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A 1 Zt
Eiges = . [Te T]
ot pT(l = Agp) 1 = AL ! Ligt
h AgTe AgT, 2t
Bigtthe1 = [ it + (L) it hee(L) (L—Agxffxgmmﬁ} [ ] )

>‘g(1 - pL>hk2()‘g) )Tg [Te Tg] [ <t ] _

(L= M) (1 = A L)p(1 = p), Tigt

B Aghi1(0) |:(1—)\9L)Tg+(1—pL)7’e . } <t
(1= A L)(1 — pAg)72 Lo=2s) !

Ligt

h LgTe LXgT, 2t
B = "2 + o L) oS (D) s S L ] )

igt

B AS(1 = pL)hia(Ag) [T _ ] 2
(L= Ag)(L = AgL)p(1 — P)\g)ﬂ? e Tigt
Agh Z(L) L—p)(1—pL)Agg+(L—Ag)(1=XgL 2t
By (@iopes — — 9" [_ (L=p)(1=pL)Ag 7y +(L=Ag)( )me} _
gt (a gt+1 Clgt+1) (L — )\g)(l — )\gL)pTg Te L(p—2g)(1—phg) Tigt

B A (1—,0L)hg2()\g) [—7’ 7'] |
(L= Ag) (L= AgL)p(1 = pAg)T7 © Tigt

_ Aghg2(0) [_T (1—pL)rg+<1—AgL>n] %
(1 - AgL)(l - P%)ﬂ? ‘ Lie=29)

xigt
Recall the best response for agent i in group g (A.61), which we rewrite for convenience
2
Aigt = Pgligt&e + Bgligtigr+1 + Z Voiligtaje + Z agiligi a1
j=1 j=1
Introducing the expectations just calculated, and rearranging terms,

2 2

g hkl L Ckgk h L)X gTe
[hgl(L) ( - Lﬁ_Tn) - Z 77(7 ) (’79k + i3 ) Z (L -\ )((1 )_ A L)pT ('7gkL+agk)

k=1 =1
2t
Ligt

th(L) ( LTn) Z hkz )\)\TgL) (’ngL + Ozgk)
_ PgAgTe _ By g[( — A\ L)7y + (1 — pL)7] BgAgTe
- [pma “o =D OGN = i — ) Y
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agAg[(1 — AgL)T, + (1 — pL)7] Ag(1 = pL)Te
‘Zh’“ = L)(l—pm 2Lp X) Zh“ T~ N Lp(l = phgre ok T A
PgAgTy ByAgTy 59 gl(1 = pL)7y + (1 = A\ L)7]
o= A1 0) Oy 0= G “”(1 D (1= AL —Ay)
= QgkAgTy N(1— pL)T, 2
+ ;hkl( 1 Y L)(1 . p)\ th? )(1 Y L) (1 _ p)\g)Ty? (agk + )‘gfygk)] Lfigt]

We can write the above system of equations in terms of h(L) in matrix form
C(L)h(L)=d(L) (A.63)

