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Abstract

We propose a simplified framework for evaluating conditional predictive densities based
on the probability integral transform (PIT). The approach accommodates a wide range
of estimation schemes, including expanding and rolling windows, and applies to both
stationary and non-stationary processes. By treating the PIT as a primitive, our approach
enables researchers to apply widely used tests in settings where their validity was
previously uncertain. Monte Carlo simulations demonstrate favorable size and power
properties of the tests. In an empirical application, we show that incorporating stochastic
volatility into an unobserved components model is essential for generating correctly
calibrated density forecasts of US industrial production growth at both monthly and
quarterly frequencies.

Keywords: predictive density, forecast evaluation, probability integral transform,
Kolmogorov-Smirnov test, Cramér-von Mises test.

JEL classification: C22, C52, C53.



Resumen

Proponemos un marco simplificado para evaluar densidades predictivas condicionadas
basado en la transformacion integral de probabilidad (TIP). Este planteamiento acomoda
un amplio abanico de métodos de estimacion, incluyendo ventanas méviles y expansivas,
y es adaptable tanto a procesos estacionarios como no estacionarios. Al tratar la TIP como
un elemento primitivo, nuestra estrategia permite a los investigadores realizar contrastes
de especificacion cominmente utilizados a contextos donde su validez era, previamente,
desconocida. Las simulaciones Montecarlo muestran propiedades favorables en cuanto al
tamafo y potencia de las pruebas. En una aplicaciéon empirica mostramos que incorporar
volatilidad estocastica en un modelo de componentes no observados es esencial para
generar densidades predictivas correctamente especificadas de la produccién industrial
de Estados Unidos, tanto a frecuencias mensuales como trimestrales.

Palabras clave: densidad predictiva, evaluacion de predicciones, transformacion integral
de probabilidad, test de Kolmogorov—Smirnov, test de Cramér-von Mises.

Codigos JEL: C22, C52, C53.



1 Introduction

Since the turn of the millennium, probabilistic forecasting in economics and finance has grown
from a niche area into a central component of forecasting practice across academia, policy
institutions, and industry. See Timmermann (2000) for early applications, and Gneiting and
Katzfuss (2014) and Timmermann and Elliott (2016) for more recent overviews. Researchers and
policymakers now increasingly focus not only on the expected path of variables like inflation,
growth, or house prices, but also on the uncertainty around these forecasts—see, for example,
the Federal Open Market Committee’s Summary of Economic Projections! or the International
Monetary Fund’s house prices-at-risk analysis (International Monetary Fund, 2019).

Given the importance of probabilistic forecasts, assessing their correct specification is essential.
A realization may fall in a low-density region of the forecast, which can result from misspecifica-
tion or the realization of a low-probability event. Statistical inference helps distinguish between
these possibilities. For this purpose, Diebold et al. (1998) introduced the probability integral
transform (PIT) into economics and proposed several visual assessments of two key properties
of the PIT under correct specification: uniformity and independence. To handle parameter
estimation uncertainty, Bai (2003) applied Khmaladze’s transformation to eliminate nuisance
parameters that appear in the empirical process once estimation uncertainty is accounted for,
obtaining a Kolmogorov-type test. Parameters are evaluated at their pseudo-true limiting values.
Corradi and Swanson (2006a,c) developed and extended tests based on the PIT empirical process
by incorporating dynamic misspecification and parameter estimation error.

Multivariate extensions using the Rosenblatt transformation can be found in Diebold et al.
(1999), Bai and Chen (2008) and Dovern and Manner (2020).

Kniippel (2015) formulated tests of PIT uniformity based on raw moments. More recently,
Kniippel et al. (2023) developed tests of correct calibration of multivariate predictive distributions
based on proper scoring rules. Both aforementioned papers treat forecasts as primitives, without
accounting for parameter estimation uncertainty, akin to Diebold et al. (1998).

Rossi and Sekhposyan (2019) proposed tests which preserve parameter estimation error
asymptotically under the null hypothesis of correct calibration. Users can readily apply their
method in a variety of settings where correcting for parameter estimation error would be either
undesirable, such as when one is interested in actual forecasting performance (as opposed to

population-level performance), or infeasible. Typical cases of the latter are survey forecasts, and

1The complete history of the Federal Open Market Committee’s Summary of Economic Projections is available at
https:/ /www.federalreserve.gov/monetarypolicy /fomccalendars.htm.
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in general when the researcher evaluating the predictions does not have access to the model
which generated them. Their test is also one of the few ones applicable to multiple-step-ahead
predictive densities, as most of the econometrics literature on specification testing of conditional
predictive densities has focused on one-step-ahead forecasts. Prominent applications of Rossi
and Sekhposyan (2019) include Adrian et al. (2019), Adrian et al. (2021), Lhuissier (2022) and
Clark et al. (2024). All these applications share a common element: the models were estimated in
expanding windows, which is not covered by Rossi and Sekhposyan (2019), whose tests were
designed for a finite (i.e., rolling) estimation window. In particular, their Assumption 2 allows the
predictive distribution to depend only on a finite lag of observations. This stands in contrast to
the usual practice of estimating models with dynamic latent variables—such as dynamic factor
models, hidden Markov models, or stochastic volatility models—where filtering typically exploits
the entire history of the process. Thus, bridging the gap between the theoretical validity of Rossi
and Sekhposyan’s (2019) tests and their empirical applications is of immediate interest.

Our first contribution is providing an alternative set of assumptions under which we prove
that the tests remain valid. By abstracting from parameter estimation uncertainty and treating
the PITs as primitives (similarly to Diebold et al., 1998, Kniippel, 2015, Kniippel et al., 2023 and
Demetrescu et al., 2025), our framework accommodates both rolling and expanding window
estimation schemes, as well as stationary and non-stationary processes. As a novelty, we consider
weighted test statistics, which allow researchers to focus on specific parts of the predictive
distribution (e.g., the left tail) without completely disregarding incorrect calibration appearing
in other regions. Second, we demonstrate through Monte Carlo simulations that the tests have
favorable size and power properties under our proposed alternative assumptions. Finally, in an
empirical application forecasting US industrial production, we find that incorporating stochastic
volatility into an unobserved components model leads to correctly calibrated density forecasts.

Two remarks are in order. First, in line with Rossi and Sekhposyan (2019), our framework is
useful to evaluate forecasts, not models (see also Diebold, 2015). Second, in contrast to e.g., Amisano
and Giacomini (2007) and Gneiting and Ranjan (2011) but similarly to earlier contributions cited
above which build on the PIT, we focus on absolute, rather than relative, density forecast evaluation.

The remainder of the paper is structured as follows. Section 2 introduces the notation and
defines the main objects. Section 3 presents our proposed tests. Section 4 demonstrates the size
and power of our testing procedure through Monte Carlo simulations, and Section 5 illustrates
our approach through an empirical example of forecasting US industrial production. Section 6

concludes. Proofs and additional results are collected in the Appendices.
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2 Notation and definitions

This section introduces the notation and definitions describing the econometric framework. The
notation largely follows that of Rossi and Sekhposyan (2019).

Consider the stochastic process {Z; : Q) — R""1}%, defined on a complete probability space
(Q), Z,P). Partition the observed vector Z; as (y;, X{)" where y; : QO — R is the scalar variable of
interest and X; : () — IR" is a set of predictors, potentially incorporating lagged values of y;. Let
Fi =0(2Z4,...,2Z;) denote the natural filtration.

Our interest lies in the true but unknown h-step-ahead predictive density of y,. conditional on
4, denoted by ¢o(- | %), and the corresponding conditional predictive cumulative distribution
function (CDF), denoted by ®y(- | .%;).> We assume that the forecaster has at her disposal a
sample of size T + h from the above stochastic process, divided into an initial in-sample period of
size E, fixed and finite, and an out-of-sample period of size P, where E4+ P —1+4+h =T + h. The
forecaster obtains a sequence of the h-step-ahead (h < co and fixed) predictive CDFs conditional
on the o-field % C .%; (one can think of . as the forecaster’s information set), denoted by
@1, (v | #)-> No restrictions are imposed on the methods used by the forecaster, be it classical,
Bayesian, some heuristic or a combination of these (e.g., when the researcher applies judgment to
adjust a model-based forecast). Researchers are free to use both rolling and expanding window
estimation schemes, making this test a pseudo out-of-sample test.

The probability integral transform (PIT) is the conditional predictive CDF evaluated at the

realization, formally:

Yitn
Ctan = P Yean | H) = [m Pen(y | H) dy . (1)

Forr € [0,1], let ¢(r) = P(&;,, < r) — r be the difference between the CDFs of the PIT and the

uniform distribution. Let 1{-} denote the indicator function and consider ¢p(r) given by

1

T
op(r) =5 ) (MG <1} —1) . 2
t=E

el

Finally, let ¥p(r) be the corresponding uniform empirical process:

T
¥p(r) = VPep(r) = P2 Y (1{&n <1} —1) . ©)
{=E

2The true conditional density may depend on the forecast horizon k (which is taken as fixed) and time period
t, which we omit without loss of generality to simplify notation. Furthermore, ¢o(- | -) and ®g(- | -) denote generic
densities and distributions, respectively, not necessarily Gaussian.

3As before, @, (- | -) stands for a generic distribution, not necessarily Gaussian.
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3 Asymptotic tests

This section presents the proposed tests of correct calibration of predictive densities and the
underlying assumptions. Often, prominent papers using the PIT to test the specification of
predictive distributions, such as Corradi and Swanson (2006a) and Rossi and Sekhposyan (2019),
specify a series of assumptions about the behavior of the stochastic process {Z;}, such as a-mixing
at a particular rate, and prove that some of these desirable characteristics are inherited by the
PITs. This paper takes a different approach, akin to Diebold et al. (1998), Kniippel (2015) and
Kniippel et al. (2023), in that we directly study the behavior of the PITs. By leveraging the results
in Lemmas 1 and 2 below, we obtain the same asymptotic distribution of ¥p(r) as Rossi and
Sekhposyan (2019) in an alternative framework. On the one hand, our approach abstracts from
parameter estimation uncertainty and the specific estimation scheme (e.g., rolling or recursive
window) that a researcher might choose. However, as long as a forecaster is comfortable with
the assumptions listed in this section, our results provide theoretical support for the continued
use of Rossi and Sekhposyan’s (2019) test even in cases which were not covered by their original
contribution. For convenience, all proofs are collected in Appendix A.

The null hypothesis states that all predictive distributions are well specified, as in Rossi and

Sekhposyan (2019), formally:
Hy: Py | #A) =Po(y | %) forall t=E,...,T. 4)

The alternative hypothesis, Hy, is the negation of Hy. The null hypothesis can be interpreted as
testing that the forecaster could not have specified more accurate predictive densities exploiting
all available information.

Our proposed framework relies on the following two assumptions.*

Assumption 1 (Continuity). ®o(y;4y | F:) is continuous.

Assumption 2 (Pairwise stationarity). P(Po(y;1p, | Zt) < 11, Po(Yisrnid | Fira) < 12) = Fyi(r1,12),

where 11,1, € [0,1].

These assumptions are similar to Rossi and Sekhposyan’s (2019) Assumption 1 (ii) and (iii).
Assumption 1 rules out CDFs of discrete (or certain mixed) distributions. Assumption 2 imposes

a pairwise stationarity condition on the PITs. Importantly, the joint distribution of the PITs d

“With a slight abuse of notation, the subindices of y refer to the time indices of the CDFs, with y being the
argument, not the realization.
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periods apart is only allowed to depend on d but not on t. Note that in the terminology of
Sklar (1959), F;(,-) is the bivariate copula of (y;1y | %) and (Ysipia | Fi1q). As an example,
take the case of a Gaussian random walk. The h-step-ahead forecast errors constitute a moving
average of order 1 — 1 with all coefficients being 1. As a result, these are jointly normal with
correlation pj, 4 = ’hh;d’ if |d| < h —1, and 0 otherwise. It means that, for a fixed h, F;(r1,12) is a
Gaussian copula with correlation parameter pj, 4. The process satisfies Assumption 2 despite being
integrated of order one, and thus being outside the coverage of Assumption 1 (i) of Rossi and

Sekhposyan (2019). The basis of the test is the uniformity of the PITs, summarized in Lemma 1.

Lemma 1 (Conditional uniformity of PITs). Under Hy and Assumption 1, the PITs are uniformly
distributed: {&,}_p ~ U(0,1).

In the case of h = 1, it is known that the PITs are independently and identically distributed
(iid), see Lemma 1 of Bai (2003), so the classical Central Limit Theorem (CLT) can be applied. In
the general case, PITs are (h — 1)-dependent, as shown in Lemma 2, to which a corresponding

CLT applies.

Lemma 2 (PITs are (it — 1)-dependent). Under Hy and Assumption 1, the PITs {&_,}_p are (h — 1)-

dependent.

The asymptotic distribution of the uniform empirical process, as the size of the out-of-sample

period diverges (P — ), is given by Theorem 1.

Theorem 1 (Asymptotic distribution of Yp(r)). Under Hy and Assumptions 1 and 2,
¥r(-) = ¥(), (5)

where “=>" denotes weak convergence, Y (-) is a mean-zero Gaussian process with covariance kernel
o(ry,r) = ZZ;%_h (Fi(r1,72) —r1r2), and P (¥ (-) € C[0,1]) = 1, where C[0,1] is the space of contin-

uous functions on the unit interval.

The covariance kernel will typically contain nuisance parameters. In the special case of h = 1
no nuisance parameters appear as the variables in Fy are identical, and o(r1,72) = min{ry, 72} —
r1r2. Hence, ¥ (-) corresponds to a Brownian bridge process. Note that our covariance kernel is
written as a truncated version of the one in Rossi and Sekhposyan’s (2019) Theorem 3. However,
by Lemma 2, which also applies to their case, F;(r1,12) = 1172 for |d| > h — 1, hence the covariance

kernels are in fact identical.
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To obtain the critical values of several empirical CDF-based test statistics (described shortly)
in the presence of nuisance parameters (h > 1), we propose a slightly modified weighted block
bootstrap procedure following that of Rossi and Sekhposyan (2019).> Given the sample w, let
¢rin(w) denote a particular realization of the PIT. Consider the following bootstrap empirical

process:

T—(+1 t+0-1

Yr(rw)=P V2 Y e Y (1{&n(w) <1} —71). (6)
t=E

i=t
The relevant assumption on the simulated auxiliary random variable #; is the following.

Assumption 3 (Bootstrap). {m}tT;g 1 are independent random variables, also independent of {§t+h}tT: s

have zero mean, variance 1/ and E () = O(1/¢?), where £ — oo as P — oo, and { = o(P1/2).
The validity of the bootstrap is given in the following theorem.

Theorem 2 (Bootstrap validity). Under Hy and Assumptions 1 to 3,
¥Yo(sw) =Y¥(), w—as. (7)

As suggested by Inoue (2001), an appealing choice of the auxiliary variables is #; LN (0,1/¢),
as the finite-sample distribution of ¥7}(-; w) will be Gaussian.

Due to / — o0 as P — oo in Assumption 3, the block size will asymptotically be larger than
h — 1, the window where the PITs exhibit dependence as per Lemma 2, and so it will capture
all relevant dependencies. However, in practical applications, depending on the choice of /, this
might not be the case. When the estimated covariance kernel is missing additional terms, it
will induce size distortion. The bootstrap will tend to deliver lower (higher) critical values if
the excluded bivariate copulas F;(-, -) exhibit positive (negative) dependence. Jointly with the
condition ¢ = o(P'/?), the previous remark implies that applications where h is large will require
a much larger P. In Section 4 we provide some examples where this behavior arises.

By Theorems 1 and 2 and the Continuous Mapping Theorem (CMT), one obtains the asymp-
totic behavior of several empirical CDF-based test statistics, summarized in Corollary 1. We
consider both unweighted and weighted Kolmogorov—Smirnov- and Cramér—von Mises-type test
statistics, denoted by xp and Cp, respectively, although the researcher is free to use any other to
which the CMT applies. In particular, the weighted test statistics emphasize regions of interest

through the non-negative continuous weight function w(r), similarly to the methods proposed

5In turn adapted from Inoue (2001).
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by Corradi and Swanson (2006b) and Gneiting and Ranjan (2011) for relative density forecast
evaluation. In this paper, we consider the following weight functions (taken from Gneiting and
Ranjan, 2011), which put emphasis on the regions in parentheses: i) w(r) = (1 — r)? (left tail), i)
w(r) = r? (right tail), iii) w(r) = r(1 —r) (center), iv) w(r) = (2r — 1)? (tails). The unweighted
statistics considered by Rossi and Sekhposyan (2019) obtain by setting w(r) = 1. Corollary 1 also
covers the case if a researcher is interested in testing correct specification in a certain region only

(e.g., in the left tail, r € [0,0.1]), rather than over the full distribution.®
Corollary 1 (Asymptotic distribution of Kolmogorov—Smirnov- and Cramér—von Mises-type test

statistics). Under Hy and Assumptions 1 to 3:

kp = sup [¥*(r; w)w(r)| LN sup [¥(r)w(r)| w—a.s. 8)
rel0,1] rel0,1]

[

1
CPE/
0

The bootstrap simulation algorithm is described in Appendix B.

