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Abstract

I show that private incentives for international portfolio diversi�cation can lead to

socially ine�cient sovereign bond portfolios, whenever governments face a commitment

problem regarding debt repayment. I illustrate this using a two-country model with

rational and atomistic investors who can invest in domestic and foreign sovereign debt.

Within this framework, the equilibrium allocation is characterized by excessive foreign

debt holdings and too much (costly) default relative to the social optimum. The allo-

cation with fully integrated sovereign debt markets may even be dominated by the one

in which sovereign debt cannot be traded across borders. Furthermore, I show that -

consistent with the predictions of the model - sovereign default spreads in the Euro area

are positively correlated with the share of sovereign debt owned by non-residents.
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1 Introduction

Do private incentives for portfolio diversi�cation lead to socially e�cient allocations when

agents can invest in domestic and foreign sovereign debt? This question appears highly rel-

evant in light of the substantial increase in the share of sovereign debt held by non-residents

following the creation of the European Monetary Union (EMU). With the constitution of

the EMU, the transaction costs (e.g. exchange rate risk, brokerage commissions and non-

harmonized taxation) of trading �nancial instruments within the Euro area has fallen, allow-

ing investor to increase their foreign bond holdings.1 On average, the share of non-resident

sovereign debt holdings increased between 1999 and 2007 from 20 to 56 percent.2 An impor-

tant question arising in this context is to what extent this phenomenon is socially desirable.

Many �nancial market observers have argued that the increase in sovereign debt holdings

by foreigners was driven by the (ultimately wrong) perception that, following the creation of

the EMU, government bonds of di�erent member countries have become very close substi-

tutes:

A signi�cant change in European bond market is under way. Europe's decade-

long �convergence� play, in which investors bet that over time bond yields across

the euro zone would come together, is unraveling. Investors who had assumed

an almost equal risk of default among euro-zone countries are now relying on

emerging-markets desks to help them understand the credit risk they are taking.

(From The Economist, 'That sinking feeling', May 2010)

While such optimism about the quality of European sovereign debt may have driven part of

the increase in the international holdings of EMU sovereign bonds, I show here that even

with fully rational expectations, there is a tendency for portfolio diversi�cation to generate

a suboptimally high level of sovereign bond holdings by foreign investors.

Even if international trade in �nancial instruments is generally desirable because it allows

to share risk across borders, there is a fundamental di�erence when considering the trade of

private versus sovereign �nancial instruments: with sovereign instruments the enforcement

of repayment is much more di�cult, especially, when dealing with a foreign sovereign state

(Panizza, Sturzenegger and Zettelmeyer (2009)). Moreover, the sovereign's incentive to de-

fault likely depends on who its creditors are. In particular, sovereigns may care more about

repaying if domestic agents are holding the debt, compared to a situation where foreign

1A deep discussion on the integration of �nancial markets within the EMU can be found in Pagano and
Von Thadden (2004) and Manganelli and Wolswijk (2009).

2While debt holding by non-residents have decreased after Q4:2008 they are today still substantially above
the levels observed in 1999 at the start of the European Monetary Union.
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agents hold its debt (Broner and Ventura (2011)). Since atomistic private investors fail to

internalize this e�ect in their investment decisions, international portfolio diversi�cation may

give rise to socially undesirable incentives for (costly) default choices by sovereigns.

The contribution of this paper is to show that private incentives for international diver-

si�cation of bond portfolios can lead to excessive investments in foreign sovereign debt and

excessive default when viewed from a social perspective. To formalize this idea, I present a

two-country model with non-committed governments in which private agents face a portfolio

choice between domestic and foreign sovereign debt. To my knowledge, the link between

the diversi�cation of sovereign bond investments and the incentives to default on sovereign

debt has not been studied yet. The structure of the model is also new to the literature on

sovereign default. In the present model, each government strategically decides about default

not only taking into account the investment decisions of private agents, but also the default

decision of the foreign government.

The existing literature on sovereign default has analyzed the trade-o� between reputation

and debt repudiation in a context where one government borrows from solely foreign investors

(Eaton and Gersovitz (1981), Bulow and Rogo� (1988), Kletzer and Wright (2000), Arellano

(2008)). This literature considers in�nitely repeated games, focusing on the repeated trade-o�

between default and repayment in a setting where creditors temporarily exclude governments

from bond markets after default (Kletzer and Wright (2000) and Arellano (2008)). Moreover,

while in those papers debt is created in order to smooth taxes and consumption over time,

in the present model, debt is exogenously given in order to focus on the portfolio problem

and its implications for the strategic default incentives. More closely related to the present

model are Cooper, Kempf and Peled (2008) and Cooper, Kempf and Peled (2009) who study

regional debt repayment in a multi-region economy. In their framework, however, bonds

of di�erent sovereigns are perfect substitutes, which prevents them from studying portfolio

decisions.

I present a two-period model with two symmetric countries within integrated �nancial

markets (i.e. with no transaction costs). The model is a two-period game where in the

�rst period private agents determine their portfolio allocations and in the second period

governments decide on whether or not to default. In the �rst period, governments issue

debt to �nance an exogenous public expenditure; private agents are atomistic and can invest

in domestic and foreign bonds and consume. Indeed rates are determined by the rational

anticipation of second period events. In the second period, governments observe the portfolio

allocation of investors and decide upon repayment. Governments are benevolent toward their

own citizens which creates an incentive to default if foreigner hold its debt, but default is

costly, as in the in�nite-horizon models described above. Indeed, in the baseline scenario, if a
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government decides to default (strategic default), then this generates a utility cost for its own

citizens. This cost is unknown in the �rst period when debt is issued, but observed in the

second period, before the default decision takes place. The default cost could be interpreted

as the change in the continuation value resulting from default e.g. due to (non-modeled)

exclusion from sovereign bond markets.

In this setting, absent other motives for international bond diversi�cation, the equilibrium

is described by agents investing exclusively in domestic sovereign bond markets, even if bond

markets are perfectly internationally integrated. To see why this is the case, suppose, by

contradiction, that in equilibrium agents diversi�ed their portfolio. Then for su�ciently low

realization of the default cost for one government and a su�cient high cost for the other

government, only one government would repay. This would allow the defaulting government

to cut taxes by expropriating the non-resident holders. But non-resident investors face tax

risk and hence should prefer to invest in domestic debt because it perfectly hedges against

this risk.

Therefore, to generate a motive for international portfolio diversi�cation in equilibrium,

I introduce a small disaster risk, which is de�ned as a situation where domestic income

is disrupted, exogenously, so that the government cannot raise su�cient taxes to repay.

Consequently, it is forced to default (forced default).

The integration of �nancial markets leads to the following e�ects: private agents can

hedge, at least partially, against the disaster risk by buying foreign debt. However, this

increases the strategic default risk of the foreign country. Yet, since private investors are

atomistic, they fail to internalize this. As I show for a su�ciently small probability of

disaster, the equilibrium allocation with perfectly integrated bond markets is even Pareto

dominated by the allocation with �nancial autarky. However, the autarky allocation is not

�rst best either, as it fails to capture gains from internationally sharing disaster risk.

In this environment it is socially optimal (�rst best) that the disaster risk is shared

equally by all investors and that states do not default. The �rst best allocation would be

implementable via a political union in which the consolidated government cares about all

citizens when it comes to repaying debt. Of greater political interest may be the second best

solution, in which the strategic incentives for governments to default act as a constraint on

the social planner. In this case, the social planner can only determine the portfolio allocation

of private agents, while governments act strategically and determine default decisions. I

show that the second best allocation is characterized by a lower share of investments in

foreign debt than in the equilibrium with privately optimal portfolio choices and by a lower

default probability in equilibrium. This allocation could be easily implemented by a sovereign

institution taxing the returns of foreign bonds.
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The remainder of the paper is structured as follows. Section 2 reports some stylized facts

about the Euro area sovereign debt. Section 3 presents the model. In section 4, I solve the

model in a setting with �nancial autarky, before showing, in section 5, the results in a setting

with perfect �nancial integration. Section 6 discusses the ine�ciency of the competitive

equilibrium allocation with integrated markets. Section 7 concludes.

2 Sovereign Spreads and Non-Residents Holdings: Facts

The objective of this section is to document a number of styled facts regarding sovereign

spreads and non-resident bond holdings in the Euro area. It shows that there has been a

substantial increase in the share of sovereign debt held by non-residents in the run-up to the

Monetary Union and that this share is still considerably higher now than in the year 1999

for several countries. Moreover, I �nd a positive correlation between the interest rate spreads

(measured for 10-year government bonds and relative to the German Bund) and the share

of public debt held by non-residents. This positive correlation indicates that governments of

countries with a high level of debt held by non-residents are more likely to default than those

with a low level. The correlation is statistically signi�cant and increases when controlling for

country characteristics like the degree of political stability and the debt-to-GDP ratio.

I collected quarterly data for a panel of EMU countries and Denmark from the early

1990's to the end of 2012.3 The analysis is carried out on a group of countries with common

currency and independent �scal authorities, hence, controlling for the exchange rate risk.

Indeed, starting from 1979, most nations of the European Economic Community became

member of the European Monetary System and agreed on keeping their foreign exchange

rates within certain bands with respect to the European Currency Unit. Therefore, even

before the o�cial start of the EMU, the spread does not include any signi�cant exchange rate

risk. The database includes the following variables: debt�to�GDP ratio (DGDP ), fraction

of debt held by non-residents (DNR), a proxy for the political instability (Instability), the

current�account�de�cit�to�GDP ratio (CA) and the spread of 10-year government bonds

against the German benchmark (Spread).

The variables that I collected with the exception of the DNR are commonly considered

good predictors for the spreads. Several studies �nd that �scal variables like the debt to

GDP or the announcement of �scal de�cits can explain part of the yield di�erential between

Euro area government bonds (see Schuknecht, von Hagen and Wolswijk (2010), Attinasi,

Checherita and Nickel (2009)). Schuknecht, von Hagen and Wolswijk (2010) �nd that yield

spreads can be largely explained by economic variables and that the correlations with �scal

3For more details on the data, see Appendix A.1
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indication has become much larger after the �nancial crisis. Attinasi, Checherita and Nickel

(2009) look at three possible determinants of the spread of 10-year governments bonds against

the German Bund and they �nd signi�cant evidence of a positive correlation with �scal

variables. Other results indicating a positive correlation of �scal variables with interest rates

levels for the EMU countries can be found in Faini (2006), Hallerberger and Wol� (2008) and

Bernoth, von Hagen and Schuknecht (2012). In addition there is a wide literature showing

that the US risk premia and �scal variables like the public debt level and the �scal de�cit

are positively correlated (Goldstein and Woglom (1992), Bayoumi, Goldstein and Woglom

(1995) and Poterba and Rueben (2001)) .