where
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where

Oll(L):l—M_E 031([/):_@_%
L, Tn Ty LT,
MTe(ar1 + 711 L) AoTe(aa1 + v21 L)
Cia(L) = — Col(L) = —
12(L) (L =) = \L)pr2 (L) (L — X2)(1 = AoL)pr?
Cuo(L) = -2 - =2 033(L>=1—@—@
n n Tn T
M Te(a1g + 712L) AoTe(uag + Y22 L
014<L) = — Cuul(l) = — 2T\ (22 V22 )
(L= A1) (1= \L)pr2 (L) (L= o) (1 = AoL)p72
Cyu(L)=0 Cun(L)=0
B M7i(oar +911L) AoTo( o + Y21 L
Cyp(L)=1- — Ol = — 22721 Y21L)
LTU (L — )\1)(1 — >\1L),07'3 42( ) (L — )\2)(1 — )\2L>p’7'3
Ca(L) =0 Cy3(L) =0
_ A7 (g2 + Y12L) 15} AoTo(vag + Yoo L
Coull) = =T a0 = ML) Cua(L)=1— 7=~ el £onl)
n Ty (L—)\g)(l _)\QL)an
and
Dl(L) _ 801)\17'6 . hll(O) (ﬁl + 0411))\1[(1 — )\1[/)7'1 + (1 — pL)TC]
pTp(1 = pA1)(1 = A\ L) (I =ML)(1 = pA)72L(p — A1)
Bl/\lTe O./lg)\ [(1 — )\ L)T + (1 — L)T]
+ h12(0) - h 0 1 1 1 P el
(1= ML) (1 — pA)72 21(0) (1= ML) (1 — pA)T2L(p — A1)
M(1—pL)T,
— [Ri2(A1) (o1 + Aiyan) + hoa (A1) (012 + Aiyi2) : PO
A ) = M Dpr = o)
AT
Dy(L) = P1A1T1 R0 (Br 4+ aq1) i _
? pry(1 = pA)(1 — ML) i )(1 — ML) (1 — pAy)72
Bid[(1 — pL)m + (1 — M L)7] QT
—h (0) € +h O 1211171 i
P =ML = pA)T2L(p — \) 21( >(1 —ML)(L = )72
M(1—pL)T
— [h1a(M) (a1 + A + haa (A + A ! !
12 1)( 11 1”711) 22( 1)(0412 1712)] (L — )\1)<1 — AlL)prg(l — p>\1)
AoTe — —
Dy(L) P2A2T, B hll(O)an)\Q[(l NL)r+ (1 —pL)r]

~ (1= pho)(1 = XoL) (1= XL)(1 = pAa)72L(p — \a)

. (,62 + CYQQ)/\Q[(l — )\QL)TQ -+ (1 — pL)Te] ﬁg/\QTE
B W 2 7 S R (e WA [ R
Xo(1 — pL)T

— [h12(A2) (21 + Aoy21) + hoa(Aa) (e + A127922)]

(L = A2)(1 = A L)p7i(1 — pAo)
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(B2 + q22) AaTo
+ h21(0) (1 _ )\2L)(1 _ p)\Q)Tg_

Q91 Ao Ty

(1= X\L)(1 = pho)72

_ P2AaTo
p7y(1 = pAg)(1 — AoL)
ﬁg)\g[(l — pL)TQ + (1 — )\QL)TE]

— ha2(0) (1= AL)(1 = pAo)T2L(p — X) -

Dy(L) + h11(0)

)\2(1 — pL)TQ
(L = A2)(1 = AoL)p7i(1 — pAo)

— [h12(A2)(a21 + A2ya1) + haa(Az) (g + A12720)]
From (A.63), the solution to the policy function is given by
_ adj C(L)

h(L)=C(L)'d(L) = ———<d(L
(1) =€) (L) = Sg
Hence, we need to obtain det C(L). Note that the degree of det C'(L) is a polynomial of
degree 8 on L. Denote the inside roots of det C(L) as {(1, (s, (3, (4, G5, (6}, and the outside

roots as {191_1, vy 1}. Because agents cannot use future signals, the inside roots have to be

removed. Note that the number of free constants in d(L) is 6:

{hll(()), h12(0), ha1(0), h22(0),fl12()\1)(0411 + Aiy11) + hoa( A1) (a2 + )\171227
h&l)

@12()\2)(0@1 + Aov21) + hao(Ae)(ae + /\27222}
h(};)

For a unique solution, it has to be the case that the number of outside roots is 2. By Cramer’s

rule, hy1(L) is given by

dl(L> 012(L> 013([/) 014(.[/)
top |@2(D) Caa(L) Can(L) Cla(L)
ds(L) Csa(L) Csz(L) Csa(L)
di(L) Cu(L) Cu(L) Cu(L)
h(L) = det C(L)

and in a similar manner with the rest policy functions. The degree of the numerator is
7, as the highest degree of D,(L) is 1 degree less than that of C(L). By choosing the
appropriate constants {h11(0), h12(0), ha1(0), ho2(0), A(A1), h(A2)}, the 6 inside roots will be
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removed. Therefore, the 6 constants are solutions to the following system of linear equations

di(G) Ci2(G) Cis(G) Cra(G)
dot da(Gi) C92(G) Cas(G) Cau(G) —0
d3(Gi) Cs2(G) Css(G) Caa(G)
do(G) Ca2(G) Cus(G) Cua(G)
for i = 1,2,...,6. After removing the inside roots in the denominator, the degree of the

numerator is 1 and the degree of the denominator is 2. The policy functions will be