¥ (r; w)?w(r) dr LN /01 Y(r)w(r)dr w—as. )

The results in this section show that the tests of Rossi and Sekhposyan (2019) are valid under
an alternative set of assumptions. Most importantly, at the cost of treating the PIT as a primitive
and abstracting from parameter estimation error, one no longer needs to rely on the a-mixing
assumption on the data {Z;}, that the conditional predictive distribution only depends on a fixed
set of R past and present observables, and that the model is estimated using a rolling window of
size R. Therefore, we provide the necessary theoretical guarantees for a wide range of applications
of Rossi and Sekhposyan’s (2019) tests, whose validity had previously been uncertain.

For one-step-ahead forecasts, the test statistics” distribution is free of nuisance parameters,
hence it is possible to tabulate their critical values. In Panels A and B, respectively, Table 1 shows
the critical values for Kolmogorov—Smirnov-type and Cramér—von Mises-type tests in various
regions and with various weight functions (in rows) at significance levels of 1%, 5% and 10%,
for various sample sizes, denoted by P, and asymptotically (in columns). Researchers can use
these to test the correct specification of one-step-ahead predictive densities, similarly to Rossi and
Sekhposyan’s (2019) Table 1, but our table i) also includes critical values for various finite sample
sizes, ii) covers weighted tests as well, and iii) uses slightly different quantiles to define tails (0.1

and 0.9 versus their 0.25 and 0.75, respectively).

®This region, denoted by p, is allowed to be a finite union of closed sets on [0, 1], not including empty sets or
singletons. In this case one takes the supremum over p or integrates over p in Equations (8) and (9), respectively.
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Table 1: Critical values for tests of correct specification of one-step-ahead predictive densities

Panel A: Kolmogorov-Smirnov-type tests

P =25 P =50 P =100 P =200 Asymptotic
Region or weight function 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
Full re€[0,1] 158 1.32 1.19 1.59 1.33 1.20 1.60 1.34 1.20 1.61 1.34 1.20 1.61 1.34 1.21
Left tail r € [0,0.1] 0.90 0.63 0.52 0.86 0.65 0.57 0.84 0.66 0.58 0.85 0.66 0.58 0.83 0.66 0.58
Right tail r € [0.9,1] 0.90 0.63 0.52 0.86 0.65 0.57 0.84 0.66 0.58 0.85 0.66 0.58 0.83 0.66 0.58
Left half r € [0,0.5] 150 1.24 1.10 1.52 1.24 1.11 153 1.25 1.11 1.53 1.26 1.12 1.53 1.25 1.12
Right half r € [0.5,1] 150 1.24 1.10 1.52 1.24 1.11 153 1.25 1.11 1.53 1.26 1.12 1.53 1.25 1.12
Center r€[0.1,0.9] 158 1.32 1.19 159 133 1.20 1.60 1.34 1.20 1.61 1.34 1.20 1.61 1.34 1.21
Tails r€ {[0,0.1]U[0.9,1]} 097 0.74 0.62 0.94 0.73 0.64 0.92 0.73 0.65 0.92 0.74 0.65 0.90 0.74 0.66
Left tail ~ w(r) = (1 —r)? 0.85 0.66 0.58 0.83 0.67 0.59 0.82 0.67 0.60 0.82 0.67 0.60 0.81 0.67 0.60
Right tail w(r) = r? 0.85 0.66 0.58 0.83 0.67 0.59 0.82 0.67 0.60 0.82 0.67 0.60 0.81 0.67 0.60
Center w(r)=r(1-r) 0.37 0.31 0.27 0.38 0.31 0.28 0.38 0.31 0.28 0.38 0.31 0.28 0.38 0.31 0.28
Tails w(r) = (2r —1)2 0.73 0.57 0.50 0.70 0.56 0.49 0.67 0.55 0.49 0.66 0.54 0.49 0.64 0.54 0.49
Panel B: Cramér—von Mises-type tests
P =25 P =150 P =100 P =200 Asymptotic
Region or weight function 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
Full r e [0,1] 0.73 046 035 0.74 046 035 0.74 046 035 0.74 046 035 0.74 046 0.35
Left tail r € [0,0.1] 0.31 0.14 0.09 028 0.15 0.11 0.26 0.15 0.11 0.26 0.15 0.11 0.26 0.15 0.11
Right tail r € [0.9,1] 0.31 0.14 0.09 0.28 0.15 0.11 0.26 0.15 0.11 0.26 0.15 0.11 0.26 0.15 0.11
Lefthalf r € [0,0.5] 0.84 0.51 0.38 0.85 0.51 0.38 0.85 0.51 0.38 0.85 0.51 0.38 0.85 0.51 0.38
Right half r € [0.5,1] 0.84 0.51 0.38 0.85 0.51 0.38 0.85 0.51 0.38 0.85 0.51 0.38 0.85 0.51 0.38
Center r € [0.1,0.9] 0.89 0.56 0.42 0.90 0.56 0.42 0.91 0.56 0.42 0.90 0.56 0.42 0.91 0.56 0.42
Tails re {[0,01]U[09,1]} 022 0.12 0.09 020 0.12 0.09 0.19 0.12 0.09 0.19 0.12 0.09 0.18 0.12 0.10
Left tail  w(r) = (1—71)2 0.23 0.14 0.11 0.23 0.14 0.11 0.23 0.14 0.11 0.23 0.14 0.11 0.23 0.14 0.11
Right tail w(r) =2 0.23 0.14 0.11 0.23 0.14 0.11 0.23 0.14 0.11 0.23 0.14 0.11 0.23 0.14 0.11
Center w(r)=r(1—r) 0.16 0.10 0.07 0.16 0.10 0.07 0.16 0.10 0.07 0.16 0.10 0.07 0.16 0.10 0.07
Tails w(r) = (2r—1)2 0.13 0.08 0.06 0.13 0.08 0.06 0.13 0.08 0.06 0.13 0.08 0.06 0.13 0.08 0.06

Note: The table reports the critical values of the correct specification of predictive densities in various regions and with various
weights (in rows) at the 1%, 5% and 10% significance levels for different sample sizes, denoted by P, and asymptotically (in columns),
based on Kolmogorov-Smirnov-type and Cramér-von Mises-type statistics in Panels A and B, respectively. The finite-sample
critical values are simulated based on the independent standard uniform distribution of the PITs. The asymptotic critical values
are simulated based on the limiting Gaussian process. The number of Monte Carlo simulations is 1,000,000. The domain of r is

discretized over [0 : 0.001 : 1].

4 Monte Carlo results

In this section, we analyze the size and power properties of our test in finite samples, using

a variety of DGPs (Data Generating Processes). We repeat the Monte Carlo exercises in Rossi

and Sekhposyan (2019) with the difference that the true predictive conditional CDF, denoted by

Do (y; 1] F1), is allowed to be a function of all past values instead of only the last R values.” In

their notation, we allow for R/P — 1. Additionally, we extend the Monte Carlo experiments to

include non-linear and non-Gaussian processes.8 In the exercises, the predictive distribution used

by the forecaster coincides with the true predictive distribution under Hy, despite parameters

being estimated. Therefore we still consider a simple rather than a composite hypothesis. In all

exercises, the nominal size of the tests is 5%.

"We adapt DGPs S1-S5 and P1-P4 from Rossi and Sekhposyan (2019).

8DGPs $6-S7 and P5-P6 are novel relative to Rossi and Sekhposyan (2019).
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4.1 Size analysis

First, we investigate the size properties of the tests. DGPs S1-S3 are based on one-step-ahead
forecast densities, while DGPs S54-57 correspond to multi-step-ahead forecasts.
DGP S1: Baseline Model. The first model features a time-varying intercept y; and a non-

persistent predictor x;_1, and is given by

Yt = Ut + X1 + &, (10)
-1
i=2 Xj-1Yj
Mt = <]t12 - 1) Xt-1, (11)
Zj:z Xiq
where x; NN (0,1), & N (0,1), and x; and ¢; are independent contemporaneously and at all
iid

leads and lags. The forecasting model is y; = Bx;—1 + e; with e; ~ N(0,1), where S is recursively
estimated by OLS.

DGP S2: Extended Model. The second model adds persistence to the regressor, and reads

Yi = pe+yxe1 + e, (12)

xr =024 08x;_1 + 114, (13)
Y5 X1y

=\ —=—=>5— 7| %1, (14)
( 2§:% szfl

where ¢; i N(0,1), v iid N(0, 1.082), ; and v; are independent contemporaneously and at all

leads and lags, and y = 0.48. The forecasting model is y; = Bx;_1 + e; with e; N (0,1), where B
is recursively estimated by OLS. The parametrization, taken from Rossi and Sekhposyan (2019),
mimics a scenario where a researcher forecasts one-quarter-ahead US real GDP growth with the
lagged term spread from 1959:Q1 to 2010:Q3.

DGP S3: GARCH(1,0) Model. Introduced by Engle (1982) and generalized by Bollerslev
(1986), Generalized Autoregressive Conditional Heteroskedasticity or GARCH models have

become a cornerstone of financial econometrics. The third model is a GARCH(1,0), written as

Yy = O1€t, (15)
07 = pot + 1071, (16)
1 = 2 \.2 2
Po = (t—z Y (0o, + p107_1)€j — p10t1> , (17)
j=2
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where ¢; i N(0,1) and p; = 0.1. The forecasting model is y; = Vier where 9 = (t —
jid
2)" 'Y, y7 and e ~ N(0,1).
DGP S4: Serial Correlation Model. Adding a moving average (MA) component to the error
term in DGP S1, the data are generated by

Ye=Me+ X1+ &+ pgr—1, (18)

where x; i N(0,1), & i N(0,1), x; and ¢; are independent contemporaneously and at all leads
and lags, p = 0.2, and y; is defined as in DGP S1. The forecasting model is y; = Bx;_1 + e; with
e N (0,1 + p?), where B is recursively estimated by OLS.

DGP S5: IMA Model. The integrated moving average (IMA) DGP is given by

h—1

yi=pit+e— Y ple, (19)
=1

t—1

1
- ):: (20)

where ¢; i N(0, 1.2612), p = 0.275, and h corresponds to the forecast horizon. This parametriza-
tion was chosen by Rossi and Sekhposyan (2019) from Table 3 in Stock and Watson (2007), who
modeled changes in GDP price inflation during the Great Inflation, between 1960:Q1 and 1983:0Q4.
The estimated model is y; = B + e; with e; N0 (0, (1+ Zh ! 0%)1.2612), where B is recursively
estimated by OLS.

Even though the models for multi-step-ahead forecasts, DGPs S4 and S5, are written in
terms of one-step-ahead densities, they contain MA components, whose structure is unexploited
when forming density forecasts. Therefore the forecast errors have an MA structure, just like
multi-step-ahead forecast errors obtained from linear models.

Next, we move on to consider processes which allow for richer and more complex behavior.
These models are more naturally estimated in recursive windows rather rolling windows. The
latter scheme, by limiting the dependence on a finite lags of observables, might entail a loss of
parameter estimation efficiency.

DGP S6: Random walk with jumps. This is a discrete version of the Merton (1976) jump

diffusion process, given by

1, N1
St+1 = St-exp <V —57 ) toe+ ) Yir | (21)

i=1
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where ¢ 2 N(0,1), iy X N(—0.562,6%) and N; u P (A), where Z(A) denotes the Poisson

distribution with parameter A, and S; stands for the stock price at time t. Our variable of interest
is the cumulative h-period logarithmic return given by y;,, = In (%—t”) The predictive CDF

reads

ad —a,\ _a, (AR
Do (yin|Ft) = Y F7 <‘%+h> e )‘hu, (22)

I
= S n!

where Fz(-) is the standard normal CDF, a, = (u — 0.5¢%)h — 0.56’n and s2 = ho? + né>.?
Parameter values, based on S&P 500 index returns expressed in percentage form on a daily basis,
are taken from Table VI (Column BSJ) in Andersen et al. (2002): 4 = 0.0631,c = 0.7166, § = 0.0135
and A = 0.0591. Such value of A implies approximately 15 jumps per business year. We consider
h = {1,5}, corresponding to one-day-ahead and one-week-ahead returns, respectively.

DGP S7: GARCH(1,1). Despite many variations and developments, the Gaussian GARCH(1,1)
model remains competitive among variants of the same family (see e.g., Hansen and Lunde,
2005) or against newer forecasting approaches such as quantile regressions in the Growth-at-Risk

literature (see e.g., Brownlees and Souza, 2021). The GARCH(1,1) model is given by

Yt = i€, (23)
0f = w+ayi g + oy, (24)
where & N(0,1). We set the parameter values as w = 0.0070, « = 0.1314 and B = 0.8563.
These are provided by Volatility Laboratory (V-Lab) at NYU Stern and correspond to GARCH(1,1)
parameters estimated using the Mexican Peso-USD exchange rate from May 31, 1995 to June 6,
2025.1 Notice that a + B ~ 1, indicating that near unit-root behavior is present in the volatility
equation, as is common in exchange rate series. For y; being daily log returns, v, corresponds
to the daily return h days ahead. i.e., the log return of holding the asset from day t +h — 1 to
t 4+ h. Therefore the results of DGP S6 and S7 are not directly comparable as different objects are
forecast. In the exercises, we consider forecasts both one and five steps ahead, corresponding
to one-day-ahead and one-week-ahead forecasts. For h = 1 the predictive CDF is normal:
Do (yi+1|-Ft) = N(0,w + ay? + Bo?), while for h = 5 we approximate it by simulating the model

forward 5000 times.

9In the simulations, the infinite sum in Equation (22) is truncated at the 99.99th percentile of the compound Poisson
process.
19The data and parameter estimates are available on the V-Lab website at https:/ /vlab.stern.nyu.edu/.
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Size results for DGPs S1-53 are shown in Table 2. For sample sizes up to and including P = 200,
the finite-sample critical values tabulated in Table 1 are used, while results for P = {500,1000} are
based on the tabulated asymptotic critical values. The table shows that the tests maintain correct
size in both small and large samples. In line with the results reported in Rossi and Sekhposyan
(2019), the use of finite-sample critical values leads to improved size properties in small samples,
as shown in Appendix C.

Table 3 shows the empirical rejection rates of the tests for multi-step-ahead DGPs, S4 and
S5. In the case of DGP 54, Panel A demonstrates that most configurations lead to desirable size
control even for small sample sizes. As two exceptions, we see overrejection for small to moderate
sample sizes (up to P = 200) when restricting the domain of r to either the left or the right tail,
and underrejection when focusing on the tails using the weight function in conjunction with the
Kolmogorov-Smirnov statistic. However, for large sample sizes all tests reject approximately
at the nominal level of 5%. Turning to DGP S5, Panels B to D generally show reasonable size
properties, albeit with empirical rejection rates gradually approaching the nominal 5% level from
below when considering the full distribution, i.e., » € [0,1]. Additionally, we observe a pattern of
over- and underrejections when focusing on the tails, similar to the case of DGP 54.

All simulation results shown in Table 3 are based on setting the bootstrap block length as
¢ = max{h —1, | PY/3|}. While asymptotically, as P — oo with finite and fixed , this is equivalent
to setting £ = | P'/3|, we see slightly better empirical rejection rates when the choice of block
length takes into account the maximum dependence of the PITs under the null hypothesis, and
hence we suggest that empirical researchers use this rule. See Appendix C for further details.