The trade balance (measured here with the current account to GDP) is a proxy for

the competitiveness of a country and, thus, of future growth and debt solvency (Maltritz

(2012)). Indeed, the recent Euro area debt crisis has been characterized by large current

account de�cits of the Southern European countries, which re�ected heterogeneous develop-

ments in the unit labor costs and spending patterns across the currency union (Sinn and

Wollmershaeuser (2012)).

I consider in my analysis the degree of political stability over the last 20 years too. This

choice is motivated by the fact that Southern Euro area countries are characterized by very

high political instability and this might play a role in the implementation of reforms which

boost growth. The degree of political stability has been already considered in the existing

literature as explanatory variable for the risk premia on sovereign government bonds of devel-

oping countries. Political instability lead to short-sighted governments. The lower discounted

value of future consumption increases the default incentives of the government, who cannot

commit to repay. This leads to higher interest rate spreads for any given borrowing level

(Cuadra and Sapriza (2008)). The literature has considered several proxies for the measure-

ment of the degree of political stability: the changes in the head of government and changes

in the governing group (Brewer and Rivoli (1990)), the number of changes of government over

a �ve-year period (Citron and Nickelsburg (1987) and Balkan (1992)), the cabinet reshu�es

involving key policymakers (Moser (2007)). All these proxies for the degree of political stabil-

ity are found to be statistically signi�cant variables in explaining the probability of sovereign

default. In my analysis the variable Instability is the average of two measures of political

instability. The �rst one equals the number of months between two elections over the total

number of months of a legislation. The second one consists of the number of months that a

prime minister is in charge over the the total number of months of a legislation.

Another relevant variable that explains the spread between 10-year government yields is

liquidity, as documented in Attinasi, Checherita and Nickel (2009) , Favero, Pagano and Von

Thadden (2010) and Manganelli and Wolswijk (2009). Liquidity is generally measured with
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the bid/ask spreads or the share of debt of a country over the total debt of the Euro area.

The literature has interpreted this variable also as a measure of �nancial integration. How-

ever, these indicators capture the willingness of investors to buy bonds and not necessarily

international �nancial market integration. In my analysis, I discriminate between domestic

and foreign investors and use the DNR as proxy for �nancial market integration.

Figure 1 shows the evolution of the share of public debt held by non-resident investors

over time. The average share of debt held by non-residents increased on average from 20%

to 56% between 1997 and 2008. In Ireland, in 2008, the non-resident holdings reached 94%.

With the beginning of the crisis in the end of 2009, the share of non-resident holdings slightly

decreased, but it is still today around 45%.

Figure 1: Debt held by non-resident over total debt. Quarterly data 1993q1-2012q4. Data
sources: National Central Banks.

Figure 2 reports the evolution of the spreads over time.4 In the �rst part of the sample, all

series follow a downward trend. From 2006 to 2011, the spread increased and then decreased.

4I do not report the spread for Greek sovereign bonds, because they are very high in comparison with the
other spreads. A �gure including Greek data can be found in Appendix A.1.
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Figure 2: Spread of 10-year government bonds against Germand Bund. Quarterly data
1993q1-2012q4. Data sources: Datastream.

Figure 3 illustrates the evolution of the debt�to�GDP ratio over time. As shown in Figure

3, the debt�to�GDP ratio declined, on average, until the end of 2007 when governments have

enacted large �scal stimulus packages to o�set the reduction in private sector demand caused

by the crisis.

Figure 3: debt-to-GDP ratio. Quarterly data 1993q1-2012q4. Data sources: National Central
Banks
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From �gures 1 and 2, we observe that for each country the correlation over time between

the DNR and the spread is higher before the debt crisis and after 2011. For each country I

computed the correlation between the DNR and the spread over a rolling window of 5 years

starting from 2003q4 in order to isolate the e�ect of the crisis on the correlation between

the two time series. The same exercise repeated for some lags and leads of the DNR (-2,

-1, 0, 1, 2) shows that, on average, the highest correlation is obtained when the fraction

of debt held by non-resident investors leads the growth rate of the spread by two quarters.

For this latter case, the correlations over di�erent windows are reported in Figure 4. With

the exception of Denmark, the correlation between the DNR and the spread is the highest

for all countries during the pre-crisis period. With the beginning of the debt crisis in 2010,

the correlation becomes negative and it stops declining towards the end of the sample. This

pattern indicates that the correlation of the latest observations of the sample is higher than

when the debt crisis exploded.

Figure 4: Correlation over time between DNR and spread. Quarterly data 1993q1-2012q4.
Data sources: National Central Banks and Datastream

In �gure 4 it was shown that there is a positive correlation over time between the DNR

and the spread especially in the beginning of the sample. Evidence for a positive correlation

between the DNR and the spread arises also at cross sectional level. Starting from the year

2003, I pooled the cross-sectional data of each quarter with the consecutive one so to have

at least 14 observation for each cross section. Then, I performed a regression where the

spread is explained by a constant and the DNR. I report the slope (blue line) and the R

squared (red line) of the regression in Figure 5. Figure 5 con�rms that there exists a positive
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correlation at cross-section level between the DNR and the spread and it shows that the

positive correlation has increased over time. Starting from 2011 the slope of the intercept

becomes larger than 8 and still can explain about 15% of the variation in the spread.

Figure 5: Left axis: Slope of the trend of the cross section. Right axis: R squared of the
trend of the cross section. Data source: National Central Banks and Datastream.

The simple scatter plots analysis does not control for other variables which might also be

correlated with the growth rate of the spread. Controlling for those factors might reduce the

importance of the debt held by non-residents in explaining the spread. As shown in Appendix

A.2, I selected the following model after having tested several di�erent speci�cations. I started

with a speci�cation of the model in �rst-di�erences including DNR, DGDP , Instability and

CA and their interactions as regressors. Then I eliminated one by one the most non-signi�cant

regressors. The �nal model obtained is given by:

∆Spreadit = α0 + α1∆DNRit + α2∆DGDPit + α3∆DNR∗it∆DGDPit

+α4∆ (DGDP ∗itInstabilityi) + α5∆CA∗it∆DGDPit + uit (1)

Table 1 reports the results for the �rst-di�erence regression in (1). The regression was

performed with centered data, for a clearer interpretation of the results.

10



Estimate Std. Error Pr(>|t|)

Intercept -0.03 0.02 0.045 **

∆DNRit 3.96 1.03 0.000 ***

∆DGDPit 5.15 0.67 0.000 ***

∆DNR∗it∆DGDPit 10.37 1.68 0.000 ***

∆DGDP ∗it∆Instabilityi 10.56 3.23 0.000 ***

∆DGDP ∗it∆CAit 2.06 1.21 0.088 *

RSS = 48.31 ; R2adj = 0.38

Table 1: Results from the �rst-di�erence regression in (1).

From the results reported in Table 1 we can infer that the growth rate of the fraction

of debt held by non-residents is positively correlated with the growth rate of the spread

even when controlling for other possible explanatory variables. The share of debt held by

non-resident investors has alone a coe�cient of 3.96 and of 10.37 when interacted with the

debt�to�GDP ratio.

According to these results, an additional 10% of public debt held by foreign investors is

associated with an increase in the spread of 40 basis points for countries with 80% of debt-to-

GDP. For countries with 120% of debt�to�GDP, an increase of 140 basis points is associated

with an additional 10% of public debt held by non-residents.

In the �rst di�erent regression of table 1, I consider contemporaneous values of the DNR

and the spread. This positive correlation can be read in both directions which are both

encompassed by the model: higher shares of debt held by foreign investors lead to higher

spreads and higher spreads lead investors to increase their holdings in foreign bonds seeking

high returns. Using lagged values of the DNR allows to show that higher shares of debt held

by non�resident investors lead to higher spreads. In the following table, I show the same

regression in (1) for values of DNR lagged of two quarters
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Estimate Std. Error Pr(>|t|)

Intercept -0.02 0.018 0.185

∆DNRit−2 2.03 1.09 0.062**

∆DGDPit 6.12 0.68 0.000 ***

∆DNR∗it−2∆DGDPit 5.21 1.87 0.000 ***

∆DGDP ∗it∆Instabilityi 16.48 3.26 0.000 ***

∆DGDP ∗it∆CAit 3.44 1.29 0.008 ***

RSS = 51.03 ; R2adj = 0.34

Table 2: Results from the �rst-di�erence regression in (1) using lagged values of the DNR.

As we can see in Table 2, when the DNR's growth rate leads the spread's growth rate

by two quarters, the positive correlation is still signi�cant, although smaller, than when

considering contemporaneous values of both variables.

In line with the empirical literature on government-bond yield di�erentials, the debt�

to�GDP ratio is also positively correlated with the spread. The positive correlation is even

larger for countries with higher than average DNR (like in Ireland, Greece, Belgium, France)

and/or political Instability (like in Italy, Ireland and Austria).

To summarize, I have shown that there is a positive correlation between the DNR and the

spread both at cross sectional and time series levels. The �rst di�erence regression indicates

that this correlation is positive and signi�cant even when controlling for the debt-to-GDP

ratio and the degree of political stability. Moreover, the correlation is stronger for countries

with a debt�to�GDP ratio larger than 80%.

3 Model

The model is a two-period game where in the �rst period private agents choose their in-

vestment allocations and in the second period governments decide about repayment. The

model is di�erent from the existing literature in that I also allow domestic agents to purchase

sovereign debt of their own government. In the literature starting with Eaton and Gerso-

vitz (1981), risk neutral foreign investors are the sole buyer of government debt. A second

innovation compared to the existing literature is that I study the interaction between two

governments' default decisions in a setting where there are cross border bond holdings.
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Consider two symmetric countries (Home and Foreign) in a two period world populated

by atomistic private agents which, for simplicity, have mass one. Agents live for two periods,

are risk averse and maximize their utility over consumption. In the �rst period of their life,

agents earn an exogenous endowment which they consume or invest in home and foreign

sovereign bonds. In the second period, agents again earn an exogenous endowment, receive

the returns of their investments and pay taxes. Governments are benevolent only toward their

own citizens, i.e., they maximize the utility of their own citizens. In the �rst period, each

government �nances an exogenous public expenditure with sovereign debt. Public debt is

supposed to be repaid in the second period by raising income taxes. In the second period, two

scenarios can realize: the baseline scenario and the disaster scenario. In the baseline scenario,

governments decide whether to default (strategic default) after observing the realization of a

stochastic default cost, which is detrimental for citizens. Strategic default is costly because

it generates a utility loss for the citizens of the defaulting government. Default might also

be forced when a disaster occurs. A disaster is de�ned as an unexpected and exogenous low

income realization such that governments cannot raise taxes and, consequently, cannot repay

their debt (e.g., an earthquake). The model timing is summarized in Figure 6.