?ng + &92,1[/
(1 =9, L)(1 —92L)

?Zgl,z + &92,2[/
(1 =9, L)(1 —9,L)

hgl (L) =

hg?(L) =

and hence we have

Qgt = [hgl(L) + h92<L)]£t + hgi(L)e

_ ('ng,l + %ng) + (%2,1 + @ZgQ,Q)L
B (1 —91L)(1 —0,L)

@ng + QZgQ,QL .
(1 —9,L)(1 —0,L) "

&+

B % 1 s 1 oAl 1 Y
=V (1_ P) 1—191L€t+%2(1_ P) 1—192L§t+¢g1 (1_ P) 1—?91L6t+¢92<1_ p

= '1/19175% + ng’g(gt + (bglgit + ¢g25§t

We can write

a1g
a; =
Aoy

= Qcl; + Q.
_ _wll w12 %ﬁt + ¢11 ¢12 git
o Vo] [VU]  [dn 2| |V

Notice that we can write

08 = AO? | + Ty = (I — AL)"'T'z,
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for x € {¢, €}, where

Hence, we can write

a; — Q&(I — AL)flrft + QE([ — AL)ilrﬁt

= Qe Y AT +Qc) ATery
k=0 k=0

B Useful Mathematical Concepts

B.1 Wiener-Hopf Filter

Consider the non-causal prediction of f; = A(L)S;; given the whole stream of signals

E(fil25°) = pye(L)pys (L)
= pym(L)B(L_l)_lV_IB(L)_lffz‘t
= Pyx(L)B(L_l)_lv_lwit

where py.(2) = A(z)M'(271) and p,.(2) = B(2)V B’(27!). Notice that we are using future
values of w;;. However, if the agent only observes events or signals up to time ¢, the best

prediction is

E(felaz) = [ > hsz’tk]

k=—00

o0
= E hipwii—p,
k=0



B.2 Annihilator Operator

The annihilator operator [-], eliminates the negative powers of the lag polynomial:

[A(2)]+ = [ Z T = Zakzk

Suppose that we are interested in obtaining [A(z)]y, where A(z) takes this particular
form, A(z) = % with |A| < 1, and ¢(z) only contains positive powers of z. We can rewrite
A(z) as

Let us first have a look at the second term, We can write

o(A) _ oV 1
Z— A\ - A 1—X1z
_ _%A)(HMHA%% .-)

which is not converging. Alternatively, we can write it as a converging series as
A 1
¢( ) — ( )2—1
z—A 1—Az7t
=Nz A+ Azt X224

Notice that all the power terms are on the negative side of z. As a result,

) -

Let us now move to the first term. We can write

B(2) — p(N) =D du(zF = M)
= Qo H(Z - fk)

where {£*} are the roots of this difference polynomial. Since we know that A is a root of the
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LHS, we can set £&¥ = X and write

5() — o0 = dulz - N [[: - ) = LN (g

which only contains positive powers of z. Hence, we have that

V(z) ] _ 6(z) — o)

zZ—=A zZ—=A
Consider now instead the case A(z) = % Making use of partial fractions, we can
write
¢z) 1 { ¢(z) _ 9(2) ]
G-NG=B) A-Blz=r z-8
o [¢<z> 00 _ 92 —olf) o) _ 6lB)
A—p z2—A z—0 2=\ z2-—p

Following the same steps as in the previous case, we can solve

{ ¢(2) ] __0(z) =0V ¢(2) — ¢(f)

(z = N)(z - B) A=B)(z=X) (A=B)(z—5)
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