Table 4 shows the empirical rejection rates of DGPs S6 and S7 at horizons of h = 1 and h = 5.
At the one-step-ahead horizon (Panels A and C), all tests show excellent size control even with
P = 250 out-of-sample observations, which corresponds to approximately one business year. At
the five-step-ahead horizon, Panels B and D show some overrejection in small to moderately
sized samples (up to P = 1000) especially when restricting attention to either the left or the right
tail (r € [0,0.1] or r € [0.9,1], respectively), while the weighted counterparts (w(r) = (1 —r)? or
w(r) = r?, respectively) are somewhat less affected. Nevertheless, as the sample size reaches
P = 2500, corresponding to approximately ten business years, the empirical rejection rates are in

the close vicinity of the nominal size of 5%.
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Table 2: Size properties: DGPs S1-53

Panel A: DGP S1
P=25 P =50 P =100 P =200 P =500 P =1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM

Full € [0,1] 0.049 0.051 0.049 0.049 0.051 0.047 0.044 0.046 0.054 0.051 0.048 0.050

Left tail r € [0,0.1] 0.051 0.049 0.047 0.047 0.048 0.051 0.051 0.052 0.054 0.049 0.044 0.050
Right tail r € [0.9,1] 0.051 0.051 0.050 0.049 0.048 0.048 0.051 0.051 0.051 0.048 0.042 0.050
Left half r € [0,0.5] 0.051 0.052 0.050 0.047 0.049 0.047 0.046 0.047 0.049 0.053 0.051 0.051
Right half r € [0.5,1] 0.051 0.051 0.049 0.050 0.050 0.047 0.045 0.045 0.048 0.049 0.051 0.050
Center r € [0.1,0.9] 0.048 0.052 0.049 0.050 0.051 0.048 0.044 0.046 0.054 0.050 0.048 0.049
Tails r € {[0,0.1]U[0.9,1]} 0.051 0.050 0.050 0.051 0.046 0.050 0.050 0.048 0.045 0.050 0.049 0.051
Left tail — w(r) = (1 —7r)2 0.049 0.052 0.049 0.048 0.049 0.048 0.053 0.047 0.050 0.052 0.051 0.051
Right tail w(r) = r? 0.050 0.051 0.048 0.048 0.050 0.048 0.048 0.047 0.045 0.050 0.048 0.050
Center w(r)=r(1—r7r) 0.050 0.052 0.049 0.049 0.051 0.049 0.046 0.046 0.051 0.050 0.049 0.048
Tails w(r) = (2r —1)? 0.051 0.051 0.049 0.046 0.046 0.050 0.051 0.047 0.050 0.049 0.052 0.052

Panel B: DGP S2
P =25 P =50 P =100 P =200 P =500 P =1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM

Full r e [0,1] 0.054 0.051 0.049 0.047 0.047 0.049 0.050 0.051 0.052 0.053 0.048 0.046

Left tail €10,0.1] 0.046 0.046 0.054 0.055 0.048 0.050 0.049 0.048 0.051 0.048 0.041 0.047
Right tail r € [0.9,1] 0.050 0.048 0.051 0.050 0.049 0.049 0.049 0.050 0.051 0.048 0.043 0.049
Left half € [0,0.5] 0.049 0.051 0.051 0.051 0.048 0.047 0.049 0.050 0.046 0.049 0.051 0.047
Right half € [0.5,1] 0.055 0.054 0.048 0.047 0.050 0.052 0.051 0.054 0.048 0.052 0.052 0.051
Center r €[0.1,0.9] 0.053 0.051 0.049 0.046 0.047 0.051 0.050 0.052 0.052 0.053 0.048 0.046
Tails r € {[0,0.1]U[0.9,1]} 0.048 0.047 0.053 0.054 0.048 0.048 0.048 0.049 0.045 0.049 0.049 0.049
Left tail ~ w(r) = (1—71)2 0.047 0.051 0.051 0.051 0.048 0.047 0.048 0.049 0.048 0.051 0.045 0.046
Right tail w(r) =2 0.052 0.053 0.051 0.048 0.052 0.052 0.054 0.053 0.050 0.052 0.051 0.051
Center w(r)=r(1-r) 0.054 0.052 0.049 0.048 0.049 0.051 0.049 0.052 0.049 0.053 0.051 0.047
Tails w(r) = (2r —1)2 0.047 0.049 0.054 0.051 0.050 0.047 0.049 0.049 0.050 0.048 0.048 0.050

Panel C: DGP S3
P=25 P =50 P =100 P =200 P =500 P =1000
Region or weight function K§S ¢&vM KS CvM KS CvM KS CvM KS CvM KS CvM

Full re[0,1] 0.049 0.049 0.045 0.046 0.050 0.048 0.045 0.048 0.053 0.051 0.045 0.047

Left tail € [0,0.1] 0.045 0.044 0.046 0.047 0.049 0.049 0.050 0.051 0.052 0.049 0.039 0.047
Right tail r € [0.9,1] 0.050 0.048 0.048 0.048 0.051 0.051 0.050 0.047 0.050 0.048 0.042 0.053
Left half r € [0,0.5] 0.047 0.049 0.046 0.044 0.049 0.046 0.048 0.047 0.049 0.053 0.048 0.047
Right half r € [0.5,1] 0.051 0.051 0.049 0.045 0.048 0.048 0.048 0.050 0.047 0.049 0.049 0.047
Center € [0.1,0.9] 0.049 0.049 0.045 0.046 0.050 0.048 0.045 0.048 0.053 0.052 0.045 0.048
Tails r€ {[0,0.1]U[0.9,1]} 0.049 0.047 0.045 0.047 0.049 0.048 0.049 0.048 0.045 0.050 0.043 0.049
Left tail ~ w(r) = (1 —71)2 0.046 0.050 0.047 0.046 0.049 0.045 0.047 0.049 0.049 0.053 0.048 0.045
Right tail w(r) = r? 0.051 0.052 0.050 0.047 0.049 0.047 0.049 0.049 0.048 0.049 0.049 0.049
Center w(r)=r(1-r) 0.048 0.049 0.049 0.044 0.049 0.047 0.048 0.048 0.052 0.052 0.049 0.048
Tails w(r) = (2r — 1)? 0.046 0.052 0.046 0.048 0.048 0.048 0.049 0.046 0.050 0.049 0.047 0.046

Note: The table reports the empirical rejection rates of the Kolmogorov-Smirnov- (KS) and Cramér-von Mises- (CvM) type tests
in various regions and with various weights (in rows) for different sample sizes, denoted by P (in columns) at the 5% nominal
size for DGPs S1-S3. For sample sizes up to and including P = 200, the finite-sample critical values reported in Table 1 are
used, while results for P = 500 and P = 1000 are based on the tabulated asymptotic critical values. The number of Monte Carlo
simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].
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Table 3: Size properties: DGPs S4 and S5

Panel A: DGP S4

P=25 P=150 P =100 P =200 P =500 P = 1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM
Full re0,1] 0.055 0.057 0.055 0.053 0.061 0.058 0.055 0.056 0.054 0.054 0.053 0.054
Left tail € [0,0.1] 0.127 0.162 0.109 0.104 0.089 0.080 0.076 0.071 0.057 0.056 0.058 0.055
Right tail r € [0.9,1] 0.131 0.167 0.114 0.111 0.090 0.081 0.075 0.069 0.062 0.062 0.057 0.057
Left half € [0,0.5] 0.068 0.064 0.061 0.059 0.063 0.059 0.059 0.057 0.057 0.055 0.052 0.054
Right half € [0.5,1] 0.067 0.066 0.060 0.060 0.063 0.056 0.056 0.055 0.054 0.051 0.052 0.052
Center r € [0.1,0.9] 0.056 0.057 0.055 0.053 0.061 0.058 0.055 0.056 0.054 0.054 0.053 0.053
Tails re {[0,0.1]U [0.9,1]} 0.047 0.059 0.050 0.053 0.048 0.053 0.056 0.055 0.051 0.053 0.054 0.052
Left tail  w(r) = (1—r) 0.073 0.064 0.070 0.057 0.064 0.061 0.061 0.056 0.056 0.055 0.052 0.054
Right tail w(r) = 72 0.075 0.065 0.067 0.060 0.063 0.057 0.057 0.054 0.055 0.053 0.055 0.052
Center w(r)=r(l-—r) 0.066 0.058 0.061 0.054 0.062 0.057 0.057 0.056 0.057 0.054 0.053 0.053
Tails w(r) = (2r — 1)2 0.011 0.049 0.023 0.053 0.031 0.057 0.044 0.054 0.050 0.055 0.051 0.054
Panel B: DGP S5, h = 2
P=25 P =50 P =100 P =200 P =500 P = 1000
Region or weight function KS ¢&vM KS CvM KS CvM KS CvM KS CvM KS CvM
Full re€[0,1] 0.025 0.018 0.035 0.026 0.036 0.027 0.041 0.031 0.045 0.038 0.043 0.043
Left tail € [0,0.1] 0.094 0.127 0.085 0.086 0.070 0.062 0.061 0.055 0.053 0.049 0.051 0.051
Right tail r € [0.9,1] 0.099 0.134 0.083 0.080 0.070 0.061 0.062 0.058 0.052 0.050 0.054 0.050
Left half [0,0.5] 0.029 0.022 0.038 0.030 0.041 0.033 0.042 0.037 0.046 0.042 0.043 0.043
Right half r € [0.5,1] 0.032 0.025 0.036 0.029 0.039 0.030 0.042 0.034 0.043 0.038 0.043 0.043
Center [0.1,0.9] 0.025 0.018 0.035 0.026 0.036 0.028 0.041 0.031 0.045 0.037 0.043 0.042
Tails r€ {[0,0.1]U[0.9,1]} 0.049 0.062 0.054 0.055 0.050 0.050 0.052 0.049 0.048 0.048 0.051 0.047
Left tail  w(r) = (17r)2 0.037 0.021 0.044 0.030 0.046 0.032 0.050 0.036 0.047 0.042 0.051 0.044
Right tail w(r) =2 0.040 0.024 0.047 0.031 0.042 0.029 0.048 0.033 0.046 0.035 0.049 0.045
Center w(r)=r(1-r) 0.029 0.019 0.035 0.025 0.038 0.028 0.041 0.032 0.045 0.038 0.042 0.042
Tails w(r) = (2r—1)2 0.013 0.027 0.028 0.032 0.036 0.034 0.044 0.038 0.043 0.039 0.051 0.045
Panel C: DGP S5, h = 4
P=25 P=50 P =100 P =200 P =500 P = 1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM
Full €[0,1] 0.019 0.010 0.024 0.015 0.029 0.018 0.034 0.026 0.035 0.028 0.040 0.036
Left tail r € [0,0.1] 0.085 0.118 0.081 0.079 0.061 0.057 0.057 0.050 0.050 0.048 0.050 0.047
Right tail r € [0.9,1] 0.090 0.122 0.076 0.074 0.066 0.056 0.056 0.049 0.049 0.045 0.054 0.050
Left half € [0,0.5] 0.025 0.017 0.029 0.020 0.032 0.025 0.038 0.031 0.035 0.031 0.040 0.038
Right half r € [0.5,1] 0.023 0.016 0.028 0.020 0.031 0.025 0.036 0.032 0.036 0.032 0.040 0.037
Center r€10.1,0.9] 0.019 0.010 0.024 0.015 0.029 0.018 0.034 0.026 0.035 0.028 0.040 0.037
Tails re€ {[0,0.1]U[0.9,1]} 0.052 0.060 0.051 0.050 0.043 0.044 0.047 0.042 0.044 0.045 0.050 0.050
Left tail  w(r) = (1—1’)2 0.031 0.016 0.039 0.019 0.040 0.024 0.043 0.029 0.039 0.031 0.043 0.039
Right tail w(r) =2 0.034 0.017 0.038 0.019 0.040 0.023 0.042 0.029 0.041 0.032 0.044 0.037
Center w(r)=r(1—r7r) 0.023 0.011 0.026 0.016 0.031 0.018 0.035 0.027 0.036 0.029 0.042 0.037
Tails w(r) = (27’71)2 0.016 0.021 0.025 0.025 0.030 0.026 0.039 0.032 0.040 0.035 0.045 0.040
Panel D: DGP S5, h = 12
P=25 P=150 P =100 P =200 P =500 P = 1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM
Full €10,1] 0.049 0.052 0.023 0.021 0.031 0.026 0.038 0.028 0.039 0.036 0.038 0.035
Left tail € [0,0.1] 0.070 0.088 0.068 0.061 0.057 0.054 0.060 0.057 0.053 0.051 0.048 0.050
Right tail r € [0.9,1] 0.068 0.083 0.070 0.062 0.067 0.060 0.060 0.056 0.049 0.047 0.045 0.048
Left half r € [0,0.5] 0.065 0.071 0.028 0.027 0.035 0.031 0.041 0.035 0.041 0.037 0.041 0.038
Right half r € [0.5,1] 0.066 0.068 0.031 0.029 0.036 0.030 0.040 0.035 0.044 0.040 0.039 0.038
Center € [0.1,0.9] 0.050 0.057 0.024 0.023 0.032 0.027 0.038 0.028 0.039 0.037 0.038 0.035
Tails r € {[0,0.1]U[0.9,1]} 0.056 0.056 0.052 0.046 0.049 0.047 0.054 0.050 0.049 0.045 0.044 0.046
Left tail  w(r) = (1—r)2 0.058 0.058 0.038 0.025 0.038 0.029 0.045 0.033 0.047 0.039 0.045 0.038
Right tail w(r) = 0.061 0.057 0.039 0.027 0.041 0.029 0.042 0.034 0.048 0.039 0.042 0.036
Center w(r) = (l—r) 0.066 0.059 0.030 0.024 0.035 0.028 0.041 0.029 0.039 0.037 0.040 0.036
Tails w(r) = (2 r—l) 0.043 0.045 0.035 0.023 0.038 0.032 0.045 0.037 0.043 0.040 0.041 0.038

Note: The table reports the empirical rejection rates of the Kolmogorov-Smirnov- (KS) and Cramér-von Mises- (CvM) type tests
in various regions and with various weights (in rows) for different sample sizes, denoted by P (in columns) at the 5% nominal
size for DGPs 54 and S5. For all sample sizes P, the critical values are based on 5000 bootstrap replications with block length
£ =max{h —1,[ P3|} . The number of Monte Carlo simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].
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Table 4: Size properties: DGPs S6 and S7

Panel A: DGP S6, h =1

P =250 P =500 P =1000 P = 2500
Region or weight function KS CvM KS CvM KS CvM KS CvM
Full rel0,1] 0.050 0.048 0.057 0.052 0.049 0.048 0.054 0.055
Left tail r €[0,0.1] 0.047 0.049 0.055 0.053 0.041 0.048 0.053 0.052
Right tail  r €[0.9,1] 0.046 0.052 0.056 0.054 0.043 0.046 0.050 0.052
Left half r €0,0.5] 0.050 0.051 0.051 0.052 0.051 0.051 0.051 0.055
Right half r € [0.5,1] 0.049 0.050 0.053 0.053 0.051 0.049 0.051 0.052
Center r €1[0.1,0.9] 0.050 0.049 0.057 0.052 0.049 0.048 0.054 0.055
Tails re€{[0,0.1]U[0.9,1]} 0.055 0.051 0.051 0.054 0.048 0.048 0.057 0.053
Left tail w(r)=(1- r)2 0.049 0.049 0.051 0.054 0.049 0.050 0.053 0.055
Right tail ~ w(r) = r2 0.051 0.051 0.055 0.055 0.049 0.049 0.052 0.052
Center w(r)=r(1-7r) 0.050 0.049 0.054 0.051 0.050 0.049 0.051 0.054
Tails w(r) = (2r— 1)2 0.054 0.050 0.053 0.053 0.050 0.049 0.053 0.053
Panel B: DGP S6, h = 5
P =250 P =500 P =1000 P = 2500
Region or weight function KS CvM KS CvM KS CvM KS CvM
Full rel0,1] 0.090 0.093 0.084 0.086 0.074 0.077 0.065 0.065
Left tail r € [0,0.1] 0.117 0.121 0.096 0.098 0.076 0.081 0.068 0.071
Right tail 7 € [0.9,1] 0.116 0.125 0.094 0.097 0.083 0.089 0.067 0.067
Left half r €0,0.5] 0.089 0.088 0.086 0.087 0.071 0.074 0.063 0.065
Right half r € [0.5,1] 0.093 0.093 0.080 0.083 0.078 0.077 0.065 0.064
Center r € 1[0.1,0.9] 0.090 0.093 0.084 0.086 0.074 0.076 0.065 0.065
Tails re {[0,0.1]U[09,1]} 0.071 0.091 0.073 0.086 0.068 0.078 0.065 0.067
Left tail w(r)=(1-— 7)2 0.094 0.091 0.089 0.087 0.075 0.077 0.069 0.065
Right tail ~ w(r) = r2 0.098 0.094 0.083 0.086 0.076 0.078 0.064 0.065
Center w(r)=r(1—r7) 0.090 0.091 0.084 0.084 0.074 0.076 0.065 0.065
Tails w(r) = (2r — 1)2 0.060 0.097 0.063 0.087 0.066 0.079 0.063 0.066
Panel C: DGP S7, h =1
P =250 P =500 P = 1000 P = 2500
Region or weight function KS CvM KS CvM KS CvM KS CvM
Full rel0,1] 0.049 0.048 0.050 0.048 0.049 0.053 0.052 0.051
Left tail r €10,0.1] 0.049 0.053 0.054 0.051 0.041 0.047 0.049 0.047
Right tail  r € [0.9,1] 0.045 0.046 0.049 0.047 0.041 0.048 0.046 0.046
Left half r € [0,0.5] 0.050 0.053 0.046 0.050 0.051 0.053 0.055 0.052
Right half r € [0.5,1] 0.047 0.048 0.048 0.049 0.052 0.050 0.047 0.048
Center r €10.1,0.9] 0.049 0.048 0.050 0.048 0.049 0.053 0.052 0.051
Tails re€ {[0,0.1]U[0.9,1]} 0.051 0.048 0.044 0.049 0.048 0.049 0.050 0.046
Left tail w(r)=(1-— r)2 0.055 0.053 0.050 0.049 0.051 0.052 0.053 0.054
Right tail ~ w(r) = r2 0.044 0.048 0.048 0.050 0.051 0.052 0.047 0.050
Center w(r)=r(l—r) 0.047 0.048 0.047 0.048 0.051 0.053 0.051 0.051
Tails w(r) = (2r— 1)2 0.056 0.051 0.049 0.051 0.052 0.052 0.046 0.051
Panel D: DGP S7, h =5
P =250 P =500 P = 1000 P = 2500
Region or weight function KS CvM KS CvM KS CvM KS CvM
Full r€[0,1] 0.059 0.052 0.054 0.051 0.053 0.053 0.053 0.050
Left tail r €0,0.1] 0.078 0.079 0.072 0.068 0.059 0.060 0.057 0.055
Right tail  r € [0.9,1] 0.080 0.078 0.070 0.067 0.063 0.063 0.058 0.056
Left half r € [0,0.5] 0.059 0.056 0.052 0.054 0.054 0.054 0.052 0.052
Right half r € [0.5,1] 0.057 0.054 0.056 0.053 0.051 0.051 0.051 0.052
Center r €1[0.1,0.9] 0.059 0.052 0.054 0.051 0.052 0.052 0.053 0.050
Tails re€{[0,0.1]U[09,1]} 0.066 0.070 0.066 0.067 0.058 0.059 0.056 0.056
Left tail w(r)=(1- r)2 0.067 0.056 0.063 0.057 0.055 0.052 0.055 0.052
Right tail ~ w(r) = r2 0.067 0.055 0.061 0.054 0.055 0.052 0.056 0.051
Center w(r)=r(l—r) 0.057 0.052 0.0563 0.051 0.053 0.052 0.052 0.050
Tails w(r) = (2r— 1)2 0.058 0.062 0.057 0.064 0.054 0.059 0.054 0.055

Note: The table reports the empirical rejection rates of the Kolmogorov—Smirnov- (KS) and Cramér—von Mises-
(CvM) type tests in various regions and with various weights (in rows) for different sample sizes, denoted by P
(in columns) at the 5% nominal size for DGPs S6 and S7, at horizons h = 1 and h = 5. For h = 1 the asymptotic
critical values reported in Table 1 are used, while for & = 5, the critical values are based on 5000 bootstrap
simulations. The number of Monte Carlo simulations is 10,000. The domain of  is discretized over [0 : 0.001 : 1].
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4.2 Power analysis

In the first set of power analysis exercises (DGPs P1-P4) we modify the innovation term &;
of the baseline model (DGP S1) and the serial correlation model (DGP S4) in two different
directions, following the spirit of the simulation examples in Rossi and Sekhposyan (2019). In
these simulations, the sample size is P = 1000.