Figure 6: Model timing

The model consists of two subgames. In the �rst period, private agents of both countries

buy a portfolio of sovereign bonds on the �nancial market. In the second period, if the

baseline scenario occurs, governments decide strategically whether to default having observed

the portfolio allocations and the realization of their own utility cost.
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3.1 Private agents

Private agents are symmetric across countries and maximize the following expected utility

function:

U
(
ci1, c

i
2

)
= ci1 + E

[
u
(
ci2
)
− ψiI[sd]

]
for i = {H,F} , (2)

s.t. :

ci1 = e− bi (H)− bi (F ) , (3)

ci2 =

e+RHbi (H) I[rep H] + (1− ρ)RF bi (F ) I[rep F ] − T iI[rep i] if baseline,

[e−Q] +RF bi (F ) I[rep F ] if disaster,
(4)

where H and F denote home and foreign, respectively, ci1stands for the consumption in

the �rst period, ci2 stands for the consumption in the second period. The random variable

ψi ∼ U [0,Ψ] represents the utility default cost and I[sd] is an indicator function which equals

one when a strategic default occurs. The parameter e > Q > 0 represents the exogenous

endowment, bi (j) is the amount of debt issued by country j held by investors resident in i,

Ri is the gross return on bonds issued by country i, T i are the income for taxes charged by

government i, the indicator function I[rep i] equals one when government i repays the debt

and Q is the income loss generated by the disaster.

For simplicity, I assume that the �rst period utility function is linear with respect to

consumption, while the second period utility function is increasing and strictly concave:

u′(·) > 0 and u′′(·) < 0. The expected utility is computed with respect to the distribution of

the scenario (probability of baseline and disaster) and to the distribution of the utility cost

of default ψi.

In both periods, agents earn an exogenous endowment e > Q > 0, su�ciently large such

that consumption is always positive. In period 1, agents invest their endowments in bonds

of country Home, bi (H), and of country Foreign, bi (F ). In period 2, two possible scenarios

can occur: the baseline scenario, with probability ε ∈ [0, 1], and the disaster scenario, whose

probability is 1− ε.
In the baseline scenario, the citizens of the defaulting government su�er a utility loss

ψi ∼ U [0,Ψ] with Ψ > 0 if a strategic default (sd) occurs. This default cost is a practical

shortcut to the in�nite horizon models (e.g. Eaton and Gersovitz (1981), Bulow and Rogo�

(1988), Kletzer and Wright (2000), Arellano (2008)), but allows to work with a simpler two

period models. The classical literature on sovereign debt deals with repeated games where a

defaulting government is punished with, for example, the temporary exclusion from �nancial

markets. This punishment implies a utility loss, because risk averse agents are no more able
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to smooth consumption over time through public debt. In a similar way, the utility cost can

be interpreted as the present value of the future utility after default (see Cooper, Kempf

and Peled (2008)). The additive speci�cation of the utility cost of default is only dictated

by the tractability of the model. For simplicity, I also assume that the utility costs of the

two countries are independent: ψH ⊥ ψF . A further assumption is that domestic investors

do not su�er any utility cost due to a strategic default of the foreign government. In this

case, domestic investors only lose the returns on foreign bond investments, if the foreign

government strategically defaults. The relaxation of this assumption would be an elegant

way to introduce contagion in the model.

In the baseline scenario, the government decides whether to repay the debt and imposes

taxes T i accordingly. Taxes are neutral and represent an incentive for default because they

reduce agents' income. On the basis of the previous discussion on the default cost, in the

baseline scenario, governments face a trade-o� between repayment and default. While default

allows to reduce taxation, it also generates a loss of utility.

If a disaster occurs, an amount Q ∈ [0, e] of agents' income is destroyed, their government

cannot repay the debt and cannot impose taxes5.

The goal of this paper is to show that �nancial integration leads to over-investment in

foreign sovereign bonds and thereby distorts the probability of sovereigns to default. The

variable ρ ∈ [0, 1] indicates the degree of integration of �nancial markets. This de�nition

re�ects the so called law of one price: �nancial markets are fully integrated when assets

with identical risk and return characteristics are priced identically regardless of where they

are traded (Adam, Jappelli, Menichini, Padula and Pagano (2002)). Markets might be non-

integrated when, for example, transaction costs are very high (non-harmonized taxation,

asymmetry of information etc.), i.e. ρ = 1. I will call this case �nancial autarky. Markets

are instead fully integrated whenever transaction costs are zero, i.e. ρ = 0.

3.2 Governments

Governments are benevolent toward their citizens and can strategically default in the baseline

scenario. Governments decide whether to default after having observed the debt allocation

between domestic and foreign investors, the scenario realization, the corresponding interest

rate and the utility cost realization. In order to decide upon default, governments maximize

the utility function of their own citizens in (2) with respect to the default/repayment decision,

5One could have also modeled endogenously that the government cannot raise taxes and, thus, defaults.
However, this complication would make the model intractable without adding any interesting insight.
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subject to the budget constraints in eq. (3)�(4) and the additional budget constraints:

b (i) = gi ∀i ∈ {H,F} , (5)

T i =

Rib (i) if no default,

0 if default,
(6)

and the following market clearing condition

b (i) = bH (i) + bF (i) ∀i ∈ {H,F} . (7)

The �rst budget constraint means that in the �rst period the public expenditure is fully

�nanced by government debt. In the second period, each government sets taxes equal to

the total bond returns if it repays, 0 if it defaults. I call Ai with i = {H,F} the set of

actions available to each government and ai an element of that set. Governments can either

repay or strategically default. Formally, this means that the set of actions available to each

government is given by: Ai = {Repi, Def i}. The model is a two period game where in

the �rst period only private agents play and in the second period only governments play.

Therefore, the government's optimal choice is described by a strategy which is conditional on

the possible �histories� of the game. In game theory, a �history� is de�ned as a sequence of

past decisions and realizations of stochastic events occurring before a choice. If one represents

the game as a tree (see Figure 6), a �history� is the sequence of branches and nodes until the

node where decisions are taken. In this model, governments decide to default after observing

the realization of the exogenous expenditure (gi = b (i)), the investors' portfolio allocations

(bi (H) , bi (F )) and the realization of the default cost (ψi). Conditional on this history,

governments play a simultaneous game. The decision of the government is a strategy such

that, conditional on each possible history, each government plays the best reply function to

the action played by the other government. Calling the strategy of each government si, we

can write:

si :
{
bi (H)× bi (F )× b (i)× aj × ψi

}
→ Ai. (8)

One could rewrite the strategy of the government in a simpler way which underlines which

events are known (the history) at the decision moment

siy(i) : Aj → Ai, (9)

where y(i) indicates that the decision is conditional on the history (bi (H) , bi (F ) , b (i) , ψi)

de�ned above.
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3.3 Equilibrium de�nition

The model consists of two subgames. In the �rst period agents choose their portfolio allo-

cation on a competitive �nancial market. This means that the allocation of bonds and the

equilibrium interest rates are determined by a competitive equilibrium. Atomistic agents

internalize correctly that the repayment probability is endogenously determined, but they

know that their individual decision does not a�ect this probability. In the second period,

governments play strategically taking into account the portfolio allocations. In the baseline

scenario, governments take decisions after observing the public expenditure, the investment

decisions of private agents and the realization of the cost of default. The equilibrium in the

second period of the game is a Nash equilibrium conditional on each possible realization of

the history. In summary,

De�nition 1. The equilibrium of the model is a set of bond allocations{
b̂H (H) , b̂F (H) , b̂H (F ) , b̂F (F )

}
, interest rates

{
R̂H , R̂F

}
and default strategy pro�les{

ŝHy(H), ŝ
F
y(F )

}
such that:

• the bond allocations
{
b̂H (H) , b̂F (H) , b̂H (F ) , b̂F (F )

}
maximize the agents' utility

function in (2),

• the interest rates
{
R̂H , R̂F

}
clear the market (eq. (8)),

• the strategies
{
ŝHy(H), ŝ

F
y(F )

}
are such that the governments play a Nash equilibrium in

period 2 for all possible equilibrium allocations of bonds of b̂H (H), b̂H (F ), b̂F (H) and

b̂F (F ) and all the possible realization of the default costs
(
ψH , ψF

)
.

In the next section, I analyze the simple case of �nancial autarky (ρ = 1). In this case,

the transaction costs are so high that agents hold only domestic debt. I will use the autarky

solution as a benchmark for the analysis, in section 5, of the solution with fully integrated

�nancial markets.

4 Benchmark: Financial Autarky

Let us for the moment assume that �nancial markets are not integrated because there exist

very high transaction costs: ρ = 1. In this case, agents will never hold foreign bonds and
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their maximization problem can be written as follows

U
(
ci1, c

i
2

)
= ci1 + E

[
u
(
ci2
)
− ψiI[sd]

]
for i = {H,F} , (10)

s.t. :

ci1 = e− b (i) , (11)

ci2 =

e+Rib (i) I[rep i] − T iI[rep i] if baseline,

e−Q if disaster.
(12)

From the assumption of non-integrated �nancial markets, it follows that domestic agents

buy the whole domestic debt in equilibrium: b̂i (i) = b (i) = gi, where b̂i (i) indicates the

equilibrium amount of domestic debt held by domestic investors. It is possible to show

that, when markets are not integrated, the probability of repayment/default of each country

depends only on its own scenario realization and on the domestic bond demand. For simplicity

of notation, I indicate with pr(Repi|basei) (pr(Def i|basei)) the probability of repayment

(default) given that the baseline scenario occurs. In principle, the probabilities of repayment

and default depend also on the total amount of debt issued, but I leave this implicit. The same

holds for the probability of repayment (default) given that a disaster occurs, pr(Repi|disi)
(pr(Def i|disi)). The FOC of agents with respect to the fraction of domestic bonds is given

by:

b (i) : −1 + (1− ε) pr
(
Repi|basei

)
u′
(
e+Rib (i)− T i

)
Ri = 0. (13)

The probability of repayment, pr (Repi|basei), is determined by the best reply of the gov-

ernment. Conditional on the realization of the baseline scenario, a government is indi�erent

between repayment and default if the second period utility from repayment and from default

are equal. This hinges on the realization of the utility cost ψi:

u
(
e+Rib (i)− T i

)
= u (e)− ψ̂i, (14)

where ψ̂i is the threshold level of the default cost such that the government is indi�erent

between repayment and default. Realizations of the stochastic default cost higher than ψ̂i

make default too costly. Therefore only for values of the stochastic default shock smaller

than this threshold level, a government defaults. Eq.(14) implies that in autarky a gov-

ernment will never default because after having substituted for the taxes T i = Rib (i),

we obtain ψ̂i = 0. This result implies that the probability of repayment in the base-

line scenario is given by ̂pr (Repi|basei) = 1 −
´ ψ̂i

0
dψi = 1 ∀bi (i). By construction, we

have that ̂pr (Repi|disi) = 0 ∀bi (i). Thus, the equilibrium strategy of each government is

ŝiy(i)

(
sjy(j)

)
= Repi ∀sj, ψi, ψj, bi (i) , bj (j) with j 6= i. Then, from (14), the equilibrium
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interest rate in autarky is given by

R̂i =
1

(1− ε)u′ (e)
, (15)

as shown in more detail in Appendix B.1. Under the restriction that agents must hold only

domestic debt, the equilibrium is given by:{
b̂H (H) , b̂F (F ) , R̂H , R̂F ŝHy(H), ŝ

F
y(F )

}
. (16)

5 Integrated markets

The autarky case analyzed in the previous section constitutes a simple benchmark for un-

derstanding the e�ects of market integration on welfare. On the one hand, the autarky

equilibrium is characterized by the absence of the strategic default risk. On the other hand,

however, the disaster risk cannot be diversi�ed away. Financial market integration allows pri-

vate agents to hedge against the disaster risk, which constitutes the motive for diversi�cation

in this model. Absent other motives for international bond diversi�cation, the equilibrium

would be described by agents investing exclusively in domestic sovereign bond markets, even

if these markets were perfectly internationally integrated. Suppose, for example, that agents

diversi�ed their portfolio in equilibrium even in the absence of a disaster risk. Then, under a

su�ciently low realization of the default cost for one government and a su�ciently high for

the other government, only one government would repay. In this case, the defaulting gov-

ernment would expropriate the foreign bond holders and thereby reduce taxes. But foreign

investors would anticipate this and would prefer to buy only domestic debt to hedge tax risk.

Under the assumption that a disaster can occur with very low probability, fully integrated

markets lead to positive cross bond holdings.

Consider the optimization problem of investors when �nancial markets are integrated,

i.e., ρ = 0. From (2)�(4) it follows that the demand of home and foreign bonds is de�ned by

the FOCs of investors:
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bi (H) : −1 + (1− ε)
2
pr
(
RepH , RepF |baseH , baseF

)
u′
(
RepH , RepF |baseH , baseF

)
RH

+(1− ε)
2
pr
(
RepH , DefF |baseH , baseF

)
u′
(
RepH , DefF |baseH , baseF

)
RH

+ε (1− ε) pr
(
RepH , DefF |baseH , disF

)
u′
(
RepH , DefF |baseH , disF

)
RH = 0, (17)

bi (F ) : −1 + (1− ε)
2
pr
(
RepH , RepF |baseH , baseF

)
u′
(
RepH , RepF |baseH , baseF

)
RF

+(1− ε)
2
pr
(
DefH , RepF |baseH , baseF

)
u′
(
DefH , RepF |baseH , baseF

)
RF

+ε (1− ε) pr
(
DefH , RepF |disH , baseF

)
u′
(
DefH , RepF |disH , baseF

)
RF = 0, (18)

for i ∈ {H,F}. In eq.(17) and (18), the symbol
(
DefH , RepF |disH , baseF

)
stands for re-

payment in country H and default in country F conditional on no disaster in country H

and disaster in country F .6 The second period best reply functions of the governments are

conditional on the investment allocation, the action played by the other government and the

realization of the utility default cost. For a given investment allocation and action of the

other government, if the utility default cost is low, a government chooses default. Hence, to

compute the best reply function of the government, it is su�cient to look at these threshold

values of the utility cost ψi. Let us call ψ̃i (ψ
i
) the utility cost such that a government is

indi�erent between repayment and default, conditional on the other government repayment

(default) and any given investment allocation:

ψ̃i ≡ u
(
e+Rjbi (j)

)
− u

(
e+Ribi (i) +Rjbi (j)− T i

)
, i 6= j and i, j ∈ {F,H} , (19)

ψ
i ≡ u (e)− u

(
e+Ribi (i)− T i

)
. (20)

Both ψ̃i and ψ
i
are non-negative by the concavity of the utility function. This means that if

government j repays and a default cost ψi ∈
[
0, ψ̃i

]
occurs, government i defaults. Instead,

if government j defaults and a default cost ψi ∈
[
0, ψ

i
]
realizes, also government i defaults.

As we can see from (19) and (20), if the amount of domestic sovereign debt held by domestic

investors (bi (i)) decreases, government i is more likely to default (ψ̃i and ψ
i
increase).

On the basis of (17)�(20), it is possible to show that

Theorem 1. With fully integrated �nancial markets (ρ = 0), there exists a unique equilibrium

consisting of a bond portfolio allocation
{
b̃H (H) , b̃F (H) , b̃F (F ) , b̃H (F )

}
, bond interest

rates
{
R̃H , R̃F

}
and strategy pro�les for the government default decision

{
s̃Hy(H), s̃

F
y(F )

}
6Note that the probability of repayment and of default depend on the bond allocations. I don't write this

conditioning explicitly in order to keep the notation simple.
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s.t.:

1. investors of each country hold a positive amount of foreign sovereign debt b̃i (i) ∈
(0, b (i)) for i ∈ {H,F}.

2. The equilibrium strategies of the government for each possible default costs realization

and bond portfolio allocation is described by the following table:

Ψ

D
ef
au
lt
co
st

of
F (

DefH , RepF
) (

RepH , RepF
) (

RepH , RepF
)

ψ
F (

DefH , DefF
) (

RepH , RepF
) (

RepH , RepF
)

ψ̃F (
DefH , DefF

) (
DefH , DefF

) (
RepH , DefF

)
0

ψ̃H ψ
H

Ψ
Default cost of H

where ψ̃i and ψ
i
are de�ned in eq.(19) and (20), respectively.

Proof. see Appendix B.2.

Theorem 1 states that with fully integrated �nancial markets, agents buy in equilibrium

a positive amount of foreign sovereign debt. The purchase of foreign debt induces the foreign

government to strategically default in equilibrium for some realizations of the default costs.

The equilibrium strategy pro�les are such that for any portfolio allocation, if in both countries

a high cost of default occurs (ψH ≥ ψ̃Hand ψF ≥ ψ̃F ), both governments decide to repay. If

in both countries a low cost of default occurs (ψH < ψ
H
and ψF < ψ

F
), both governments

decide to default. If in one country a high cost of default occurs while in the other a low cost

of default occurs, only the government facing a high cost of default repays.

5.1 Comparative statics and comparison with the stylized facts

This section discusses some properties of the current model and compares them to the em-

pirical �ndings of section 2. Overall, I �nd that the predictions of the model are qualitatively

in line with the results illustrated in section 2.
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5.1.1 Debt held by foreign investors

The �rst-di�erence regression whose estimates are reported in section 2 predicts that an

increase in the share of debt held by non-residents (DNR) is positively correlated with an

increase in the spread. In the model, I assumed for simplicity that both countries have the

same default risk, which implies no spread between the two bonds. A comparison between

the prediction of the data and the ones of the model is not straightforward because the spread

between the two bonds considered is zero.

In order to compare the empirical correlation with the predictions of the model, one could

look at at the spread between the equilibrium interest rate and a risk free rate. To this end,

I could either assume that agents can buy another asset in zero net supply which repays in

each state of the world or that one country never defaults (Ψ→∞). In both these cases, the

spread in the model cannot be computed because the equilibrium interest rate with integrated

markets has no close form.

Another option is to interpret the spreads as a proxy for the default probability of a

government. One could read the positive correlation between the growth rate of the spread

and the one of non-resident holdings as that the integration of �nancial markets should be

accompanied by higher default risk. In the current model, �nancial market integration is

represented by lower levels of the parameter ρ ∈ [0, 1]. In sections 4 and 5 it was shown

that the equilibrium probability of default is higher with integrated markets than in autarky

because governments default strategically. These are however two extreme cases. I show in

the following lemma that when the degree of market integration increases smoothly, also the

equilibrium default probabilities increase.

Lemma 1. The equilibrium probability that both governments repay is an increasing function

of ρ.

Proof. See Appendix B.3

5.1.2 Total debt

In the empirical analysis of section 2, I showed that the debt-to-GDP ratio is one of the main

factors explaining the evolution of the spread in the Euro area. This �nding also emerges in

large part of the empirical literature on government bond yield di�erentials. Di�erently from

my model, in reality governments can decide how to �nance public expenditure. They can

choose either to raise taxes or to postpone tax payment to the future by issuing public debt.

In the current model, the total debt issued is constrained to be equal to the total public
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expenditure. In the current model, an increase in the public expenditure and, thus, of the

total debt issued, has an e�ect on the default risk through two channels. First, a change

in the public expenditure might have an e�ect on the portfolio allocation of private agents.

Second, default is less costly when the public expenditure is high, as shown in the traditional

literature on sovereign default. As I show in Appendix B.4, the amount and the share of

debt held by non-residents decreases with the �rst period public expenditure.

Lemma 2. The amount and the share of sovereign debt held by foreign investors decreases

with the �rst period public expenditure.

Proof. See Appendix B.4.

This result is in line with Figures 1 and 2 showing that, starting from the beginning of

2009, the share of debt held by non-residents decreased while the debt to GDP increased.

The overall e�ects on the default risk are in the model quite di�cult to disentangle given

that there is no closed form solution. In the data, we observe that from 2006q1 to 2008q3

the spreads and the DNR increased on average, while the debt-to-GDP ratio decreased.

From 2008q3 till 2011q1 the DNR was stable, while the spreads and the debt-to-GDP ratio

increased. During the last two years, both the spreads and the debt-to-GDP ratio decreased

while the debt-to-GDP ratio increased. The most reasonable interpretation of these facts is

that before the crisis and since 2011 the DNR had a more relevant e�ect in explaining the

spreads, while during the crisis the debt-to-GDP ratio played a bigger role. The long run

trends of the debt-to-GDP ratio and the DNR are also nested by the model which predicts

a negative correlation between the two variables.

6 Ine�ciency of the portfolio allocation

The comparison between the equilibrium with non-integrated �nancial markets and the equi-

librium with integrated �nancial markets allows investigating the e�ects of integration on

the default incentives. From section 5, the integration of �nancial markets is bene�cial for

private agents because it allows them to hedge against the disaster risk. At the same time,

integration is detrimental for private agents because it gives rise to strategic default in equi-

librium, which is absent in autarky (see section 4). In this section, I show that the negative

e�ects of strategic default risk outweigh the positive e�ect of diversi�cation. Lower shares

of non-resident debt holdings are Pareto improving and socially optimal under reasonable

assumptions. Therefore, the equilibrium with integrated markets is ine�cient. This ine�-

ciency originates from the game between non-strategic investors and strategic sovereigns. A
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marginal increase in the percentage of debt held by a representative non-resident investor

increases the incentives to default, because governments are benevolent toward their own

citizens. On the contrary, both foreign and domestic private agents play non-strategically

and correctly estimate equal to zero the e�ect of their individual investment decision on

the probability of default. Figure 6 illustrates the e�ect of an increase in the debt held by

non-resident investors on the threshold levels of the stochastic default cost.