DGPs P1 and P2: Linear combination of normal and chi-squared. In the first exercises,
DGPs P1 and P2, derived from DGPs S1 and S4, respectively, we set the error term ¢; as a
linear combination of a standard normal and a rescaled chi-squared with one degree of freedom:
er =V1—c-my++/c- (13, —1)/V2, where 1;, & (0,1) for i = 1,2, and 7, ¢ independent of
12,5 for all t and s. In this setup, ¢ = 0 corresponds to the null, and by increasing its value up to
¢ = 0.6 we deviate further and further from the null. Notice that ¢; has expected value zero and
unit variance for any 0 < ¢ <1.

DGPs P3 and P4: Student-t. In the second set of exercises, labeled DGPs P3 and P4, we
assume that the innovation term in the baseline and the serial correlation models, respectively,
follows a Student-t distribution with v degrees of freedom, appropriately rescaled to have unit
variance: &; i \/VVZ t,. When v — oo, we are under the null, and smaller values of v correspond
to larger deviations from the null.

Next, we investigate the power properties of the tests in a non-linear, non-Gaussian setup.

DGP P5: Random walk without jumps. In this exercise, the true DGP under the alternative
is based on DGP S6, but under the null we use a misspecified normal predictive CDF, where the
presence of jumps is ignored, corresponding to A = 0 (or § = 0). As the frequency A and size &
of the jumps increases, misspecification also increases. Since in these models, especially in the
absence of stochastic volatility, the magnitude of the jumps is very small, for the power exercise
we set the size of the jump to three times as large as the standard deviation of the diffusion
component, § = 3¢ = 3-0.7166, and use A to regulate the deviation from the null. Based on the
size properties reported in Table 4, we set P = 2500 in the power exercises.

For DGPs P1 and P2, the results in Table 5 indicate that in general, both Kolmogorov-Smirnov-
and Cramér—von Mises-type tests have good power in detecting misspecification in predictive
densities at both h = 1 and h = 2.1! As an exception, however, when restricting attention to
the right tail, i.e.,, r € [0.9,1], the tests fail to achieve satisfactory power even when ¢ = 0.60.

This is due to the fact that the linear combination of the normal and the chi-squared distributed

1 Additional results reported in Appendix C indicate that the tests still have power when considering a smaller
sample size, P = 100.
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innovations, when viewed through the lens of the normal CDE, is difficult to distinguish from a
normally distributed innovation’s upper tail. To illustrate this problem, Panel (a) of Figure 1 shows
the CDFs of the PITs when the innovations are distributed according to the linear combination,
but evaluated through the normal CDF. As we can see, deviations in the right tail are rather small.
Alternatively, one could use the weighting function w(r) = r?, which puts emphasis on the right
tail of the distribution without completely discarding deviations from uniformity in other regions.

As the results in Table 5 confirm, this strategy can lead to better power.

Table 5: Power properties: DGPs P1 and P2

Panel A: DGP P1, h = 1 (linear combination of normal and chi-squared)
c=000 ¢=015 ¢c=030 ¢c=035 ¢=040 c=045 c=050 c=0.60
Region or weight function =~ KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM

Full re[0,1] 0.05 0.05 0.08 0.07 0.32 0.31 0.47 0.49 0.65 0.68 0.82 0.87 0.94 0.97 1.00 1.00
Left tail r € [0,0.1] 0.05 0.05 0.06 0.08 0.28 0.40 0.45 0.60 0.66 0.79 0.84 0.94 0.96 0.99 1.00 1.00
Right tail r € [0.9,1] 0.04 0.05 0.05 0.06 0.08 0.11 0.10 0.13 0.15 0.17 0.22 0.24 0.29 0.29 0.50 0.50
Left half r € [0,0.5] 0.05 0.05 0.07 0.06 0.21 0.12 0.31 0.19 045 0.31 0.63 0.52 0.82 0.77 1.00 1.00
Right half r € [0.5,1] 0.05 0.05 0.08 0.09 0.37 0.39 0.53 0.56 0.70 0.73 0.85 0.87 0.95 0.96 1.00 1.00
Center r€[0.1,0.9] 0.05 0.05 0.08 0.07 0.32 0.30 0.47 0.46 0.65 0.65 0.82 0.83 0.94 0.95 1.00 1.00
Tails r € {[0,0.1]U[0.9,1]} 0.05 0.05 0.06 0.08 0.23 0.37 0.38 0.57 0.58 0.79 0.79 0.94 0.94 0.99 1.00 1.00
Left tail  w(r) = (1 —7)? 0.05 0.05 0.06 0.06 0.21 0.20 0.34 0.35 0.54 0.58 0.75 0.83 0.92 0.97 1.00 1.00
Right tail w(r) = r2 0.05 0.05 0.07 0.08 0.27 0.36 0.42 0.53 0.60 0.70 0.78 0.86 0.91 0.96 1.00 1.00
Center  w(r) =r(1-7) 0.05 0.05 0.08 0.08 0.31 0.31 046 0.46 0.62 0.64 0.79 0.82 0.91 0.94 0.99 1.00
Tails w(r) = (2r —1)2 0.05 0.05 0.07 0.06 0.31 031 0.50 0.54 0.72 0.79 0.90 0.95 0.98 1.00 1.00 1.00

Panel B: DGP P2, h = 2 (linear combination of normal and chi-squared)
c=000 ¢c=015 ¢=030 ¢c=035 ¢c=040 ¢c=045 ¢=050 c=0.60
Region or weight function =~ KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM

Full €[0,1] 0.05 0.05 0.07 0.07 0.25 0.24 0.37 0.36 0.52 0.53 0.68 0.71 0.84 0.88 0.99 1.00
Left tail r € [0,0.1] 0.05 0.06 0.09 0.11 0.32 0.42 0.47 0.59 0.66 0.78 0.82 0.91 0.94 0.98 1.00 1.00
Right tail r € [0.9,1] 0.06 0.05 0.06 0.06 0.09 0.07 0.12 0.08 0.16 0.10 0.22 0.13 0.31 0.16 0.52 0.28
Left half r € [0,0.5] 0.05 0.05 0.07 0.06 0.16 0.11 0.24 0.15 0.34 0.23 0.46 0.37 0.64 0.58 0.95 0.96
Right half r € [0.5,1] 0.05 0.05 0.08 0.08 0.30 0.31 0.43 0.45 0.58 0.60 0.72 0.74 0.85 0.87 0.98 0.99
Center r€[0.1,09] 0.05 0.06 0.07 0.07 0.25 0.23 0.37 0.35 0.52 0.50 0.68 0.67 0.84 0.84 0.99 0.99
Tails r € {[0,0.1]U[0.9,1]} 0.05 0.05 0.07 0.09 0.23 0.33 0.37 0.51 0.55 0.71 0.75 0.88 0.90 0.97 1.00 1.00
Left tail ~ w(r) = (1 —r)? 0.05 0.05 0.07 0.06 0.19 0.15 0.28 0.26 0.44 0.42 0.65 0.66 0.83 0.87 1.00 1.00
Right tail w(r) =72 0.05 0.05 0.08 0.08 0.26 0.28 0.38 0.41 0.54 0.57 0.69 0.71 0.84 0.85 0.99 0.98
Center w(r) =r(1-7) 0.05 0.06 0.07 0.07 0.24 0.23 0.36 0.35 0.49 0.50 0.64 0.65 0.79 0.82 0.96 0.99

Tails w(r) = (2r —1)? 0.05 0.05 0.08 0.07 0.28 0.25 0.46 0.42 0.66 0.64 0.85 0.85 0.96 0.97 1.00 1.00

Note: The table reports the empirical rejection rates of the Kolmogorov—Smirnov- (KS) and Cramér-von Mises- (CvM) type tests in
various regions and with various weights (in rows) for different degrees of deviations from the null, denoted by c (in columns, with
¢ = 0 corresponding to the null) at the 5% nominal size for DGPs P1 and P2. The sample size is P = 1000 in all simulations, and for
DGP P1 the asymptotic critical values reported in Table 1 are used, while for DGP P2, the critical values are based on 5000 bootstrap
simulations. The number of Monte Carlo simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].

Table 6 shows the power properties of the tests for DGPs P3 and P4. As we can see, power
is inversely related to the degrees of freedom v. In general, the weighted versions of the tests

focusing on the tails are more powerful than their counterparts restricting attention to the tails,

but we observe the opposite when focusing on the center.
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Figure 1: Cumulative distribution functions of PITs: DGPs P1 and P5
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Note: The panels show the empirical CDFs of the PITs of DGPs P1 and P5. The predictions are produced based on the alternative
models (for various degrees of misspecification, indexed by c or A) but the PITs are evaluated through the true predictive CDF
under the null (corresponding to ¢ = 0 or A = 0). The dashed (black) diagonal line corresponds to the standard uniform CDEF,
which coincides with the CDF of the PITs under the null. The dashed (red) vertical lines mark the tail regions of r € [0,0.1] and
r € [0.9,1]. The number of Monte Carlo simulations is 100,000 in each case.

Table 6: Power properties: DGPs P3 and P4

Panel A: DGP P3, h = 1 (Student-t)

vV — o0 v=15 v=10 v=7 v==6 v=>5 v=4 v=3

Region or weight function =~ KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM
Full € [0,1] 0.05 0.05 0.09 0.07 0.17 0.14 0.41 0.41 0.63 0.67 0.89 0.93 1.00 1.00 1.00 1.00
Left tail €10,0.1] 0.04 0.05 0.06 0.06 0.10 0.09 0.22 0.17 0.33 0.25 0.50 0.39 0.82 0.71 1.00 0.99
Right ta11 r€[09,1] 0.04 0.05 0.06 0.06 0.11 0.09 0.22 0.17 0.32 0.24 0.51 0.40 0.81 0.70 1.00 0.99
Left half r € [0,0.5] 0.05 0.05 0.08 0.09 0.14 0.15 0.31 0.32 0.46 0.47 0.70 0.71 0.96 0.96 1.00 1.00
Right half r € [0.5,1] 0.05 0.05 0.08 0.09 0.14 0.16 0.30 0.32 0.46 0.47 0.71 0.71 096 0.96 1.00 1.00
Center € [0.1,0.9] 0.05 0.05 0.09 0.07 0.17 0.14 0.41 0.40 0.63 0.66 0.89 0.93 1.00 1.00 1.00 1.00
Tails r € {0, 01]U[09 1]} 0.05 0.05 0.07 0.06 0.13 0.10 0.30 0.23 0.43 0.36 0.66 0.60 0.94 0.92 1.00 1.00
Left tail  w(r) = (1fr) 0.05 0.05 0.10 0.09 0.20 0.15 0.43 0.38 0.61 0.57 0.82 0.85 0.99 1.00 1.00 1.00
Right tail w(r) =72 0.05 0.05 0.11 0.09 0.21 0.17 0.43 0.38 0.61 0.58 0.83 0.85 0.98 1.00 1.00 1.00
Center w(r) =r(1-7r) 0.05 0.05 0.07 0.07 0.11 0.11 0.23 0.31 0.38 0.55 0.67 0.88 0.98 1.00 1.00 1.00
Tails w(r) = (21’—1)2 0.05 0.05 0.08 0.11 0.16 0.28 0.39 0.67 0.58 0.87 0.83 0.99 0.99 1.00 1.00 1.00

Panel B: DGP P4, h = 2 (Student-t)
Vv — o0 v=15 v=10 v=7 v==6 v=>5 v=4 v=3

Region or weight function KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM KS CvM
Full re[0,1] 0.05 0.05 0.08 0.07 0.14 0.12 0.30 0.28 0.46 0.48 0.73 0.78 098 0.99 1.00 1.00
Left tail r € [0,0.1] 0.06 0.05 0.10 0.08 0.15 0.11 0.27 0.19 0.37 0.25 0.54 0.39 0.81 0.65 1.00 0.98
Right tail r € [0.9,1] 0.06 0.06 0.10 0.08 0.15 0.11 0.27 0.19 0.37 0.26 0.54 0.39 0.81 0.66 1.00 0.99
Left half r € [0,0.5] 0.05 0.05 0.08 0.09 0.12 0.13 0.22 0.25 0.32 0.36 0.52 0.55 0.83 0.85 1.00 1.00
Right half r € [0.5,1] 0.05 0.05 0.07 0.09 0.11 0.13 0.23 0.25 0.32 0.36 0.51 0.55 0.85 0.87 1.00 1.00
Center r € [0.1,0.9] 0.05 0.05 0.08 0.07 0.14 0.11 0.30 0.27 0.46 0.46 0.73 0.77 098 0.99 1.00 1.00
Tails r € {0, Ol]U[O 9,1]} 0.05 0.05 0.10 0.08 0.16 0.12 0.33 0.23 0.47 0.36 0.69 0.56 0.94 0.88 1.00 1.00
Left tail  w(r) = (1—r) 0.06 0.05 0.12 0.09 0.20 0.14 0.39 0.28 0.54 0.43 0.74 0.68 0.95 0.96 1.00 1.00
Right tail w(r) = 0.05 0.05 0.11 0.09 0.20 0.14 0.39 0.28 0.53 0.43 0.74 0.68 0.95 0.96 1.00 1.00
Center w(r )—r(lfr) 0.05 0.05 0.07 0.07 0.10 0.10 0.17 0.21 0.26 0.37 0.44 0.67 0.85 0.98 1.00 1.00
Tails w(r) = (27‘71) 0.05 0.05 0.10 0.11 0.18 0.22 0.39 0.54 0.57 0.75 0.81 0.94 0.99 1.00 1.00 1.00

Note: The table reports the empirical rejection rates of the Kolmogorov—Smirnov- (KS) and Cramér-von Mises- (CvM) type tests in
various regions and with various weights (in rows) for different degrees of deviations from the null, denoted by v (in columns, with
v — oo corresponding to the null) at the 5% nominal size for DGPs P3 and P4. The sample size is P = 1000 in all simulations, and for
DGP P3 the asymptotic critical values reported in Table 1 are used, while for DGP P4, the critical values are based on 5000 bootstrap
simulations. The number of Monte Carlo simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].
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Table 7 displays the power properties of the tests for DGP P5. In general, the tests have
power against deviations from the null. However, there are three interesting exceptions: for
h =1 (in Panel A) when restricting attention to the right tail or the right half (r € [0.9,1] or
r € [0.5,1]), and for h = 5 (in Panel B) when restricting attention to the right tail. To explain
this, recall that under the alternative, A > 0, hence jumps do occur, and the expected value of a
jump is negative and equals —0.562 = —0.5- (3- 0.7166)2. This means that under the alternative,
deviations from normality (or equivalently, deviations from uniformity) are most prevalent in
the left tail of the distribution. Panels (b) and (c) of Figure 1 illustrate this, and explain why tests
restricting attention to deviations in the upper regions lack sufficient power.