0 ψ̃i → ˜̃ψi ψ
i → ψ

i.
Ψ

Figure 7: Shift in the threshold values of ψ due to an increase in the fraction of debt held by
foreign investors

If the fraction of debt of country i held by non-residents increases, both threshold levels

ψ̃i and ψ
i
move to the right. For any realization of the default cost, default is less costly

because it allows to expropriate more non-resident investors than in a situation with lower

shares of non-resident holdings. This result implies that the probability of default increases

in equilibrium. I �nd that the equilibrium portfolio allocation is characterized by excessive

investments in foreign debt with respect to a situation where the social planner imposes

the portfolio allocations. Indeed, the autarky allocation of section 4 is a Pareto improving

allocation:

Theorem 2. The autarky allocation is Pareto superior to equilibrium allocation with inte-

grated markets when ε→ 0 and countries have the same �rst period expenditure shock.

Proof. See Appendix C.1

Although the autarky equilibrium allocation is Pareto improving upon the equilibrium

allocation with integrated markets, autarky is not the �rst best. The �rst best is the solution

of a social planner problem where the social planner decides about the portfolio allocation

and the default strategy. This equilibrium could be implemented with a political union where

governments would jointly decide upon default. Intuitively, governments would not strate-

gically default when cooperating. Given this strategy, the portfolio equilibrium allocation

would be the same as in the classical portfolio theory: private agents would equally share

risk. This means that domestic and foreign investors overall would hold half of each debt.
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Theorem 3. The �rst best allocation is characterized by no strategic default and equal risk

sharing (bi (j) = bj (i)).

The result of Theorem 3, is not a very realistic policy recommendation, because Euro

area governments seem far from giving up their sovereign power and agree upon a political

union. A more interesting result for policy recommendation comes from the second best

solution. I de�ne the second best as a situation where the social planner imposes the portfolio

allocations but cannot decide about default. Let us consider the maximization problem of

the social planner:

max
cH1 ,c

F
1 ,c

H
2 ,c

F
2

{
cH1 + E

[
u
(
cH2
)
− ψHI[sd]

]
+ cF1 + E

[
u
(
cF2
)
− ψF I[sd]

]}
, (21)

where cH1 , c
H
2 , c

F
1 , c

F
2 are de�ned as before and the social planner knows also the budget

constraints of both governments. Calling h ∈ [0, 1] the share of public debt held by residents,

h ≡ bi (i) /b (i), the maximization of the social planner's utility function leads to the following

result:

Theorem 4. Let us assume that the utility function in (21) is strictly concave with respect

to the share of debt held by non-resident investors and that the public expenditure in the �rst

period is equal across countries. Then, the second best solution is characterized by a higher

share of resident debt holdings in both countries.

• If it holds:
u′ (e−Q)

u′ (e)
> 1 + u (e) + u (e−Q) , (22)

then the second best allocation is characterized by a share of resident debt holdings

which is higher than in the equilibrium of Theorem 1 and lower than in autarky:
˜̃
h ∈(

b̃F (H)
b(H)

, 1
)
, where

˜̃
h is the optimal share for the social planner and b̃F (H) is the optimal

amount of non-resident holdings in the equilibrium of Theorem 1.

• If condition (22) does not hold, then the second best allocation corresponds to the autarky

allocation.

Proof. See Appendix C.2

Theorem 4 states that the second best is characterized by a lower share of debt held

by non-resident investors. If condition (22) holds, then the social planner would purchase

a positive share of foreign debt but lower than in the competitive equilibrium. If condition
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(22) does not hold, then the autarky allocation is the second best allocation. Condition (22)

is satis�ed under the assumption of logarithmic or quadratic utility and reasonable values for

the parameters. Intuitively, condition (22) means that the marginal utility in a disaster when

a country is in autarky is high. In other words, this means that the gains from diversi�cation

are su�ciently high. Graphically, if condition (22) holds, then the utility function looks like

in Figure 8: the autarky allocation (h = 1) achieves a utility which is higher than the one

at the competitive equilibrium. However, the maximum of the utility of the social planner is

obtained at a point with positive level of foreign bond holdings h < 1, but lower than in the

competitive equilibrium.

Figure 8: Social planner allocation if condition (22) holds

7 Conclusions

The integration of �nancial markets in the Euro area was accompanied by a signi�cant

increase in the share of public debt held by non-residents. Although with the debt crisis this

share decreased, it is still above 50% in many Euro area countries. I ask whether this fact

can be explained by a rational model and whether it is socially desirable. Empirical analysis

shows that, indeed, the spread of 10-year government bonds are positively correlated with

the share of debt held by non-residents. Countries with higher shares of debt held by non-

residents are likely to have also higher spreads. This correlation is even higher fore countries

with a debt-to-GDP ratio higher than 80%.

To formalize these facts, I built a two-period-two-country model and investigated the

e�ciency of the bond-portfolio allocation in equilibrium. I �nd that there is a tendency

for atomistic investors to over-invest in foreign sovereign debt and this raises the default

probability above the social optimum. The reason is that while investors are non-strategic
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(atomistic), non-committed governments are benevolent toward their own citizens and decide

strategically about default on the basis of the aggregate choice of investors.

I show that with a su�ciently small probability of disaster, the �nancial autarky equilib-

rium Pareto dominates the equilibrium with integrated �nancial markets.

However, the autarky equilibrium is not the �rst best. It is socially optimal (�rst best)

that the disaster risk is shared equally by all investors and that states do not default vol-

untarily. The �rst best could be implemented via a political union, which is desirable, but

still unlikely to occur in the near future. A more interesting result for policy recommenda-

tion is represented by the second best. In this case, I assume that governments maintain

their sovereign power while the portfolio allocation of private agents is dictated by the social

planner. The second best solution is characterized by a lower share of non-resident holdings

of sovereign debt, and consequently, lower default probability in equilibrium. This could be

easily achieved with a taxation on returns of foreign bonds.

My model focuses on the portfolio problem abstracting from the discussion of many other

interesting aspects of the debt crisis. Possible extensions could include contagion, the choice

on how to �nance public debt (debt vs taxes) and the ex-post possibility of a bailout. Further

research in this direction is also needed in order to get an idea of how large is the ine�ciency

discussed here actually is.
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Appendix A.1: Database

The databases comprises the following countries: Austria (2003q1-2012q4), Belgium (1996q1-

2012q4), Denmark (1997q1-2012q4), France (2008q1-2012q4), Germany (1991q1-2012q4),

Greece (2003q1-2012q4), Ireland (1998q1-2012q4), Italy (1997q1-2012q4), Portugal (2003q1-

2012q4), Spain (2005q1-2012q4).

• Dependent variables: Spread between the yield on 10Y government bonds of each coun-

try and the interest rate on German Bund. I took the average of the last week of the

quarter the estimations. Taking the average over the quarter does change the results.

Data source: Datastream

• The independent variables are such that the Spread is increasing in their values. In

this way, I should avoid problems in the interpretation of the signs of the interaction

terms. The independent variables are the following (in parenthesis the name used in

the estimates is indicated):

� Debt to GDP (DGDP) (magnitude [0,1]). Data source: National Central Banks

for the debt, National Statistical O�ces for the GDP.

� Percentage of public debt held by foreign investors (DNR) (magnitude [0,1]). Data

source: National Central Banks. Note that when the ECB buys public debt, this

is then accounted in the debt held by the national Central Bank.

� Corruption (Corruption) (magnitude [0,1]). This is the inverse of the �Corruption

Perceptions Index� (which is higher when corruption is lower). Intuitively, the

higher value of �corruption� the more di�cult is to grow. Data source: Trans-

parency International.

� Political instability (Instability) (can take values between 0 and in�nity, in the

sample ranges between (0,2)). This is the inverse of the average of two measures

of political stability:

∗ Number of months that a prime minister is in charge over the maximum pos-

sible number of months that a minister could be in charge during a legislation.

The average was computed for the last 20 years. This might undervalue the

political stability because a prime minister might be reelected or the same

party might stay in power over di�erent legislations.

∗ Number of months between two di�erent elections over the maximum number

of months between two di�erent elections. The average was computed for
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the last 20 years. This could overvalue the political stability because often

governments are changed without reelections (e.g. change of some ministers).

Intuitively, the higher the political instability, the lower the possibility to promote

reforms for growth. This index is similar to the one used in Citron and Nickelsburg

(1987) . Data source: national governments websites.

� Net current account over GDP (CA) (magnitude [0,1]). A low CA should mirror

the lower competitiveness of the production sector, which in the long run is a

growth indicator. Data source: National Central Banks.
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Appendix A.2: Data Analysis

Additional charts

Figure 9: Evolution of the spread over time inculding Greece. Data source: Datastream.

For completeness I report the correlations over time between the DNR and the spread for

the whole samples. Given that in the majority of the countries there are trends, I consider

detrended data in order to have consistent correlation estimates.

AT BE DK GR EI IT PT ES

Corr
(

∆DNRi,t

DNRi,t−4
,

∆Spreadi,t
Spreadi,t−4

)
-0.28 0.14 0.19 0.21 -0.12 0.04 0.18 -0.09

Corr
(

∆DNRi,t−2

DNRi,t−6
,

∆Spreadi,t
Spreadi,t−4

)
-0.34 0.15 0.08 0.07 0.03 0.31 0.34 -0.12

Table 3: Cross correlation between Y-o-Y growth rates in DNR and Spread. Data sources:
National Central Banks and Datastream.

Preliminary analysis

1. First I check for multicollinearity in the regressors: I computed the Variance In�ation

Factor predictor of each independent variable against the others.

R2 of the variable regressed on the others

Corruption 0.94762
Instability 0.80517
DGDP 0.62555
DNR 0.66602
CA 0.71161

Table 4: Multicollinearity test on the regressors

33



Values of VIF (V IF = 1
1−R2 ) exceeding 5 are considered evidence of collinearity, that

is value of the R2 larger than 0.8 are evidence of collinearity. From the table above,

then Corruption and Instability could be explained by a linear combination of other

factors. Therefore, I eliminate the variable Corruption and the remaining variables are

non multicollinear

R2 of the variable regressed on the others

Instability 0.32678
DGDP 0.51702
DNR 0.41113
CA 0.35993

Table 5: Multicollinearity test a restricted set of regressors

The remaining variables don't present evidence of high correlation.