Table 7: Power properties: DGP P5

Panel A: DGPP5, h =1
A =0.00 A =0.01 A =0.02 A =0.05 A =0.07 A=0.10
Region or weight function KS CGvM KS CvwM KS CvM KS CvM KS CvM KS CvM

Full re[0,1] 005 005 007 008 018 021 098 093 100 1.00 1.00 1.00
Lefttail € [0,0.1] 005 005 026 036 079 089 100 1.00 1.00 100 1.00 1.00
Right tail € [0.9,1] 005 005 005 005 005 005 005 005 006 006 006 0.06
Left half € [0,0.5] 005 005 008 011 022 031 099 099 100 1.00 1.00 1.00
Right half 7 € [0.5,1] 005 005 005 005 009 008 032 025 055 044 086 074
Center € [0.1,09] 005 005 007 008 018 018 089 080 100 098 1.00 1.00
Tails re {[0,01]U[09,1]} 006 005 019 029 068 08 100 100 1.00 100 1.00 1.00
Lefttail  w(r) = (1—7)2 005 005 020 013 072 039 100 1.00 1.00 1.00 1.00 1.00
Right tail ~ w(r) = 12 005 005 005 005 006 010 010 038 017 068 034 095
Center  w(r)=r(1—7) 005 005 006 007 013 017 057 077 088 097 1.00 1.00
Tails w(r) = (2r —1)? 005 005 026 014 08 049 100 1.00 1.00 1.00 1.00 1.00

Panel B: DGP P5,h =5
A =10.00 A =10.01 A =0.02 A =0.05 A =0.07 A=0.10
Region or weight function KS GvM KS CGvM KS CvM KS CvM KS CvM KS CvM

Full re[0,1] 007 0.07 020 021 069 062 100 100 1.00 1.00 1.00 1.00
Left tail r €[0,0.1] 007 007 052 063 097 099 100 100 1.00 100 1.00 1.00
Right tail r € [0.9,1] 0.07 007 008 008 011 010 026 020 040 030 0.62 046
Left half  r € [0,0.5] 007 0.07 022 027 073 076 100 100 1.00 1.00 1.00 1.00
Right half r € [0.5,1] 007 007 013 012 034 026 095 08 1.00 098 1.00 1.00
Center r €[0.1,0.9] 007 007 020 019 066 055 1.00 100 1.00 100 1.00 1.00
Tails r e {[0,0.1]U[09,1]} 0.06 007 047 057 096 098 1.00 100 1.00 1.00 1.00 1.00
Left tail w(r) = (1—r)? 0.06 0.07 047 030 097 081 100 100 1.00 1.00 1.00 1.00
Right tail ~ w(r) = 12 007 007 009 013 017 032 065 09 092 100 1.00 1.00
Center w(r)=r(1-r) 007 0.07 016 018 046 053 100 100 1.00 1.00 1.00 1.00
Tails w(r) = (2r — 1)? 0.06 0.07 057 034 099 087 100 100 1.00 1.00 1.00 1.00

Note: The table reports the empirical rejection rates of the Kolmogorov-Smirnov- (KS) and Cramér-von Mises- (CvM) type tests in
various regions and with various weights (in rows) for different degrees of deviations from the null, denoted by A (in columns, with
A = 0 corresponding to the null) at the 5% nominal size for DGP P5, at horizons & = 1 and h = 5. The sample size is P = 2500 in all
simulations, and for & = 1 the asymptotic critical values reported in Table 1 are used, while for & = 5, the critical values are based on
5000 bootstrap simulations. The number of Monte Carlo simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].

4.3 An illustrative example
DGP P6: GARCH(1,1) versus Student-t. Empirically, it is often difficult to distinguish whether
innovations are heavy-tailed or they feature time-varying volatility. To illustrate the detection

capabilities of the tests in such a situation, as an additional example we take the GARCH(1,1)

model of DGP S7 as the true model, and vary the a parameter responsible for volatility dynamics,

BANCO DE ESPANA 25 DOCUMENTO DE TRABAJO N.° 2535



regulating the degree of misspecification. We use a misspecified predictive distribution based on
a rescaled Student-t distribution, where parameters are set to match the first four moments of
the GARCH(1,1) model’s unconditional distribution.!> When a = 0, the conditional variance ¢?
is a deterministic time-varying process. If in addition one sets 07 = w/(1 — B), starting at the
stationary value, the GARCH(1,1) process becomes a Gaussian white noise, whose predictive
CDF is identical to that of the parametrized Student-t (with v — o). For a given § > 0, as «
increases, the variance, kurtosis and the autocorrelation of y? increase. The matched Student-t is
able to capture the increase in variance and kurtosis but not the increasingly persistent volatility
dynamics and other potentially relevant features of the distribution (e.g., higher order moments).

Table 8 shows the empirical rejection rates. In the absence of misspecification (¢ = 0), all tests
reject at the nominal size of 5% or very close to it. As the degree of misspecification increases

with «, the tests reject more frequently, reaching essentially perfect rates when a = 0.12.

Table 8: Rejection rates: DGP P6

Panel A: DGP P6, h =1
« =0.00 a = 0.02 x =0.06 « = 0.08 «=0.10 =012
Region or weight function KS &G&vM KS CGvM KS CvM KS CvM KS CvM KS CvM

Full re€[0,1] 005 005 005 005 012 011 034 036 083 085 1.00 1.00
Left tail r € [0,0.1] 005 005 007 007 020 022 049 052 087 088 1.00 1.00
Right tail €[0.9,1] 005 005 0.06 006 020 022 050 052 087 0.87 1.00 1.00
Left half € [0,0.5] 005 005 005 005 010 011 026 029 071 073 099 0.99
Right half r € [0.5,1] 005 005 005 006 009 010 026 029 071 073 1.00 1.00
Center r€1[0.1,0.9] 005 005 005 005 012 010 034 031 082 0.82 1.00 1.00
Tails r € {[0,0.1]U [0 9,1} 005 0.04 007 0.07 02 030 060 064 093 094 1.00 1.00
Left tail w(r) = (1 —r)? 005 005 006 005 018 012 048 036 087 082 1.00 1.00
Right tail ~ w(r) = 12 005 005 0.06 005 018 012 048 036 087 0.82 1.00 1.00
Center w(r)=r(1-r) 005 005 005 005 007 008 015 025 054 077 099 1.00
Tails w(r) = (2r — 1)? 005 005 007 006 027 024 061 060 093 094 1.00 1.00

Panel B: DGP P6, h =5
« = 0.00 a = 0.02 a = 0.06 a = 0.08 a =0.10 a =0.12
Region or weight function KS CGvM KS CvwM KS CvM KS CvM KS CvM KS CvM

Full re€[0,1] 005 0.05 005 005 010 009 030 030 078 081 1.00 1.00
Left tail r €[0,0.1] 005 005 006 006 014 015 036 037 078 078 099 0.99
Right tail r € [0.9,1] 005 005 006 006 014 015 036 038 079 079 099 0.99
Left half r € [0,0.5] 0.05 0.05 005 005 009 009 023 023 068 067 099 099
Right half r € [0.5,1] 005 005 005 005 008 009 023 024 068 068 099 0.99
Center r € [0.1,0.9] 005 005 005 005 010 008 030 02 078 078 1.00 1.00
Tails re {[0,0.1]U[09,1]} 0.05 005 0.06 006 017 020 044 049 085 087 1.00 1.00
Left tail w(r) = (1—r)? 005 0.05 006 005 014 010 036 029 080 077 1.00 1.00
Right tail ~ w(r) = 12 005 0.05 006 005 014 010 037 030 081 077 1.00 1.00
Center w(r)=r(1-r) 005 0.05 005 005 007 007 014 022 053 072 099 1.00
Tails w(r) = (2r —1)2 0.05 0.05 006 006 017 017 044 049 085 090 1.00 1.00

Note: The table reports the empirical rejection rates of the Kolmogorov-Smirnov- (KS) and Cramér-von Mises- (CvM) type tests in
various regions and with various weights (in rows) for different strengths of volatility dynamic, denoted by « (in columns, with
« = 0 corresponding to no volatility dynamics) at the 5% nominal size for DGP P6, at horizons & = 1 and /i = 5. The sample size is
P = 2500 in all simulations, and for /1 = 1 the asymptotic critical values reported in Table 1 are used, while for i = 5, the critical
values are based on 5000 bootstrap simulations. The number of Monte Carlo simulations is 10,000. The domain of r is discretized over
[0:0.001 :1].

12Tn our exercises, the parameters satisfy 322 + 24 + % < 1, hence the fourth moment of y; exists.
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5 Empirical application

Starting with the seminal paper by Stock and Watson (2007), unobserved components (UC)
models have proven to provide accurate inflation forecasts (see, e.g., Stock and Watson (2016) for a
multivariate extension, and Chan (2013) and Zhang et al. (2020) for further specification choices).
As a novelty, in our empirical application, we use UC models to forecast US industrial produc-
tion growth. These models decompose the observed series y; into a random walk permanent

component T; and a stationary component e? as

yi=T+e, (25)

T =T1+¢. (26)

The first model, labeled as UC, treats ¢/ and &} as iid normal innovations, also independent of

each other contemporaneously and at all leads and lags:

&l L N(0,02), (27)

eF 2 N(0,02). (28)

The second model, labeled as UC-SV, replaces Equation (27) by specifying a stationary AR(1)

stochastic volatility (SV) process h; for the log variance of sbt' given by

s? = exp <};t> €}, €} iid N(0,1), (29)
he = pn+ on (i1 — ) + €2, et N(0,07), (30)

where ¢, ¢ and €] are independent of each other contemporaneously and at all leads and lags.

To illustrate the performance of our proposed method, we estimated the models in a recursive
fashion, using both monthly and quarterly seasonally adjusted US industrial production from the
2025 March vintages of the FRED-MD (McCracken and Ng, 2016) and FRED-QD (McCracken and
Ng, 2021) databases, respectively.'® In particular, we used the annualized monthly or quarterly

logarithmic growth rates of the industrial production indices (mnemonics: INDPRO), given by

y; = f-100 - [log (INDPRO;) — log (INDPRO;_1)] , (31)

13The FRED-MD and FRED-QD databases are available on the the St Louis Fed’s website at
https:/ /www.stlouisfed.org/research/economists/mccracken/fred-databases.
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where f = 12 for monthly data, and f = 4 for quarterly data.

In the case of monthly frequency, the first estimation window spans from 1959:M2 to 1974:M12,
and we predict industrial production growth h = {1,3,6} months and 7 = 1 year ahead,
corresponding to month-on-month (MoM) and year-on-year (YoY) growth rates, with target
dates of 1975:M1, 1975:M3, 1975:M6 and 1975:M12, respectively. Next, we recursively extend the
estimation sample by one month, to 1959:M2 — 1975:M1, and again generate forecasts 1 = {1,3,6}
months and /1 = 1 year ahead. We proceed in this recursive manner until reaching 2024:M11.
The evaluation sample hence spans from 1974:M12 + h to 2024:M12, resulting in P = 601 — h
out-of-sample observations. Similarly, when estimating the models at the quarterly frequency,
the first estimation window covers the period between 1959:Q2 and 1974:Q4, and we forecast
h = {1,2,4} quarters and h = 1 year ahead, corresponding to quarter-on-quarter (QoQ) and
year-on-year growth rates, respectively. Next, the estimation window is recursively extended by
one quarter at a time until reaching 2024:Q3. The corresponding evaluation period hence spans
from 1974:Q4 + h to 2024:Q4, with P = 201 — h out-of-sample observations.

We estimated both models using Markov-Chain Monte Carlo methods building on Chan
and Jeliazkov (2009) and Chan and Hsiao (2014). For details on the prior specifications and the
posterior samplers, see Appendix D. Additional empirical results are collected in Appendix E.

Figure 2 shows the equal-tailed 68% and 90% predictive bands corresponding to the one-
month-ahead forecasts of the UC and UCSV models. It is immediately clear that the UC model’s
predictive bands in Panel (a) are of largely constant width, while the UCSV model’s stochastic
volatility component generates sizable time-variation, as Panel (b) demonstrates. Turning to the
quarterly frequency predictive bands, we can see the same pattern in Figure 3.

Table 9 shows the formal evaluation of the correct calibration of the predictive densities of the
UC and UCSV models estimated on monthly frequency data. As we can see, the UC model does
not produce correctly calibrated density forecasts at any of the monthly horizons (columns “1M”,
“3M” and “6M”) in any part of the predictive distribution (in rows), while in the case of the UCSV
model we cannot reject the null hypothesis of correct calibration at the 5% significance level.
Interestingly, however, at the annual horizon (forecasting year-on-year growth), the UC model
delivers correctly calibrated density forecasts. This can be explained by the fact that year-on-year
growth rates evolve in a much smoother manner, which mitigates the need for stochastic volatility.

Similarly, in the case of quarterly data, in Table 10 we see that the UCSV model produces

correctly calibrated density forecasts at all horizons and in all regions of the predictive distribution.
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Figure 2: One-month-ahead equal-tailed 68% and 90% predictive bands
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Note: The panels show the 68% and 90% predictive bands (with light and dark shades, respectively) along with the mean
predictions (dotted lines) and the realized annualized month-on-month industrial production growth (solid lines) between 1975:M1
and 2024:M12. Dates on the horizontal axes correspond to the forecast target dates.

Figure 3: One-quarter-ahead equal-tailed 68% and 90% predictive bands
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Note: The panels show the 68% and 90% predictive bands (with light and dark shades, respectively) along with the mean
predictions (dotted lines) and the realized annualized quarter-on-quarter industrial production growth (solid lines) between
1975:Q1 and 2024:Q4. Dates on the horizontal axes correspond to the forecast target dates.

The UC model’s quarterly forecasts are mostly incorrectly calibrated, although its one-year-ahead
year-on-year forecasts (columns labeled “1Y”) do not suffer from miscalibration.

Figure 4 illustrates our findings for the case of one-month-ahead forecasts by comparing the
empirical CDF of the PITs to the 45 degree line. Following Rossi and Sekhposyan (2019), to help
visual interpretation, we also display the critical value bands defined as r =+ ¢y, p/ /P, where Cx,p
is the 5% critical value of the Kolmogorov—-Smirnov-test. If the empirical CDF crosses the bands,

the null hypothesis of correct calibration over r € [0, 1] is rejected. Considering the UC model in
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Table 9: Correct specification tests for monthly US industrial production growth

ucC ucsv
KS CvM KS CvM
Region or weight function ™M 3M eM 1Y IM 3M 6M 1Y 1M 3M 6M 1Y 1M 3M 6M 1Y
Full re[0,1] 0.00 0.00 0.00 0.24 0.00 0.00 0.00 0.46 0.13 0.48 0.65 0.14 0.18 0.42 0.59 0.28

Left tail r €[0,0.1
Right tail r € [0.9,1

] 0.00 0.00 0.00 0.57 0.00 0.00 0.00 0.62 0.06 0.25 0.22 0.03 0.06 0.27 0.18 0.02
] 0.00 0.00 0.00 0.21 0.00 0.00 0.01 0.36 0.78 0.54 0.85 0.32 0.64 0.64 0.89 0.25
] 0.00 0.00 0.00 0.17 0.00 0.00 0.00 0.24 0.08 0.38 0.52 0.12 0.08 0.28 0.42 0.16
]

Left half r € [0,0.5

Right half re (05,1 0.00 0.00 0.01 0.78 0.00 0.00 0.00 0.85 0.65 0.76 0.62 0.74 0.50 0.71 0.78 0.76
Center € [0.1,09] 0.00 0.00 0.00 0.24 0.00 0.00 0.00 0.45 0.13 0.48 0.64 0.15 0.18 0.42 0.60 0.37
Tails € {[0,01]U[09,1]} 0.00 0.00 000 037 0.00 0.00 0.00 057 0.13 0.35 0.26 0.03 016 040 0.30 0.02
Left tail (r) = (1- r)? 0.00 0.00 0.00 0.29 0.00 0.00 0.00 0.31 0.08 0.33 0.29 0.02 0.09 0.31 0.41 0.13
Right tail w(r) = r2 0.00 0.00 0.00 0.29 0.00 0.00 0.00 0.66 0.61 0.78 0.79 0.47 0.41 0.62 0.80 0.63
Center  w(r) =r(1—7) 0.00 0.01 0.01 0.23 0.00 0.00 0.00 0.44 0.23 0.47 0.70 0.49 0.19 0.42 0.62 0.40
Tails w(r) = (2r — 1) 0.00 0.00 0.00 0.20 0.00 0.00 0.00 0.50 0.16 0.42 0.22 0.02 0.14 0.41 0.43 0.09

Note: The table reports the p-values of the correct specification of predictive densities of the UC and UCSV models based on the
Kolmogorov-Smirnov- and Cramér—von Mises-type (KS and CvM, respectively) test statistics in various regions or with various weight
functions (in rows) at forecast horizons of & = 1,3,6 months (annualized MoM growth) and 1 = 1 year (YoY growth) in columns.
Boldface indicates entries for which the null hypothesis of correct calibration is not rejected at the & = 5% significance level. The forecast
evaluation period spans from 1974:M12 + h to 2024:M12. For I = 1, the p-values are computed using the limiting Gaussian process with
10,000 simulations. For 1 > 1, the critical values are based on the bootstrap with block length ¢ = max{h — 1, [ P/3|}. The number of
bootstrap replications is 10,000, the domain of r is discretized over [0 : 0.001 : 1].