2. I perform the following First Di�erence regression eliminating Corruption from the

independent variables set:

∆Spreadit = α0 + α1∆DNRit + α2∆DGDPit + α3∆CA+ α4∆(DNR∗itDGDPit) +

α5∆(DNR∗itInstabilityi) + α6∆(DNR∗itCAit) +

α7∆(DGDP ∗itInstabilityi) + α8∆(DGDP ∗itCAit) +

α9∆(Instability∗iCAit) + uit (23)

I eliminate one by one the most non signi�cant variables. The coe�cients of the re-

gression change during this process namely because there are too many regressors with

respect to the number of observations (more or less 360). The �nal equation is

∆Spreadit = α0 + α1∆DNRit + α2∆DGDPit + α3∆ (DNR∗itDGDPit) +

α4∆ (DGDP ∗itInstabilityi) + α5∆ (CA∗itDGDPit) + uit (24)
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Appendix B.1: Equilibrium of the autarky case

max
ci1,c

i
2

{
ci1 + E

[
u
(
ci2
)
− ψiI[sd]

]}
, for i ∈ {H,F} , (25)

s.t. :

ci1 = e− b (i) , (26)

ci2 =

e+Rib (i) I[rep i] − T iI[rep i] if baseline,

e−Q if disaster.
(27)

which implies the FOC

b (i) : −1 + (1− ε) pr
(
Repi|basei

)
u′
(
e+Rib (i)− T i

)
Ri = 0. (28)

The government is indi�erent between repayment and default when

u
(
e+Rib (i)− T i

)
= u (e)− ψ̂i (29)

⇔ ψ̂i = 0. (30)

This implies that the probability of default is given by

1

Ψ

ˆ ψ̂i

0

dψi = 0. (31)

Using the fact that the probability of repayment equals one, we obtain

−1 + (1− ε)u′
(
e+Rib (i)− T i

)
Ri = 0. (32)

Substituting the budget constraint of the government T i = Rib (i) , then

h : −1 + (1− ε)u′ (e)Ri = 0 (33)

⇔ R̂i = [(1− ε)u′ (e)]−1
. (34)
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Appendix B.2: Theorem1

With fully integrated �nancial markets (ρ = 0), there exists a unique equilibrium consist-

ing of a bond portfolio allocation
{
b̃H (H) , b̃F (H) , b̃F (F ) , b̃H (F )

}
, bond interest rates{

R̃H , R̃F
}
and strategy pro�les for the government default decision

{
s̃Hy(H), s̃

F
y(F )

}
s.t.:

1. investors of each country hold a positive amount of foreign sovereign debt b̃i (i) ∈
(0, b (i)) for i ∈ {H,F}.

2. The equilibrium strategies of the government for each possible default costs realization

and bond portfolio allocation is described by the following table:

Ψ

D
ef
au
lt
co
st

of
F (

DefH , RepF
) (

RepH , RepF
) (

RepH , RepF
)

ψ
F (

DefH , DefF
) (

RepH , RepF
) (

RepH , RepF
)

ψ̃F (
DefH , DefF

) (
DefH , DefF

) (
RepH , DefF

)
0

ψ̃H ψ
H

Ψ
Default cost of H

where ψ̃i and ψ
i
are de�ned in eq.(19) and (20), respectively.

Proof:

Optimal government strategies

Thresholds for ψ given that the other repays

u
(
e+ bi (j)Rj

)
− ψ̃i = u

(
e+ bi (i)Ri + bi (j)Rj − b (i)Ri

)
(35)

⇔ ψ̃i = u
(
e+ bi (j)Rj

)
− u

(
e+ bi (i)Ri + bi (j)Rj − b (i)Ri

)
(36)

= u
(
e+ bi (j)Rj

)
− u

(
e+ bi (j)Rj −∆

)
(37)

where ∆ ≡ bi (i)Ri − b (i)Ri < 0. Thus ψ̃i ≥ 0 because u′ > 0.
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Thresholds for ψ given that the other defaults

u (e)− ψ̄i = u
(
e+ bi (i)Ri − b (i)Ri

)
(38)

⇔ ψ̄i = u (e)− u
(
e+ bi (i)Ri − b (i)Ri

)
(39)

= u (e)− u (e−∆) (40)

Thus ψ̄i ≥ 0 because u′ > 0.

Best replies and strategies By the strict concavity of the utility function and given that

e < ebi (j)Rj, we have that ψ
i
> ψ̃i. Intuitively, this means that a government is more likely

to default given that the other government repays. The marginal utility from a repayment is

lower when agents receive already returns from other investments than when agents are left

with the exogenous endowment only.

We can study the best responses conditional on the space of the default cost using the

following tables

0 ψ̃H ψ
H

Ψ

A B C

ψ̃F

D E F

ψ
F

G H I

Ψ

(
ψH , ψF

)
∈... Best reply

A DefF
(
DefH

)∗
,DefH

(
DefF

)∗
,DefF

(
RepH

)
,DefH

(
RepF

)
B DefF

(
DefH

)∗
,DefH

(
DefF

)∗
,DefF

(
RepH

)
,RepH

(
RepF

)
C DefF

(
DefH

)
,RepH

(
DefF

)∗
,DefF

(
RepH

)∗
,RepH

(
RepF

)
E DefF

(
DefH

)∗
,DefH

(
DefF

)∗
,RepF

(
RepH

)∗
,RepH

(
RepF

)∗
F DefF

(
DefH

)
,RepH

(
DefF

)
,RepF

(
RepH

)∗
,RepH

(
RepF

)∗
I RepF

(
DefH

)
,RepH

(
DefF

)
,RepF

(
RepH

)∗
,RepH

(
RepF

)∗
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where the stars indicate the Nash equilibria and Repi indicates repay while Def i default.

Even if for
(
ψH , ψF

)
∈ E there are two Nash equilibria, I select only the equilibrium with

the highest utility which increases the parameter space where both countries repay. Using

this equilibrium in E, makes the result even stronger because it increases the advantages

from integration. That is for each combination of utility costs there exists one and only one

strategy of the government which maps from the parameter space to the binary default-replay

space.

Bond demand

To keep the notation light, I indicate with r repayment, d default, 0 the baseline scenario, q

the disaster scenario.

Let us assume that pr (r, d|0, 0) > 0 and pr (r, d|0, q) > 0, let consider the FOCs of the

investors:

bH (H) : −1 + (1− ε)2 pr (r, r|0, 0)u′ (r, r|0, 0)RH +

(1− ε)2 pr (r, d|0, 0)u′ (r, d|0, 0)RH +

ε (1− ε) pr (r, d|0, q)u′ (r, d|0, q)RH = 0 (41)

bF (H) : −1 + (1− ε)2 pr (r, r|0, 0)u′ (r, r|0, 0)RH +

(1− ε)2 pr (d, r|0, 0)u′ (d, r|0, 0)RH +

ε (1− ε) pr (d, r|q, 0)u′ (d, r|q, 0)RH = 0 (42)

Let us assume that b(F ) ≥ b (H).

1. Suppose that in equilibriumbH (H) = b (H) and bF (F ) ∈ [0, b (F )], so that in equilib-

rium the autarky allocation would be implemented, then we would get for the second

addend of each for

(1− ε)2 pr (r, r|0, 0)u′
(
e+ bH (F )RF

)
RH <

(1− ε)2 pr (r, r|0, 0)u′
(
e+ bF (F )RF − b (F )RF

)
RH (43)

and for the rest:
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(1− ε)2 pr (r, d|0, 0)u′ (e) + ε (1− ε) pr (r, d|0, q)u′ (e) −

(1− ε)2 pr (r, d|0, 0)u′ (e)− ε (1− ε) pr (r, d|0, q)u′ (e−Q) = (44)

⇔ ε (1− ε) pr (r, d|0, q) [u′ (e)− u′ (e−Q)] < 0 (45)

by the concavity of the utility function

2. Suppose that bH (H) = 0 and bF (F ) ∈ [0, b (F )], so that in equilibrium agents would

hold only foreign bonds, then we would get

(1− ε)2 pr (r, r|0, 0)u′
(
e+ bH (F )RF − b (H)RH

)
RH >

(1− ε)2 pr (r, r|0, 0)u′
(
e+ bF (F )RF − b (F )RF

)
RH (46)

because by the symmetry of the problem at maximum bF (F ) = 0.5b (F ) (share equally

risk). And

(1− ε)2 pr (r, d|0, 0)u′
(
e− b (H)RH

)
+

ε (1− ε) pr (r, d|0, q)u′
(
e− b (H)RH

)
−

(1− ε)2 pr (r, d|0, 0)u′
(
e+ b (H)RH

)
−

ε (1− ε) pr (r, d|0, q)u′
(
e−Q+ b (H)RH

)
> 0 (47)

because

(1− ε)2 pr (r, d|0, 0)
[
u′
(
e− b (H)RH

)
− u′

(
e+ b (H)RH

)]
> 0 (48)

ε (1− ε) pr (r, d|0, q)
[
u′
(
e− b (H)RH

)
− u′

(
e−Q+ b (H)RH

)]
> 0 (49)

due to the concavity of the utility function.

Given that the utility of private agents is strictly concave, continuously di�erentiable there

exists only one value of bH (H) so that such that the FOC takes value zero and it is such

that bH (H) ∈ (0, b (H)). The same can be shown symmetrically for bF (F ).
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Appendix B.3: Lemma 1

The equilibrium probability that both governments repay is an increasing function of ρ.

To keep the notation light, I indicate with r repayment, d default, 0 the baseline scenario,

q the disaster scenario.

Proof: Suppose that the integration of �nancial markets is represented by a constraint on

the total amount of non-domestic bonds each private agent can hold and that this constraint

is binding. Then to study the e�ects of integration on the equilibrium interest rate and

default probability it is su�cient to look at the comparative statics regarding this constraint.