Table 10: Correct specification tests for quarterly US industrial production growth

ucC UCsv
KS CvM KS CvM
Region or weight function 10 20 4Q 1Y 1Q 20 4Q 1Y 1Q 20 4Q 1Y 1Q 20 4Q 1Y
Full re0,1] 0.00 0.01 0.01 0.44 0.00 0.00 0.01 0.53 0.58 0.83 0.76 0.43 0.58 0.80 0.93 0.60

Lefttail r€0,0.1
Right tail r € [0.9,1

] 0.01 0.01 0.12 0.47 0.02 0.03 0.15 0.54 0.43 0.25 0.30 0.12 0.41 0.16 0.34 0.09
] 0.01 0.02 0.03 0.34 0.01 0.09 0.02 0.41 0.39 0.66 0.92 0.36 0.37 0.52 0.93 0.36
] 0.00 0.00 0.00 0.31 0.00 0.01 0.01 0.32 0.66 0.70 0.83 0.34 0.61 0.71 0.86 0.38
]

Left half 7€ [0,05

Right half € [05,1 0.00 0.05 0.07 0.87 0.00 0.02 0.04 0.79 0.42 0.65 0.58 0.90 0.45 0.74 0.87 0.93
Center € [0.1,09] 0.00 0.01 0.01 0.44 0.00 0.00 0.01 0.52 0.58 0.81 0.75 0.42 0.58 0.89 0.94 0.70
Tails r e {[0,01]U[0.9,1]} 0.02 0.02 0.10 0.64 0.00 0.03 0.04 0.60 0.62 0.31 0.47 0.13 0.47 0.19 0.56 0.12
Left tail ~ w(r) = (1—r)? 0.00 0.01 0.01 0.44 0.00 0.01 0.01 0.42 0.42 0.30 0.42 0.14 0.61 0.65 0.85 0.34
Right tail w(r) = 2 0.00 0.00 0.01 0.64 0.00 0.01 0.01 0.65 0.68 0.69 0.56 0.56 0.53 0.81 0.92 0.90
Center  w(r) =r(1—7r) 0.00 0.01 0.01 0.39 0.00 0.01 0.01 0.50 0.45 0.82 0.82 0.86 0.55 0.85 0.95 0.73
Tails w(r) = (2r —1)2 0.01 0.04 0.04 0.58 0.00 0.00 0.00 0.64 0.57 0.23 0.33 0.13 0.66 0.60 0.82 0.30

Note: The table reports the p-values of the correct specification of predictive densities of the UC and UCSV models based on the
Kolmogorov-Smirnov- and Cramér—von Mises-type (KS and CvM, respectively) test statistics in various regions or with various weight
functions (in rows) at forecast horizons of 1 = 1,2,4 quarters (annualized QoQ growth) and / = 1 year (YoY growth) in columns.
Boldface indicates entries for which the null hypothesis of correct calibration is not rejected at the & = 5% significance level. The forecast
evaluation period spans from 1974:Q4 + & to 2024:Q4. For h = 1, the p-values are computed using the finite-sample standard uniform
distribution with 10,000 simulations. For / > 1, the critical values are based on the bootstrap with block length ¢ = max{h — 1, |[P'/3]}.
The number of bootstrap replications is 10,000, the domain of r is discretized over [0 : 0.001 : 1].

Panel (a), the empirical cumulative distribution function of the PITs crosses the 5% critical value
band based on the Kolmogorov-Smirnov-type test, indicating the rejection of the null hypothesis.
On the other hand, the empirical CDF of the UCSV model’s PITs is inside the band in Panel (b),
close to the 45 degree line, hence we fail to reject the null of correct calibration. Figure 5 shows a

similar pattern for quarterly data.
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Figure 4: Empirical CDFs and 5% critical value bands of one-month-ahead PITs
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Note: The figures show the empirical CDFs of the PITs (solid lines), the 5% critical bands based on the Kolmogorov-Smirnov-type
test (dashed lines), and the 45 degree lines (dotted) corresponding to the theoretical CDF under correct calibration.

Figure 5: Empirical CDFs and 5% critical value bands of one-quarter-ahead PITs
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Note: The figures show the empirical CDFs of the PITs (solid lines), the 5% critical bands based on the Kolmogorov-Smirnov-type
test (dashed lines), and the 45 degree lines (dotted) corresponding to the theoretical CDF under correct calibration.

To summarize, our empirical results contribute to and are in line with the large literature high-
lighting sizable forecasting gains from stochastic volatility when predicting US macroeconomic
aggregates (see, e.g., Clark (2011), Clark and Ravazzolo (2015) and Chiu et al. (2017)).

6 Conclusion

This paper introduces a simplified yet powerful framework for testing the correct specification of

conditional predictive densities using the probability integral transform. By treating the PIT as a
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primitive we can relax restrictive assumptions found in the earlier literature. In particular, we
extend the tests proposed by Rossi and Sekhposyan (2019) to a broader class of models, including
those not satisfying strong mixing conditions and whose predictive conditional distribution can
depend upon the entire history of the process, such as those featuring stochastic volatility or
other latent dynamic structures.

Monte Carlo simulations confirm that the proposed tests exhibit desirable size and power prop-
erties across a wide range of data-generating processes, including non-linear and non-Gaussian
settings. Weighted Kolmogorov-Smirnov- and Cramér-von Mises-type statistics targeting the
entire distribution as well as parts of it are considered. An empirical application to US industrial
production growth illustrates the practical value of the test. We show that incorporating stochastic
volatility into an unobserved components model is essential for generating correctly calibrated
density forecasts of US industrial production growth at both monthly and quarterly frequencies.

Overall, this work provides both theoretical and empirical justification for PIT-based tests
in modern forecasting environments, offering a flexible tool for researchers and practitioners
to evaluate the reliability of density forecasts in complex real-world settings. Potential further
applications include the evaluation of fan charts of GDP growth and inflation, and various “at-risk”

measures, such as growth-at-risk or house prices-at-risk.
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Appendices

Appendix A Proofs

This appendix presents the proofs of lemmas and theorems reported in the paper.

Proof of Lemma 1. Define the quantile function as ®,'(r | %) = inf{y : ®o(y | F:) > r} for
re (0,1), @;1(1| %) = coand ®;'(0 | F) = —co (see Casella and Berger, 2002, Theorem 2.1.10,
p- 54). Consider

P(®o(yern | Fi) <y) =P(D5 (Po(yern | F) | F) < 5 (v | F1)) (A1)
=Py <P, (v | F#)) (A.2)
= D(Dy (y | A1) | 7)) =y. (A3)

Therefore, ¢, follows a standard uniform distribution. Note that by using the quantile function,

Do (yiin | #+) need not be differentiable or invertible, only continuous. O

Proof of Lemma 2. Because ¢y, conditional on .%#; does not depend on .Z (see Lemma 1), it
is independent of .%. It follows that ¢y, is independent of ¢;,j, for k > i 4 h since ¢;;j is

Fr—measurable. The case of i > k + h is analogous. O

Proof of Theorem 1. The proof takes inspiration from Theorem 2.1 in Inoue (2001). Weak conver-
gence is in the space of 2[0,1], which is the space of cadlag (right-continuous with left limits)

functions on [0, 1], in the Skorohod topology.

Step 1. The first step of the proof consists of showing that the sample covariance kernel absolutely

converges to the specified covariance kernel:
llgn E [Tp(ﬁ)‘fp(?’z)] =0 1’1,1’2 = Z Pd 1’1,1’2 — 1’11’2) (A4)
o0 d=1—

Consider

E [‘Fp(?‘l)‘{fp(rz)} =E

(P_l/z i (L{Givn <11} — Vl)) <P_1/2 i (L{Gj+n <12} — V2)>] (A.5)
= —E

T T ]

=5 [Z Z i—i(r1,12) — rlrz)] , (A.6)
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where we used the fact that, by Lemma 1, the PIT is uniformly distributed, hence E(1{¢;; <
r}) = P (Gipp < 1) = r, and by Assumption 2, we have that E [1{¢; 1y < r1}1{Zjs < 12}] =
E [1{€i+h <r,jwn < 7’2}] =P (€i+h <1, ¢irn < rz) = F;_i(r1,72). Next, notice that per Lemma 2,

we have F;_; (r1,1r2) = rirp for |j — i| > h, hence

1 T T — 1 h—1
i Y ) (F—i(ri,m2) — i) Z (Fa(r1,12) —117r2) — 7 Y 1d| (Fi(r1,12) —rir2) (A7)
i=E j=E d=1— d=1-h
=o(r,r)+O(P1). (A.8)

The second term in Equation (A.7) is O(P~!) since the sum is bounded by + Y"~! , |d|, and thus
converges to 0.

Furthermore, the left-hand side of Equation (A.4) is absolutely convergent:

Iljl.é]é E[(1{Gisn <71} —11) (L{jsn <12} —12)] ‘ (A.9)
- Iljli:g IE[(]I {Givn <r1} —r1) (L{Giyn <12} — 7’2)]'
LT (A.10)
5L T BN G <nh=n) (1 <) —rz)]'
i#]
<142(h—1) < co. (A11)

Step 2. The next step is to show convergence of the finite-dimensional distributions of {¥p} to

those of ¥ by means of the Cramér-Wold device. We need to show that

ia]]‘lfp(r]) i> N <0, Ili_rgo\/'ar (i CL)]TP(TJ))> (A12)

j=1 j=1

for V(wy,...,wy) € IRk,V(rl, ..., 1) €10, 1]", and Vk > 1. As the degenerate case is trivial (since
it is the limit of a sequence of mean-zero normal distributions whose variance tends to zero, i.e., a

Dirac delta at 0), we assume limp_,, Var (Z;f:l w]-‘I’p(r]-)> > 0 if the limit exists.
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Define the following objects:

1 k
Xign=—=) wi (L& p<rit—ri), (A.13)
= 75 B (UG <5} =)
T k
Sp=) Xeyn =), wj¥e(rj), (A.14)
t=E j=1
g, = Var (Sp) . (A.15)

It is sufficient to show that USTP N (0,1). To this end we will invoke Theorem 1.1 of Janson
P
(2021).

First we need to show that [E (X;,;,) = 0. We have

k
E (X¢in) = \% Y Wi E (L {&n <rj} —1j) (A.16)
i=1
1k
= ﬁ]g a)] UE (]l {€t+h S 1’]}) — 7’]] (A.17)
1k
= ﬁ; wj [rj—1j] =0, (A.18)

where we exploited the uniformity of the PIT per Lemma 1.

Second, we need to show that E (X?

t+h) < 0. We have

k 2
Xio = % <Z; wj (L {&n <1} — r;-)) (A.19)
f=
k 2
< % (ij|> < . (A.20)

This implies that the second moment of X, is bounded.
The last condition to verify is a Lindeberg condition. We have to show that for every € > 0, as
P — oo,
1 & )

Sp t=E

First, notice that sup,-, {0s,} < co from the absolute convergence of the sample covariance,

and its limit is strictly positive by assumption.
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Consider |X;. | in the argument of the indicator function in Equation (A.21):

k
| Xepn| = 1P ;wj (L{&n <rj} —19) (A.22)

—

M»

1
< — Ywi|, (A.23)
VP

_

which can be made arbitrarily close to zero. Coupled with the previous properties of 05, and the

boundedness of X2

i, this ensures that for any given ¢ > 0, the indicator function evaluates to

zero for large enough P, hence the Lindeberg condition is satisfied.
This concludes verifying the conditions of Theorem 1.1 in Janson (2021), leading to the

conclusion that USTP i> N(0,1), hence proving the finite-dimensional convergence in distribution.
P

Step 3. By an argument analogous to Theorem 22.1 of Billingsley (1968), we can invoke Theorem
15.5 in Billingsley (1968), hence ¥p(+) is tight and IP {¥(-) € C[0,1]} = 1.

Notice that Theorem 22.1 of Billingsley (1968) assumes strict stationary and ¢-mixing. In the
proof, strict stationarity is only used in the application of Lemma 1 in Section 22. The lemma
provides an upper bound on the fourth moment of the sum of strictly stationary random variables
{W;} under the assumptions that [Wp| < 1 with probability 1, IE (Wp) = 0 and Y_3° ; K2¢}/? < co.
An applicable inequality of similar form, E {():?:1 Wz-)ﬂ < Ky (n?p + np), also holds under
assuming the following: |W;| < 1 with probability 1 for all i, E (W;) = 0 for all i, E (W?) = p for
all i, and m-dependence (h — 1-dependence in our case). Strict stationarity is not required, and

K, is a constant that depends on m alone. This completes the proof. O

Proof of Theorem 2. The proof follows from a particular case of Theorem 2.3 in Inoue (2001) by
setting (in Inoue’s notation) r = 1 — ¢ = 1 and F,(t;w) = F(t) = t. Assumption B (i) and (ii)
in Inoue (2001) are satisfied by our Assumption 2 and Lemma 1, while Assumption B (iii) is
irrelevant under the null hypothesis. Assumption C in Inoue (2001) holds by our Lemma 2, and

we adopted his Assumption D as our Assumption 3. O
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Appendix B Bootstrap simulation algorithm

This section describes the bootstrap simulation algorithm. The bootstrap procedure is only
required for multi-step-ahead forecasts, i.e., h > 1. For one-step-ahead forecasts, the critical values
reported in Table 1 in the main text apply.

Let S denote the number of bootstrap samples. Recall that to compute the test statistics from
the sample and their bootstrapped versions, one needs to discretize the unit interval (or a subset
thereof if restricting attention to p € [0, 1]). Following Rossi and Sekhposyan (2019), our choice is

[0:0.001 : 1], i.e., discretizing the unit interval with a uniform stepsize of 0.001.

1. Calculate test statistics xp and C, given by Equations (8) and (9) in the main text, respectively.

S

s ..
T%H} i ) based on Equation (6)

2. Simulate {{ﬂt(s) (E 7 (0,1/¢) and compute {‘I’;(S)(-)}

S
in the main text.

S

c . *(s) *(s) 5
3. Compute the bootstrap analogs of the test statistics, {KP } and {CP } Y from
s=

(H00),

s:l.

s=1

S
4. Estimate critical values C;,p and cc p as « - 100 percentiles of the simulated {K;(s)} ) and
s=

{ c:® } ’ respectively.
P s=1" )

5. Reject the null hypothesis of correct calibration at the « - 100% significance level if kp > ¢, p

or C, > Cc,p, and fail to reject otherwise.
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Appendix C Additional Monte Carlo simulation results

This section provides further Monte Carlo simulation results. See Section 4 for simulation design
details.

Table C.1 shows the empirical rejection rates at the 5% nominal size for DGPs 51-S3, based on
the asymptotic critical values for all sample sizes. That is, the difference between Table C.1 here
and Table 2 reported in the main text is in the columns corresponding to P = {25,50, 100,200},
while the results for large samples (i.e., P = {500,1000}) are identical. As we can see, the
use of finite-sample critical values leads to improved size in small samples. To confirm this
numerically, for each DGP we computed the Frobenius norm of the matrix formed by the
difference of the empirical rejection rates based on finite-sample critical values (11 rows and 8
columns corresponding to the KS and CvM statistics for P = {25,50,100,200}) and a matrix
with all values equal to 0.05, and repeated the procedure for empirical rejection rates based on
asymptotic critical values. We label these matrices by the DGP and the type of critical values, e.g.,
for DGP S1 and finite-sample critical values, we denote it by Dg; finite - The Frobenius norms are

as follows:

‘DSl,ﬁnite|F =0.021 < 0.038 = |D51,asymptotic E’ (Cl)
‘DSZ,ﬁnite|F =0.022 < 0.037 = |D52,asymptotic £’ (C2)
‘DS?;,ﬁnite‘I: = 0.026 < 0.044 = |D83,asymptotic E’ (C3)

verifying the improvements due to the finite-sample critical values.
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Table C.1: Size properties based on asymptotic critical values: DGPs S1-S3

Panel A: DGP S1
P =25 P =50 P =100 P =200 P =500 P = 1000
Region or weight function KS CGvwM KS CvM KS CvM KS CvM KS CvM KS CvM

Full € [0,1] 0.044 0.051 0.047 0.049 0.051 0.047 0.045 0.046 0.054 0.051 0.048 0.050
Left tail r €[0,0.1] 0.044 0.043 0.043 0.045 0.047 0.048 0.048 0.050 0.054 0.049 0.044 0.050
Right tail » € [0.9,1] 0.044 0.046 0.046 0.046 0.045 0.046 0.053 0.050 0.051 0.048 0.042 0.050
€ [0,0.5] 0.045 0.050 0.048 0.047 0.048 0.047 0.047 0.046 0.049 0.053 0.051 0.051

]

Left half

Right half re 05,1 0.047 0.050 0.047 0.050 0.049 0.047 0.046 0.045 0.048 0.049 0.051 0.050
Center r€10.1,0.9] 0.044 0.051 0.047 0.050 0.051 0.048 0.045 0.046 0.054 0.050 0.048 0.049
Tails re {[O 01} [0.9,1]} 0.055 0.053 0.047 0.051 0.046 0.049 0.049 0.048 0.045 0.050 0.049 0.051
Left tail w(r) = (1—r)2 0.046 0.050 0.047 0.048 0.049 0.047 0.053 0.047 0.050 0.052 0.051 0.051
Right tail w(r) =72 0.047 0.050 0.046 0.048 0.049 0.048 0.048 0.047 0.045 0.050 0.048 0.050
Center w(r) :7‘(171’) 0.043 0.052 0.046 0.049 0.049 0.049 0.045 0.046 0.051 0.050 0.049 0.048
Tails w(r) = (27’—1)2 0.070 0.050 0.059 0.046 0.051 0.050 0.052 0.047 0.050 0.049 0.052 0.052

Panel B: DGP S2
P=25 P =150 P =100 P =200 P =500 P = 1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM

Full re0,1] 0.048 0.051 0.046 0.047 0.047 0.049 0.051 0.051 0.052 0.053 0.048 0.046
Left tail r € [0,0.1] 0.040 0.042 0.048 0.053 0.046 0.048 0.044 0.046 0.051 0.048 0.041 0.047
Right tail r € [0.9,1] 0.044 0.043 0.047 0.048 0.046 0.047 0.052 0.049 0.051 0.048 0.043 0.049
5] 0.046 0.050 0.049 0.051 0.046 0.047 0.049 0.050 0.046 0.049 0.051 0.047
]

[

Left half r€0,05

Right half r € [0.5,1 0.050 0.053 0.046 0.047 0.049 0.052 0.052 0.054 0.048 0.052 0.052 0.051
Center [0.1,0.9] 0.047 0.050 0.046 0.046 0.047 0.050 0.051 0.051 0.052 0.053 0.048 0.046
Tails re€ {[0,0.1]U[0.9,1]} 0.051 0.049 0.050 0.053 0.048 0.047 0.046 0.048 0.045 0.049 0.049 0.049
Left tail — w(r) = (1 —7r)? 0.043 0.050 0.048 0.050 0.047 0.047 0.048 0.049 0.048 0.051 0.045 0.046
Right tail w(r) =7 0.048 0.053 0.048 0.048 0.051 0.051 0.054 0.053 0.050 0.052 0.051 0.051
Center w(r)=r(l-r) 0.048 0.051 0.045 0.047 0.047 0.051 0.049 0.052 0.049 0.053 0.051 0.047
Tails w(r) = (21’—1)2 0.068 0.049 0.066 0.051 0.054 0.047 0.051 0.049 0.050 0.048 0.048 0.050

Panel C: DGP S3
P =25 P =50 P =100 P =200 P =500 P =1000
Region or weight function KS ¢&vM KS CvM KS CvM KS CvM KS CvM KS CvM

Full re€[0,1] 0.045 0.049 0.043 0.046 0.050 0.048 0.046 0.048 0.053 0.051 0.045 0.047
Left tail r€0,0.1 0.040 0.037 0.041 0.044 0.047 0.046 0.045 0.050 0.052 0.049 0.039 0.047
€l

]
Right tail 0.9,1] 0.043 0.044 0.045 0.045 0.048 0.049 0.052 0.046 0.050 0.048 0.042 0.053
Left half € [0,0.5] 0.042 0.047 0.044 0.044 0.048 0.046 0.049 0.047 0.049 0.053 0.048 0.047
Right half € [0.5,1] 0.047 0.051 0.047 0.045 0.046 0.047 0.048 0.050 0.047 0.049 0.049 0.047
Center €1[0.1,0.9] 0.045 0.048 0.043 0.046 0.050 0.047 0.046 0.048 0.053 0.052 0.045 0.048
Tails r € {[0,0.1]U[0.9,1]} 0.052 0.049 0.042 0.046 0.049 0.048 0.047 0.047 0.045 0.050 0.043 0.049
Left tail ~ w(r) = (1 —71)2 0.042 0.049 0.045 0.046 0.049 0.045 0.047 0.049 0.049 0.053 0.048 0.045
Right tail w(r) = r? 0.048 0.051 0.048 0.047 0.048 0.047 0.049 0.049 0.048 0.049 0.049 0.049
Center w(r)=r(1-r) 0.040 0.049 0.045 0.044 0.048 0.047 0.048 0.048 0.052 0.052 0.049 0.048
Tails w(r) = (2r —1)2 0.067 0.051 0.055 0.048 0.055 0.048 0.050 0.046 0.050 0.049 0.047 0.046

Note: The table reports the empirical rejection rates of the Kolmogorov-Smirnov- (KS) and Cramér—von Mises- (CvM) type
tests in various regions and with various weights (in rows) for different sample sizes, denoted by P (in columns) at the 5%
nominal size for DGPs S1-S3. For all sample sizes P, the asymptotic critical values reported in Table 1 are used. The number of
Monte Carlo simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].
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Table C.2 is the counterpart of Table 3 (Panels B to D) in the main text, with the difference
that here the bootstrap block size is set as £ = |P!/?], instead of our proposed scheme ¢ =
max{h — 1, | PY/3|}. In our setup, this leads to different block sizes when h = 4 and P = 25, and
for all sample sizes when I = 12. While the differences in rejection rates are quite small, our
proposed scheme consistently outperforms the one based only on the size of the out-of-sample
period P. This is verified by comparing the Frobenius norms of the matrices formed by taking
the difference between the empirical rejection rates and a matrix with all values equal to 0.05.
Labeling such matrices by h, P, M (standing for the max operator of the proposed rule) and O

(denoting the rule based on P only), we obtained the following values:

D), p_os|, = 0.169 < 0.176 = |Df_, p_s| ., (C.4)
|DM 15 pos|p = 0.073 < 0.180 = D1, p_ss | (C.5)
IDM 15 pso|p = 0.096 < 0.124 = DY, p_sol (C.6)

1D} 15 p—100|p = 0.076 < 0.100 = | D1 p_100] - » (C.7)
1D 15 p—ooo|p = 0.060 < 0.085 = D, p_ogo s (C.8)
’D}]z\ilz,P:SOO‘F = 0.042 <0.059 = ‘DI?:H,P:SOO F’ (C.9)
|D 15 p—1000| p = 0-047 < 0.055 = | D15 p_1000| . » (C.10)

confirming that the proposed rule leads to rejection rates which are slightly closer to the nominal

rate than the alternative rule.
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Table C.2: Size properties based on bootstrap block length ¢ = | P1/3|: DGP S5

Panel A: DGP S5, h = 2
P =25 P =50 P =100 P =200 P =500 P =1000
Region or weight function KS ¢&vM KS CvM KS CvM KS CvM KS CvM KS CvM

Full re[0,1] 0.025 0.018 0.035 0.026 0.036 0.027 0.041 0.031 0.045 0.038 0.043 0.043

Left tail r € [0,0.1] 0.094 0.127 0.085 0.086 0.070 0.062 0.061 0.055 0.053 0.049 0.051 0.051

Right tail r € [0.9,1] 0.099 0.134 0.083 0.080 0.070 0.061 0.062 0.058 0.052 0.050 0.054 0.050

,0.5] 0.029 0.022 0.038 0.030 0.041 0.033 0.042 0.037 0.046 0.042 0.043 0.043
]

Left half [0,0.5

Right half r € [0.5,1 0.032 0.025 0.036 0.029 0.039 0.030 0.042 0.034 0.043 0.038 0.043 0.043
Center [0.1,0.9] 0.025 0.018 0.035 0.026 0.036 0.028 0.041 0.031 0.045 0.037 0.043 0.042
Tails r€ {[0,0.1]U[0.9,1]} 0.049 0.062 0.054 0.055 0.050 0.050 0.052 0.049 0.048 0.048 0.051 0.047
Left tail ~ w(r) = (1—7r)2 0.037 0.021 0.044 0.030 0.046 0.032 0.050 0.036 0.047 0.042 0.051 0.044
Right tail w(r) = r? 0.040 0.024 0.047 0.031 0.042 0.029 0.048 0.033 0.046 0.035 0.049 0.045
Center w(r)=r(1—r) 0.029 0.019 0.035 0.025 0.038 0.028 0.041 0.032 0.045 0.038 0.042 0.042
Tails w(r) = (2r —1)2 0.013 0.027 0.028 0.032 0.036 0.034 0.044 0.038 0.043 0.039 0.051 0.045

Panel B: DGP S5, h = 4
P =25 P=150 P =100 P =200 P =500 P = 1000
Region or weight function KS CGvwM KS CvM KS CvM KS CvM KS CvM KS CvM

Full € [0,1] 0.016 0.008 0.024 0.015 0.029 0.018 0.034 0.026 0.035 0.028 0.040 0.036

Left tail r € [0,0.1] 0.084 0.117 0.081 0.079 0.061 0.057 0.057 0.050 0.050 0.048 0.050 0.047
Right tail r € [0.9,1] 0.091 0.121 0.076 0.074 0.066 0.056 0.056 0.049 0.049 0.045 0.054 0.050
Left half r € [0,0.5] 0.021 0.015 0.029 0.020 0.032 0.025 0.038 0.031 0.035 0.031 0.040 0.038
Right half r € [0.5,1] 0.021 0.013 0.028 0.020 0.031 0.025 0.036 0.032 0.036 0.032 0.040 0.037
Center r € [0.1,0.9] 0.017 0.009 0.024 0.015 0.029 0.018 0.034 0.026 0.035 0.028 0.040 0.037
Tails r€ {[0,0.1]U[0.9,1]} 0.045 0.059 0.051 0.050 0.043 0.044 0.047 0.042 0.044 0.045 0.050 0.050
Left tail  w(r) = (1—7’)2 0.028 0.014 0.039 0.019 0.040 0.024 0.043 0.029 0.039 0.031 0.043 0.039
Right tail w(r) = r? 0.030 0.014 0.038 0.019 0.040 0.023 0.042 0.029 0.041 0.032 0.044 0.037
Center w(r)=r(1-r7r) 0.019 0.008 0.026 0.016 0.031 0.018 0.035 0.027 0.036 0.029 0.042 0.037
Tails w(r) = (2r —1)? 0.012 0.019 0.025 0.025 0.030 0.026 0.039 0.032 0.040 0.035 0.045 0.040

Panel C: DGP S5, h = 12
P=25 P =50 P =100 P =200 P =500 P =1000
Region or weight function KS CGvM KS CvM KS CvM KS CvM KS CvM KS CvM

Full re [0,1] 0.016 0.011 0.023 0.015 0.027 0.019 0.031 0.021 0.035 0.030 0.037 0.033
Left tail r€[0,0.1 0.090 0.124 0.078 0.074 0.060 0.054 0.058 0.054 0.051 0.051 0.047 0.049

|
Right tail r € [0.9,1] 0.094 0.128 0.080 0.077 0.072 0.061 0.058 0.054 0.049 0.046 0.046 0.048
Left half r € [0,0.5] 0.021 0.015 0.024 0.018 0.031 0.024 0.034 0.025 0.037 0.034 0.039 0.036
Right half r € [0.5,1] 0.022 0.017 0.029 0.021 0.030 0.024 0.033 0.028 0.040 0.035 0.037 0.035
Center r € [0.1,0.9] 0.017 0.011 0.023 0.014 0.027 0.019 0.031 0.022 0.035 0.030 0.037 0.033
Tails r € {[0,0.1]U[0.9,1]} 0.046 0.060 0.049 0.051 0.048 0.045 0.049 0.048 0.047 0.045 0.043 0.047
Left tail  w(r) = (1—1*)2 0.030 0.016 0.033 0.018 0.034 0.023 0.042 0.024 0.044 0.034 0.043 0.036
Right tail w(r) = r? 0.032 0.017 0.037 0.021 0.040 0.023 0.037 0.025 0.044 0.034 0.041 0.034
Center w(r)=r(1—r7r) 0.020 0.010 0.027 0.015 0.029 0.018 0.033 0.022 0.035 0.031 0.039 0.034
Tails w(r) = (2r — 1)? 0.012 0.021 0.024 0.025 0.033 0.025 0.041 0.030 0.043 0.036 0.043 0.036

Note: The table reports the empirical rejection rates of the Kolmogorov-Smirnov- (KS) and Cramér-von Mises- (CvM) type
tests in various regions and with various weights (in rows) for different sample sizes, denoted by P (in columns) at the 5%
nominal size for DGP S5. For all sample sizes P, the critical values are based on 5000 bootstrap replications with block length
£ = | P'/3] . The number of Monte Carlo simulations is 10,000. The domain of r is discretized over [0 : 0.001 : 1].
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Appendix D Estimation details of the UC and UCSV models

This appendix describes the prior specifications and posterior samplers used to estimate the
UC and UCSV models. Each model is recursively re-estimated at each forecast origin. In what
follows, T denotes the sample size at each forecast origin. After 2,000 burn-in draws, for each of
the next 10,000 draws from the posterior we simulate one path from the predictive distribution.

Let y = (y1,...,yr)" denote the vector of observations, and define similarly the vector of

unobserved trend components T = (7y,...,7r)’. Define the (T x T) first difference matrix as

1 0 0 0
-1 1 0 0

H=|0 -1 1 , (D.1)
0 0 -1 1

let 11 denote a (T x 1) vector of ones, and let It stand for the (T x T) identity matrix.

D.1 UC model

The prior distribution on the initial value of the trend component is normal: 75 ~ N ( ETOIQ%O)’
with M, = 0 and ¢2 = 5% for both the monthly and the quarterly models. The prior on the
variance of the shocks to the trend component is inverse gamma: 02 ~ ZG (Vo2,Sp2), with vy =3
for both the monthly and the quarterly models, and S,> = (v,2 — 1)0.22 in the case of the monthly
model, and S,; = (v,2 — 1)0.5% in the case of the quarterly model. Finally, the prior on the
variance of the shocks to the cyclical component is inverse gamma: O'yz ~ 171G (ygyz, §Uyz), with
Vo2 = 3 for both the monthly and the quarterly models, and i,yz = (yaﬁ —1)5? in the case of
the monthly model, and §a§ = (%ﬁ —1)8? in the case of the quarterly model. All the priors are
independent.

After initialization, the Gibbs sampler cycles over the following steps drawing from the

conditional posteriors (suppressing the sweep index for simplicity):
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—1 T 1
”T:;_<ngh+ﬂ>, (D.2)
o oy
< 1_, 1
oz oy

based on the precision sampler proposed by Chan and Jeliazkov (2009).

2. Draw ( 2|y, T, O'T,T()) G Vozs S,2), where

¥

T
Ve =Vpz + o (D4)
— 1
St =S +5y—7)(y— 7). (D.5)

3. Draw ( 2|y, T,0, ) ZG(Vs2,S,2), where

— 1
SU% = i,% + E(T — 1TTO)/H/H(T — 1TTO) . (D7)
4. Draw (’L’Q |y, 7,050 ) NN(}JT, TO) where
H T
— -2 —T1 1
R G I D.8
S EeE) .
1 1\ !
—
=| =4+ = . D.9
0% <U%0 + (T%) (D.9)

D.2 UCSV model

The priors on 75 and ¢? are identical to those in the UC model. The prior on the mean of the log
volatility process is normal: p, ~ N/ ( t, (T ,), with B, = =5and B, = 3 in the case of the monthly
and quarterly models, respectively, whlle gyh =5in both cases. The prior on the autoregressive
coefficient is truncated normal: ¢, ~ N (E(ph,géh) -1(|¢n] < 1), with By = 0.9 and géh = 0.52 for
both the monthly and the quarterly models. The prior on the shocks to the log volatility process
is inverse gamma: 0> ~ ZG (y(,}%, S 05), with V2 =3 for both the monthly and the quarterly models,
and S2 = (v,2 — 1)0.12 in the case of the monthly model, and S = (Ve — 1)0.22 in the case of
the quarterly model. All the priors are independent. The specification is completed by assuming

that the initial log volatility is drawn from its stationary distribution: i1y ~ N (py, 02/ (1 — ¢7)).
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Collect the log volatility process in h = (I, ..

of the cyclical component as L.y = diag (exp(h1), ..

.,hr)" and define the diagonal covariance matrix

.,exp(hr)).

After initialization, the Gibbs sampler cycles over the following steps drawing from the

conditional posteriors (suppressing the sweep index for simplicity):

1.

BANCO DE ESPANA

Draw (T | y, 0,02 h, ¢n, 07, ) ~ N (ﬁr,f;1>, where

= E’ < H'H1r + X, y) (D.10)
-
_ [ o2 (H'H } T (D.11)
based on the precision sampler proposed by Chan and Jeliazkov (2009).
. Draw (1 | y, T, 0% h, ¢, 02, up) ~ N (yTO ) where
H T
— —2 -7 1
-+ = D.12
Fo = o (cf%o i U%) ' (>12)
1 1\!
=2
0, = | =+ (D.13)
= (ara)
. Draw (02 |y, T, 10, h, ¢, 07, un) ~ZG (¥ Vo2, ng) where
T
Ve =Yz + o, (D.14)
- 1
SU% = §¢7% + E(T — 1TTO)/H/H(T — 1TT0) . (D.15)

. Draw (h |y, T, 0, (7%, On, Uﬁ, yh) using the precision sampler proposed by Chan and Hsiao

(2014), with the 10-component mixture approximation to the log(x?) density due to Omori
et al. (2007).

. Draw (gbh |y, T, T, 0’%, h, 0’}%, yh) in an Independent Metropolis—Hastings step, as in Chan

and Hsiao (2014).

. Draw (07 | y, T, 10,02, b, ¢p, pin) ~ ZG(7, Vo2, ng) where
T
T =vat (D.16)
< 1 o . 2
Sor = Sz + 5 | (L= i) (b = pn)* + ) (e = o — P (hea = ) | (D.17)
i—

as in Chan and Hsiao (2014).
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7. Draw (pp, | y, T, 70,02, h, ¢y, 07) ~ N(ﬁyh,iih), where

K

- =2 —Hn ! -1

‘u‘uh - U—.uh <0’%{ + x]’lhzh z]’{h 7
—Hh

1

=2 /
(02 = —_— —|— X
Hn (0-2 I3

following Chan and Hsiao (2014).
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hzh xﬂh> ’

Xy, = (1,1 = ¢, 1=y, ..

z,”h = (hl/hz - (Phh], e /hT - (PhhT—l)//

'/1_¢h)lr

(D.18)

(D.19)

(D.20)

(D.21)

(D.22)



Appendix E Further empirical results

This section presents supplementary empirical results (predictive bands, empirical CDFs of PITs,
and test outcomes) across the full set of forecast horizons.