Let us consider the FOC of a citizen of Foreign with respect to bF (H):

−1 + (1− ε)2 pr (r, r|0, 0)u′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

)
RH +

(1− ε)2 pr (r, d|0, 0)u′
(
e+ bF (H)RH

)
RH +

(1− ε) εpr (r, d|0, q)u′
(
e−Q+ bF (H)RH

)
RH = 0 (50)

Let us apply the implicit function theorem:

∂FOC

∂bF (H)
= (1− ε)2 ∂pr (r, r|0, 0)

∂bF (H)
u′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

)
RH +

(1− ε)2 pr (r, r|0, 0)u′′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

) (
RH
)2

+

(1− ε)2 ∂pr (r, d|0, 0)

∂bF (H)
u′
(
e+ bF (H)RH

)
RH +

(1− ε)2 pr (r, d|0, 0)u′′
(
e+ bF (H)RH

) (
RH
)2

+

(1− ε) ε∂pr (r, d|0, q)
∂bF (H)

u′
(
e−Q+ bF (H)RH

)
RH +

(1− ε) εpr (r, d|0, q)u′′
(
e−Q+ bF (H)RH

) (
RH
)2
< 0 (51)

because the utility is concave and the derivatives of the euqilibrium probabilities pr (r, r|0, 0),

pr (r, d|0, 0) and pr (r, d|0, q) are negative (see the de�nition of these probability and the

scheme of the governments' Nash equilibria).
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∂FOC

∂RH
= (1− ε)2 pr (r, r|0, 0)u′

(
e+ bF (H)RH + bF (F )RF − b (F )RF

)
+

(1− ε)2 pr (r, r|0, 0)u′′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

) (
RH
)
bF (H) +

(1− ε)2 ∂pr (r, r|0, 0)

∂RH
u′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

)
RH +

(1− ε) pr (r, d|0, 0)u′
(
e+ bF (H)RH

)
+

(1− ε)2 pr (r, d|0, 0)u′′
(
e+ bF (H)RH

)
RHbF (H) +

(1− ε) ∂pr (r, d|0, 0)

∂RH
u′
(
e+ bF (H)RH

)
RH +

(1− ε) εpr (r, d|0, q)u′
(
e−Q+ bF (H)RH

)
+

(1− ε) εpr (r, d|0, q)u′′
(
e−Q+ bF (H)RH

)
RHbF (H) +

(1− ε) ε∂pr (r, d|0, q)
∂RH

u′
(
e−Q+ bF (H)RH

)
RH > 0 (52)

Therefore we obtain
∂RH

∂bF (H)
> 0. (53)

If the equilibrium with higher shares of foreign bond holdings is characterized by higher

interest rates, then also the equilibrium default probabilities increase.
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Appendix B.4: Lemma 2

The amount and the share of sovereign debt held by foreign investors decreases with the �rst

period public expenditure.

To keep the notation light, I indicate with r repayment, d default, 0 the baseline scenario,

q the disaster scenario.

Proof: In equilibrium it holds that b(H) = gH .

−1 + (1− ε)2 pr (r, r|0, 0)u′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

)
RH +

(1− ε)2 pr (r, d|0, 0)u′
(
e+ bF (H)RH

)
RH +

(1− ε) εpr (r, d|0, q)u′
(
e−Q+ bF (H)RH

)
RH = 0 (54)

Let us apply the implicit function theorem

∂FOC

∂b (H)
= (1− ε)2 ∂pr (r, r|0, 0)

∂b (H)
u′
(
e+ bF (H)RH + bF (F )RF − b (F )RF

)
RH

(1− ε)2 ∂pr (r, d|0, 0)

∂b (H)
u′
(
e+ bF (H)

)
RH +

(1− ε) ε∂pr (r, d|0, q)
∂b (H)

u′
(
e−Q+ bF (H)

)
RH < 0 (55)

∂FOC

∂bF (H)
= (1− ε)2 pr (r, r|0, 0)u′′

(
e+ bF (H)RH + bF (F )RF − b (F )RF

) (
RH
)2

+

(1− ε)2 pr (r, d|0, 0)u′′
(
e+ bF (H)RH

) (
RH
)2

+

(1− ε) εpr (r, d|0, q)u′′
(
e−Q+ bF (H)RH

) (
RH
)2
< 0 (56)

This implies that
∂bF (H)

∂b (H)
< 0. (57)

That is when the total amount of debt issued increases, less debt is held by foreigners. It

can be shown in the same way that also the SHARE of debt held by non-residents decreases

with b(H).
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Appendix C.1: Theorem 2

The autarky allocation is Pareto superior to equilibrium allocation with integrated markets

when ε→ 0 and countries have the same �rst period expenditure shock.

Sketch of the proof:

1. I show that it is su�cient to compare the second period expected utility functions at

the equilibrium in autarky ad with integrated markets

2. I compare the second period expected utilities without subtracting the default costs

for the integrated-markets-case. I show that the expected utility from autarky is larger

than the one with integrated markets.

3. The result holds also when subtracting the default costs to the expected utility with

integration.

To keep the notation light, I indicate with r repayment, d default, 0 the baseline scenario, q

the disaster scenario.

Expected utility in autarky

Let us consider the autarky expected utility function of country i = {H,F}. In autarky, the

equilibrium expected utility is given by

e− gi + (1− ε)u (e) + εu (e−Q) (58)

given that b (i) = g.

Expected utility with integrated markets

The �rs period utility function is given by

e− bi (i)− bi (j) = (59)

e− b (i) (60)

we know that in equilibrium bi (i) = bj(j), by the symmetry of the problem. Thus, the �rst

period utility function become is equal to the one in autarky.

For the comparison of the expected utility functions, it is necessary to look at the expected

second period utility function. Note that if bi (i) = bj(j) and b (i) = b (j) then also Ri = Rj.
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When markets are integrate the expected second period utility function without default

costs is given by

(1− ε)2 pr (r, r, |0, 0)u (r, r|0, 0) + (1− ε)2 pr (r, d, |0, 0)u (r, d|0, 0) +

ε (1− ε) pr (r, d|0, q)u (r, d|0, q) + (1− ε)2 pr (d, r, |0, 0)u (d, r|0, 0) +

ε (1− ε) pr (d, r|q, 0)u (d, r|q, 0) + (1− ε)2 pr (d, d, |0, 0)u (d, d|0, 0) +

ε (1− ε) pr (d, d|q, 0)u (d, d|q, 0) + ε (1− ε) pr (d, d|0, q)u (d, d|0, q) +

ε2pr (d, d|q, q)u (d, d|q, q) (61)

When the probability of involuntary default goes to zero, ε → 0, then the second period

expected utility without the voluntary default costs becomes

pr (r, r, |0, 0)u
(
e+Rjbi (j) +Ribi (i)−Rib (i)

)
+

pr (r, d, |0, 0)u
(
e+Ribi (i)−Rib (i)

)
+

pr (d, r, |0, 0)u
(
e+Rjbi (j)

)
+

pr (d, d, |0, 0)u (e) = (62)

pr (r, r, |0, 0)u
(
e+Rjbi (j) +Ribi (i)−Rib (i)

)
+

pr (r, d, |0, 0)u
(
e−Ribj (i)

)
+

pr (d, r, |0, 0)u
(
e+Rjbi (j)

)
+

pr (d, d, |0, 0)u (e) < (63)

pr (r, r, |0, 0)u (e) +

2pr (r, d, |0, 0)u (e) +

pr (d, d, |0, 0)u (e) = u(e) (64)

I have shown that the second period expected utility function in integrated markets is lower

than the one in autarky, not taking into account the default costs. Including the default

costs would not change the result because they are negative.
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Appendix C.2: Theorem 4

Let us assume that the utility function in (21) is strictly concave with respect to the share of

debt held by non-resident investors and that the public expenditure in the �rst period is equal

across countries. Then, the second best solution is characterized by a higher share of resident

debt holdings in both countries.

• If it holds:
u′ (e−Q)

u′ (e)
> 1 + u (e) + u (e−Q) , (65)

then the second best allocation is characterized by a share of resident debt holdings

which is higher than in the equilibrium of Theorem 1 and lower than in autarky:
˜̃
h ∈(

b̃F (H)
b(H)

, 1
)
, where

˜̃
h is the optimal share for the social planner and b̃F (H) is the optimal

amount of non-resident holdings in the equilibrium of Theorem 1.

• If condition (65) does not hold, then the second best allocation corresponds to the autarky

allocation.

Sketch of the proof:

1. I show that the expected utility with integration in strictly decreasing at the autarky

allocation.

2. From 2 we know that the autarky allocation achieves a higher utility than integration.

Given that the utility function is continuously di�erentiable, this mean that there

must be a maximum between the competitive equilibrium allocation and the autarky

allocation.

3. Under the assumption that the utility of the social planner (who internalizes also that

the probability of repayment depend on the bond allocation) is strictly concave the

allocation of point 2) is the �rst best.

To keep the notation light, I indicate with r repayment, d default, 0 the baseline scenario,

q the disaster scenario. Proof: In what follows I call h ≡ bH(H)
b(H)

and f ≡ bF (F )

b(F )
. Being

the countries perfectly symmetric I de�ne also g ≡ gH = gF and R = RH = RF . Let us

�rst compute some variables. Under the assumption of symmetric countries and exogenous

expenditure in the �rst period, the utility function of the social planner can be re-written as:

max
c1,c2

{
c1 + E

[
u (c2)− ψI[sd]

]}
(66)
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s.t.

c1 = e− hg − (1− f) g (67)

c2 =

e+RhgI[rep H] +R (1− h) gI[rep F ] − gI[rep H] if baseline

e−Q+R (1− h) gI[rep F ] if disaster
(68)

ψ̃ = u (e+Rg − hRg)− u (e) (69)

ψ = u (e)− u (e+ hRg −Rg) (70)

STEP 1

Probabilities

ψ̃ = u (e+Rg − hRg)− u (e) (71)

ψ̃
∣∣∣
h=1

= 0 (72)

ψ = u (e)− u (e+ hRg −Rg) (73)

ψ
∣∣
h=1

= 0 (74)

∂ψ̃

∂h
= u′ (e+Rg −Rgh)

[
∂R

∂h
− h∂R

∂h
−R

]
g (75)

= −Au′ (e+Rg −Rgh) < 0 (76)

∂ψ̃

∂h

∣∣∣∣∣
h=1

= −Au′ (e)

∂ψ

∂h
= −u′ (e+ hRg −Rg)

[
−∂R
∂h

+ h
∂R

∂h
+R

]
g (77)

= −u′ (e+ hRg −Rg)A (78)

∂ψ

∂h

∣∣∣∣
h=1

= −u′ (e)A < 0 (79)
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where A ≡ g
(
R + h∂R

∂h
− ∂R

∂h

)
. Then

pr (r, r|0, 0) =
(

1− ψ̃
)2

(80)

pr (r, r|0, 0)|h=1 = 1 (81)

∂pr (r, r|0, 0)

∂h
= −2

(
1− ψ̃

) ∂ψ̃
∂h

(82)

∂pr (r, r|0, 0)

∂h

∣∣∣∣
h=1

= −2 (−Au′ (e)) (83)

= 2Au′ (e) > 0 (84)

pr (r, d|0, 0) =
(
1− ψ

)
ψ̃ (85)

pr (r, d|0, 0)|h=1 = 0 (86)

pr (d, r|0, 0) = pr (r, d|0, 0) (87)

∂pr (r, d|0, 0)

∂h
= −∂ψ

∂h
ψ̃ +

(
1− ψ

) ∂ψ̃
∂h

(88)

∂pr (r, d|0, 0)

∂h

∣∣∣∣
h=1

= −Au′ (e) (89)

∂pr (d, r|0, 0)

∂h
=

∂pr (r, d|0, 0)

∂h
(90)

pr (r, d|0, q) =
(
1− ψ

)
(91)

pr (r, d|0, q)|h=1 = 1 (92)

pr (d, r|q, 0) = pr (r, d|0, q) (93)

∂pr (r, d|0, q)
∂h

= −∂ψ
∂h

(94)

= u′ (hRg −Rg)A (95)

∂pr (r, d|0, q)
∂h

∣∣∣∣
h=1

= u′ (e)A (96)

∂pr (d, r|q, 0)

∂h
=

∂pr (r, d|0, q)
∂h

(97)
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pr (d, d, 0, 0) = 2
(
ψ − ψ̃

)
ψ̃ + ψ̃2 (98)

pr (d, d, 0, 0)|h=1 = 0 (99)

∂pr (d, d, 0, 0)

∂h
= 0 (100)

pr (d, d, q, 0) = pr (d, d, 0, q) (101)

= pr (d, d, q, q) (102)

= pr (d, d, 0, 0) (103)

∂pr (d, d, q, 0)

∂h
=

∂pr (d, d, 0, q)

∂h
(104)

=
∂pr (d, d, q, q)

∂h
(105)

=
∂pr (d, d, 0, 0)

∂h
(106)

Utilities

u (r, r|0, 0)|h=1 = u (e) (107)

∂u (r, r|0, 0)

∂h

∣∣∣∣
h=1

= 0 (108)

u (r, d|0, 0) = u (e+ hRg −Rg) (109)

u (r, d|0, 0)|h=1 = u (e) > 0 (110)

∂u (r, d|0, 0)

∂h
= u′ (e+ hRg −Rg)

(
R + h

∂R

∂h
− ∂R

∂h

)
(111)

= Au′ (hRg −Rg) (112)

∂u (r, d|0, 0)

∂h

∣∣∣∣
h=1

= Au′ (e) > 0 (113)

(114)

u (r, d|0, q) = u (r, d, 0, 0) (115)

(116)

∂u (r, d|0, q)
∂h

=
∂u (r, d|0, 0)

∂h
(117)
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u (d, r|0, 0) = u (e+Rg − hRg) (118)

u (d, r|0, 0)h=1 | = u (e) (119)

∂u (d, r|0, 0)

∂h
= u′ (Rg − hRg)

(
∂R

∂h
− h∂R

∂h
−R

)
g (120)

= −Au′ (e+Rg − hRg) (121)

∂u (d, r|0, 0)

∂h

∣∣∣∣ = −Au′ (e)

(122)

u (d, r|q, 0) = u (e+Rg − hRg −Q) (123)

u (d, r|q, 0)|h=1 = u (e−Q) (124)

∂u (d, r|q, 0)

∂h
= u′ (e+Rg − hRg −Q)

(
∂R

∂h
− h∂R

∂h
−R

)
g (125)

= −Au′ (e+Rg − hRg −Q) (126)

∂u (d, r|q, 0)

∂h

∣∣∣∣
h=1

= −Au′ (e−Q) (127)

u (d, d|0, 0)|h=1 = u (e) (128)

∂u (d, d|0, 0)

∂h

∣∣∣∣
h=1

= 0 (129)

u (d, d|0, q) = u (e−Q) (130)

∂u (d, d|0, q)
∂h

∣∣∣∣
h=1

= 0 (131)

u (d, d|0, q) = u (d, d|0, 0) (132)

u (d, d|q, q) = u (d, d|q, 0) (133)
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Derivative of the expected utility

Voluntary default costs

Let us �rst consider the expected voluntary default costs:

Cost(d, r|0, 0) + Cost(d, d|0, 0) + Cost(d, d|0, q) =ˆ Ψ

ψ
F

ˆ ψ̃H

0

ψHdψHdψF +

ˆ ψ̃F

0

ˆ ψ̃H

0

ψHdψHdψF +

ˆ ψ
F

ψ̃F

ˆ ψ̃H

0

ψHdψHdψF +

ˆ ψ̃F

0

ˆ ψ
H

ψ̃H

ψHdψHdψF +

ˆ Ψ

0

ˆ ψ
H

0

ψHdψH = (134)

0.5
[
Ψ− ψ

]
ψ̃2 + 0.5ψ̃ψ̃2 +

0.5
[
ψ − ψ̃

]
ψ̃2 + 0.5ψ̃

[
ψ

2 − ψ̃2
]

+

0.5Ψψ
2

= (135)

where in the last passages I dropped the country index because ψ
H

= ψ
F
and so on. We can

simplify (144)

0.5Ψψ̃2 − 0.5ψψ̃2 + 0.5ψ̃ψ̃2 +

0.5ψψ̃2 − 0.5ψ̃ψ̃2 + 0.5ψ̃ψ
2 − 0.5ψ̃ψ̃2 +

0.5Ψψ
2

= (136)

0.5Ψψ̃2 − 0.5ψ̃3 + 0.5ψ̃ψ
2

+ 0.5Ψψ
2
. (137)

The �rst order derivative with respect to h of the default costs is then

0.5Ψ2ψ̃
∂ψ̃−
∂h

0.5(3)ψ̃2∂ψ̃

∂h
+ 0.5ψ̃

(
2ψ
∂ψ

∂h

)
+

0.5ψ
2∂ψ̃

∂h
+ 0.5Ψ2ψ

∂ψ

∂h
= 0 (138)

Given that the variation in the default costs is zero, it is su�cient to look at the sign of the

positive part of the expected utility.
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Expected second period utility

The second period expected utility without default costs with integration is given by

ε2pr (r, r|0, 0)u (r, r|0, 0) +

ε2pr (r, d|0, 0)u (r, d|0, 0) + ε (1− ε) pr (r, d|0, q)u (r, d|0, q) +

ε2pr (d, r|0, 0)u (d, r|0, 0) + ε (1− ε) pr (d, r|q, 0)u (d, r|q, 0) +

ε2pr (d, d|0, 0)u (d, d|0, 0) + ε (1− ε) pr (d, d|0, q)u (d, d|0, q) +

ε (1− ε) pr (d, d|q, 0)u (d, d|q, 0) + (1− ε)2 pr (d, d|q, q)u (d, d|q, q) (139)

the �rst derivative with respect to h is then

ε2∂pr (r, r|0, 0)

∂h
u (r, r|0, 0) +

ε2∂pr (r, d|0, 0)

∂h
u (r, d|0, 0) + ε (1− ε) ∂pr (r, d|0, q)

∂h
u (r, d|0, q) +

ε2∂pr (d, r|0, 0)

∂h
u (d, r|0, 0) + ε (1− ε) ∂pr (d, r|q, 0)

∂h
u (d, r|q, 0) +

ε2∂pr (d, d|0, 0)

∂h
u (d, d|0, 0)︸ ︷︷ ︸

=0

+ ε (1− ε) ∂pr (d, d|0, q)
∂h

u (d, d|0, q)︸ ︷︷ ︸
=0

+

ε (1− ε) ∂pr (d, d|q, 0)

∂h
u (d, d|q, 0)︸ ︷︷ ︸

=0

+ (1− ε)2 ∂pr (d, d|q, q)
∂h

u (d, d|q, q)︸ ︷︷ ︸
=0

+

ε2pr (r, r|0, 0)
∂u (r, r|0, 0)

∂h︸ ︷︷ ︸
=0

+

ε2pr (r, d|0, 0)︸ ︷︷ ︸
=0

∂u (r, d|0, 0)

∂h
+ ε (1− ε) pr (r, d|0, q)︸ ︷︷ ︸

=1

∂u (r, d|0, q)
∂h

+

ε2pr (d, r|0, 0)︸ ︷︷ ︸
=0

∂u (d, r|0, 0)

∂h
+ ε (1− ε) pr (d, r|q, 0)︸ ︷︷ ︸

=1

∂u (d, r|q, 0)

∂h
+

ε2pr (d, d|0, 0)︸ ︷︷ ︸
=0

∂u (d, d|0, 0)

∂h
+ ε (1− ε) pr (d, d|0, q)︸ ︷︷ ︸

=0

∂u (d, d|0, q)
∂h

+

ε (1− ε) pr (d, d|q, 0)︸ ︷︷ ︸
=0

∂u (d, d|q, 0)

∂h
+ (1− ε)2 pr (d, d|q, q)︸ ︷︷ ︸

=0

∂u (d, d|q, q)
∂h

. (140)
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Substituting the results found before, we obtain

ε2u (r, r|0, 0) +

ε2∂pr (r, d|0, 0)

∂h
u (r, d|0, 0) + ε (1− ε) ∂pr (r, d|0, q)

∂h
u (r, d|0, q) +

ε2∂pr (d, r|0, 0)

∂h
u (d, r|0, 0) + ε (1− ε) ∂pr (d, r|q, 0)

∂h
u (d, r|q, 0) +

ε (1− ε) ∂u (r, d|0, q)
∂h

+ ε (1− ε) ∂u (d, r|q, 0)

∂h
= (141)

ε22Au′ (e)u (e) +

ε2 (−A)u′ (e)u (e) + ε (1− ε)Au′ (e)u (e) +

ε2 (−A)u′ (e)u (e) + ε (1− ε)Au′ (e)u (e−Q) +

ε (1− ε)Au′ (e) + ε (1− ε) (−A)u′ (e−Q) = (142)

ε (1− ε)Au′ (e)u (e) +

+ε (1− ε)Au′ (e)u (e−Q) +

ε (1− ε)Au′ (e) + ε (1− ε) (−A)u′ (e−Q) = (143)

ε (1− ε)A {u′ (e) [1 + u (e) + u (e−Q)]− u′ (e−Q)} (144)

Eq (168) is negative if and only if

u′ (e) [1 + u (e) + u (e−Q)]− u′ (e−Q) < 0, (145)

that is

u′ (e−Q)

u′ (e)
> 1 + u (e) + u (e−Q) (146)

Intuitively, eq. (146) holds if either the utility function is steep between e−Q and e, or the

income shock due to a disaster is quite large relative to the exogenous income (e−Q ∼ 0). If

condition (146) does not hold, then the expected utility with integration is strictly increasing
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at the autarky allocation.

STEP 2

Given that by assumption the expected utility of the social planner is continuously di�eren-

tiable (it is su�cient for this that u is continuously di�erentiable), according to Step 1 two

scenarios might occur:

1. If
u′ (e−Q)

u′ (e)
> 1 + u (e) + u (e−Q) (147)

then there is a maximum between the integration equilibrium and the autarky equilib-

rium, because we know that the autarky allocation is Pareto superior to the integration

equilibrium allocation from 2. This scenario can be represented as in Figure 1:

Figure 10: Social planner allocation if condition (147) holds

2. If the condition (147) does not hold, then the autarky allocation is a local maximum
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Figure 11: Social planner allocation if condition (147) holds

STEP 3

In Step 1 and 2 it was found that there exists a local maximum characterized by a higher

level of home bond holdings than in the competitive equilibrium. Under the assumption of

strict concavity of the expected utility function of the social planner with respect to h, this

local maximum is also global maximum, that is, �rst best.
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