Figure E.1 shows the predictive bands of the monthly frequency UC and UCSV models at a
complete set of monthly horizons (between 1 and 12 months ahead), while Figure E.2 displays
analogous results for one-year-ahead forecasts.

Figure E.3 shows the predictive bands of the quarterly frequency UC and UCSV models at a
complete set of quarterly horizons (between 1 and 8 quarters ahead), while Figure E.4 displays
analogous results for one- and two-year-ahead forecasts.

Figure E.5 shows the empirical CDFs and 5% critical value bands of PITs of the monthly
frequency UC and UCSV models at a complete set of monthly horizons, while Figure E.6 shows
them at the one-year-ahead horizon.

Figure E.7 shows the empirical CDFs and 5% critical value bands of PITs of the quarterly
frequency UC and UCSV models at a complete set of quarterly horizons, while Figure E.8 displays
the one- and two-year-ahead results.

For the monthly frequency models, Table E.1 shows the p-values of the tests of correct
specification for the full set of monthly and annual horizons, while Table E.2 displays analogous

results based on the quarterly models.
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Figure E.1: Equal-tailed 68% and 90% predictive bands
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Figure E.1 (cont.): Equal-tailed 68% and 90% predictive bands
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Figure E.1 (cont.): Equal-tailed 68% and 90% predictive bands

60 60
40 40
20
0
20
-40 ¢ -40
[ 68% band < Mean [ 68% band < Mean
-90% band —— IP growth -90% band —— IP growth
60 L L L 60 L L L

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020
(m) UC model, h = 7M

601 60
40+ 40
20
0
-20
_40 E _40 L
[ 68% band e Mean I 68% band
-90% band —— IP growth -90% band —— IP growth
-60 . ! . -60 . \ .

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

(n) UCSV model, h =7M

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

(0) UC model, h = 8M
60

40 1

[ 68% band < Mean
-90% band —— IP growth

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

60

40

[N 68% band -

(p) UCSV model, h = 8M

-90% band —— IP growth

60 ‘ ‘ ‘
1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

(q) UC model, h = 9M

BANCODEESPANA 53  DOCUMENTO DE TRABAJO N.° 2535

-60

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

(r) UCSV model, h = 9M



60

40

-60
19

60

40

Figure E.1 (cont.): Equal-tailed 68%
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Note: The panels show the 68% and 90% predictive bands (with light and dark shades, respectively) along with the mean predictions
(dotted lines) and the realized annualized month-on-month industrial production growth (solid lines) between 1974:M12 + h and
2024:M12. Dates on the horizontal axes correspond to the forecast target dates.
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Figure E.2: Equal-tailed 68% and 90% predictive bands
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predictions (dotted lines) and the realized year-on-year industrial production growth (solid lines) between 1974:M12 4 h and
2024:M12. Dates on the horizontal axes correspond to the forecast target dates.
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Figure E.3: Equal-tailed 68% and 90% predictive bands
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Figure E.3 (cont.): Equal-tailed 68% and 90% predictive bands
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Figure E.3 (cont.): Equal-tailed 68%

and 90% predictive bands
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Note: The panels show the 68% and 90% predictive bands (with light and dark shades, respectively) along with the mean
predictions (dotted lines) and the realized annualized quarter-on-quarter industrial production growth (solid lines) between
1974:Q4 + h and 2024:Q4. Dates on the horizontal axes correspond to the forecast target dates.
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Figure E.4: Equal-tailed 68% and 90% predictive bands
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(dotted lines) and the realized year-on-year industrial production growth (solid lines) between 1974:Q4 + h and 2024:Q4. Dates on
the horizontal axes correspond to the forecast target dates.
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Figure E.5: Empirical CDFs and 5%

critical value bands of PITs
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(d) UCSV model, h = 2M
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(e) UC model, h = 3M
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(f) UCSV model, h = 3M



Figure E.5 (cont.): Empirical CDFs and 5% critical value bands of PITs
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(k) UC model, h = 6M
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Figure E.5 (cont.): Empirical CDFs and 5% critical value bands of PITs
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(q) UC model, h = 9M
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(r) UCSV model, h = 9M



0.9
0.8

0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.9
0.8

0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.9

0.8

0.7
0.6
0.5
0.4
0.3
0.2
0.1

Note: The figures show the empirical CDFs of the PITs (solid lines), the 5% critical bands based on the Kolmogorov-Smirnov-type

Figure E.5 (cont.): Empirical CDFs and 5% critical value bands of PITs
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(w) UC model, h = 12M

(x) UCSV model, h = 12M

test (dashed lines), and the 45 degree lines (dotted) corresponding to the theoretical CDF under correct calibration.
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Figure E.6: Empirical CDFs and 5% critical value bands of PITs

- 7
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(a) UC model, h = 1Y (b) UCSV model, h = 1Y

Note: The figures show the empirical CDFs of the PITs (solid lines), the 5% critical bands based on the Kolmogorov-Smirnov-type
test (dashed lines), and the 45 degree lines (dotted) corresponding to the theoretical CDF under correct calibration.
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Figure E.7: Empirical CDFs and 5%

critical value bands of PITs
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(e) UC model, h = 3Q
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(f) UCSV model, h = 3Q
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Figure E.7 (cont.): Empirical CDFs and 5% critical value bands of PITs
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(k) UC model, h = 6Q
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(1) UCSV model, h = 6Q



Figure E.7 (cont.): Empirical CDFs and 5% critical value bands of PITs
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Note: The figures show the empirical CDFs of the PITs (solid lines), the 5% critical bands based on the Kolmogorov-Smirnov-type
test (dashed lines), and the 45 degree lines (dotted) corresponding to the theoretical CDF under correct calibration.
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Figure E.8: Empirical CDFs and 5% critical value bands of PITs
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(c) UC model, h =2Y (d) UCSV model, h = 2Y

Note: The figures show the empirical CDFs of the PITs (solid lines), the 5% critical bands based on the Kolmogorov-Smirnov-type
test (dashed lines), and the 45 degree lines (dotted) corresponding to the theoretical CDF under correct calibration.
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Table E.1: Correct specification tests for monthly US industrial production growth

ucC ucsv
KS CvM Ks CvM

Region or weight function M 2M 3M 4M 5M 6M 7M 8M 9M 10M 11IM 12M 1Y 1M 2M 3M 4M 5M 6M 7M 8M 9M 10M 11M 12M 1Y 1M 2M 3M 4M 5M 6M 7M 8M 9M 10M 11M 12M 1Y 1M 2M 3M 4M 5M 6M 7M 8M 9M 10M 11IM 12M 1Y
Full relo1] 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.01 0.24 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.46 0.13 0.49 0.48 0.35 0.49 0.65 0.52 0.49 0.45 0.41 0.36 0.35 0.14 0.18 0.47 0.42 0.45 0.58 0.59 0.54 0.64 0.57 0.50 0.44 0.47 0.28
Left tail r€[0,0.1] 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.57 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.62 0.06 0.04 0.25 0.25 0.18 0.22 0.10 0.18 0.17 0.10 0.15 0.14 0.03 0.06 0.12 0.27 0.15 0.13 0.18 0.11 0.18 0.21 0.16 0.20 0.24 0.02
Right tail r € [0.9,1] 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.02 0.00 0.01 0.21 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.03 0.04 0.05 0.04 0.03 0.36 0.78 0.80 0.54 0.62 0.94 0.85 0.91 0.81 0.88 0.65 0.56 0.41 0.32 0.64 0.81 0.64 0.84 0.97 0.89 0.95 0.83 0.90 0.65 0.51 0.47 0.25
Left half r € [0,0.5] 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.17 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.24 0.08 0.38 0.38 0.27 0.39 0.52 0.40 0.38 0.35 0.32 0.29 0.28 0.12 0.08 0.33 0.28 0.31 0.38 0.42 0.33 0.40 0.36 0.31 0.27 0.29 0.16
Right half r € [0.5,1] 0.00 0.00 0.00 0.00 0.01 0.01 0.00 0.00 0.01 0.00 0.01 0.00 0.78 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.85 0.65 0.68 0.76 0.58 0.77 0.62 0.92 0.96 0.98 0.93 0.87 0.82 0.74 0.50 0.64 0.71 0.68 0.92 0.78 0.94 0.97 0.96 0.95 0.91 0.88 0.76
Center r€[0.1,09] 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.01 0.24 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.45 0.13 0.52 0.48 0.35 0.49 0.64 0.51 0.49 0.45 0.41 0.36 0.35 0.15 0.18 0.48 0.42 0.46 0.60 0.60 0.57 0.66 0.57 0.52 0.45 0.47 0.37
Tails r e {[0,0.1]U[0.9,1]} 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.37 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.57 0.13 0.04 0.35 0.32 0.22 0.26 0.12 0.20 0.21 0.12 0.16 0.15 0.03 0.16 0.19 0.40 0.25 0.22 0.30 0.18 0.28 0.35 0.23 0.27 0.31 0.02
Left tail ~ w(r) = (1—r)? 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.29 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.31 0.08 0.08 0.33 0.16 0.21 0.29 0.15 0.17 0.17 0.17 0.18 0.13 0.02 0.09 0.33 0.31 0.29 0.34 0.41 0.31 0.38 0.34 0.29 0.27 0.28 0.13
Right tail w(r) = 7 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.29 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.66 0.61 0.81 0.78 0.74 0.89 0.79 0.85 0.91 0.93 0.81 0.74 0.72 0.47 0.41 0.63 0.62 0.69 0.90 0.80 0.88 0.94 0.90 0.86 0.75 0.76 0.63
Center w(r)=r(1—r) 0.00 0.00 0.01 0.00 0.01 0.01 0.02 0.01 0.03 0.02 0.04 0.04 0.23 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.44 0.23 0.59 0.47 0.71 0.74 0.70 0.67 0.72 0.68 0.63 0.38 0.51 0.49 0.19 0.49 0.42 0.49 0.64 0.62 0.61 0.71 0.63 0.57 0.49 0.52 0.40

) =

Tails w(r (2r—1)% 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.16 0.07 0.42 0.33 0.27 0.22 0.11 0.24 0.26 0.16 0.18 0.14 0.02 0.14 0.37 0.41 0.30 0.35 0.43 0.32 0.40 0.36 0.30 0.28 0.30 0.09

Note: The table reports the p-values of the correct specification of predictive densities of the UC and UCSV models based on the Kolmogorov-Smirnov- and Cramér-von Mises-type (KS and CvM, respectively) test statistics in various regions or with various weight functions (in rows) at forecast horizons of = 1,2,3,4,5,6,7,8,9,10,11,12
months (annualized MoM growth) and / = 1 year (YoY growth) in columns. Boldface indicates entries for which the null hypothesis of correct calibration is not rejected at the & = 5% significance level. The forecast evaluation period spans from 1974:M12 + h to 2024:M12. For h = 1, the p-values are computed using the limiting
Gaussian process with 10,000 simulations. For 1t > 1, the critical values are based on the bootstrap with block length ¢ = max{k — 1, [P'/3|}. The number of bootstrap replications is 10,000, the domain of r is discretized over [0 : 0.001 : 1].

Table E.2: Correct specification tests for quarterly US industrial production growth

ucC ucsv
KS CvM KS CvM
Region or weight function 1Q 2Q 3Q 4Q 5Q 6Q 7Q 8Q 1Y 2Y 1Q 2Q 3Q 4Q 5Q 6Q 7Q 8Q 1Y 2Y 1Q 2Q 3Q 4Q 5Q 6Q 7Q 8Q 1Y 2Y 1Q 2Q 3Q 4Q 5Q 6Q 7Q 8Q 1Y 2Y
Full re0,1] 0.00 0.01 0.01 0.01 0.01 0.03 0.03 0.03 0.44 0.50 0.00 0.00 0.01 0.01 0.01 0.01 0.02 0.02 0.53 0.58 0.58 0.83 0.91 0.76 0.90 0.94 0.92 0.90 0.43 0.61 0.58 0.80 0.88 0.93 0.94 0.97 0.93 0.87 0.60 0.71

Left tail 7€ [0,0.1 0.01 0.01 0.10 0.12 0.10 0.12 0.17 0.24 0.47 0.43 0.02 0.03 0.13 0.15 0.14 0.14 0.21 0.29 0.54 0.51 0.43 0.25 0.34 0.30 0.35 0.33 0.42 0.29 0.12 0.20 0.41 0.16 0.34 0.34 0.34 0.45 0.41 0.39 0.09 0.20

]
Right tail r € [0.9,1] 0.01 0.02 0.03 0.03 0.01 0.01 0.00 0.00 0.34 0.33 0.01 0.09 0.06 0.02 0.03 0.01 0.00 0.00 0.41 0.38 0.39 0.66 0.56 0.92 0.78 0.72 0.34 0.35 0.36 0.35 0.37 0.52 0.72 0.93 0.82 0.70 0.46 0.27 0.36 0.27
Left half r € [0,0.5] 0.00 0.00 0.00 0.00 0.01 0.02 0.02 0.02 0.31 0.36 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.02 0.32 0.35 0.66 0.70 0.79 0.83 0.86 0.86 0.89 0.82 0.34 0.50 0.61 0.71 0.76 0.86 0.93 0.96 0.86 0.80 0.38 0.57
Right half r € [0.5,1] 0.00 0.05 0.10 0.07 0.14 0.09 0.14 0.10 0.87 0.62 0.00 0.02 0.05 0.04 0.07 0.05 0.08 0.05 0.79 0.84 0.42 0.65 0.76 0.58 0.75 0.82 0.78 0.83 0.90 0.82 0.45 0.74 0.85 0.87 0.82 0.88 0.86 0.79 0.93 0.76
Center r €10.1,0.9] 0.00 0.01 0.01 0.01 0.01 0.03 0.03 0.03 0.44 0.50 0.00 0.00 0.01 0.01 0.01 0.01 0.02 0.02 0.52 0.57 0.58 0.81 0.89 0.75 0.89 0.94 0.91 0.92 0.42 0.60 0.58 0.89 0.89 0.94 0.96 0.98 0.94 0.90 0.70 0.77
Tails r € {[0,0.1] U [0.9,1]} 0.02 0.02 0.12 0.10 0.06 0.08 0.05 0.04 0.64 0.61 0.00 0.03 0.06 0.04 0.05 0.03 0.02 0.03 0.60 0.54 0.62 0.31 0.50 0.47 0.52 0.48 0.58 0.41 0.13 0.31 0.47 0.19 0.52 0.56 0.53 0.62 0.52 0.40 0.12 0.23
Left tail  w(r) = (1—71)2 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.02 0.44 0.57 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.02 0.42 0.47 0.42 0.30 0.43 0.42 0.49 0.42 0.51 0.38 0.14 0.29 0.61 0.65 0.75 0.85 0.90 0.95 0.86 0.84 0.34 0.54
Right tail w(r) =2 0.00 0.00 0.01 0.01 0.01 0.00 0.01 0.00 0.64 0.52 0.00 0.01 0.01 0.01 0.02 0.02 0.02 0.01 0.65 0.71 0.68 0.69 0.79 0.56 0.79 0.90 0.64 0.66 0.56 0.46 0.53 0.81 0.90 0.92 0.90 0.95 0.93 0.82 0.90 0.75
Center w(r)=r(l—r) 0.00 0.01 0.01 0.01 0.02 0.03 0.04 0.04 0.39 0.44 0.00 0.01 0.01 0.01 0.02 0.02 0.03 0.02 0.50 0.53 0.45 0.82 0.90 0.82 0.90 0.93 0.85 0.86 0.86 0.87 0.55 0.85 0.90 0.95 0.95 0.97 0.93 0.88 0.73 0.80
Tails w(r) = (2r — 1)? 0.01 0.04 0.07 0.04 0.03 0.02 0.03 0.02 0.58 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.64 0.76 0.57 0.23 0.41 0.33 0.47 0.29 0.44 0.30 0.13 0.33 0.66 0.60 0.75 0.82 0.87 0.93 0.87 0.80 0.30 0.46

Note: The table reports the p-values of the correct specification of predictive densities of the UC and UCSV models based on the Kolmogorov-Smirnov- and Cramér-von Mises-type (KS and CvM, respectively) test statistics in various regions or with various
weight functions (in rows) at forecast horizons of h = 1,2,3,4,5,6,7,8 quarters (annualized QoQ growth) and & = 1,1 years (YoY growth) in columns. Boldface indicates entries for which the null hypothesis of correct calibration is not rejected at the & = 5%
significance level. The forecast evaluation period spans from 1974:Q4 + h to 2024:Q4. For h = 1, the p-values are computed using the finite-sample standard uniform distribution with 10,000 simulations. For & > 1, the critical values are based on the bootstrap
with block length ¢ = max{h — 1, | P!/3|}. The number of bootstrap replications is 10,000, the domain of r is discretized over [0 : 0.001 : 1].
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