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Abstract

Many traditional panel data methods are designed to estimate homogeneous coefficients. 

While a recent literature acknowledges the presence of coefficient heterogeneity, its main 

focus so far has been on average effects. In this paper we review various approaches that 

allow researchers to estimate heterogeneous coefficients, hence shedding light on how 

effects vary across units and over time. We start with traditional heterogeneous-coefficients 

fixed-effects methods, and point out some of their limitations. We then describe bias-

correction methods, as well as two approaches that impose additional assumptions on 

the heterogeneity: grouping methods, and random-effects methods. We also review factor 

and grouped-factor methods that allow coefficients to vary over time. We illustrate these 

methods using panel data on temperature and corn yields in the United States, and find 

substantial heterogeneity across counties and over time in temperature impacts.

Keywords: panel data, fixed effects, coefficient heterogeneity.

JEL classification: C10, C50.



Resumen

Muchos métodos tradicionales de datos de panel están diseñados para estimar coeficientes 

homogéneos. Si bien la literatura reciente reconoce la presencia de heterogeneidad en los 

coeficientes, hasta ahora su enfoque principal se ha situado en los efectos promedio. 

En este artículo revisamos varios métodos que permiten a los investigadores estimar 

coeficientes heterogéneos, y mostrar cómo varían los efectos entre unidades y a lo largo 

del tiempo. Comenzamos con métodos tradicionales de efectos fijos con coeficientes 

heterogéneos, y señalamos algunas de sus limitaciones. Luego describimos métodos de 

corrección de sesgos, así como dos enfoques que imponen supuestos adicionales sobre 

la heterogeneidad: métodos de agrupamiento y métodos de efectos aleatorios. También 

revisamos métodos de factores y de factores agrupados que permiten que los coeficientes 

varíen en el tiempo. Ilustramos estos métodos utilizando datos de panel de temperatura 

y de producción de maíz en Estados Unidos, a partir de los cuales encontramos una 

sustancial heterogeneidad entre condados y a lo largo del tiempo. 

Palabras clave: datos de panel, efectos fijos, heterogeneidad en coeficientes.

Códigos JEL: C10, C50.
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1 Introduction

Fixed-effects methods are widely popular in applied practice. Examples include fixed effects

for individuals, firms, cities, counties, countries, products, markets, years, days of the year, and

times of the day, to cite a few. A notable example of the use of fixed effects is two-way fixed-

effects estimation for difference-in-differences, which has become a leading method in applied

economics.

Traditionally, researchers have used fixed effects to control for the presence of unit-specific

heterogeneity. First-differencing, within-group, and quasi-differencing methods all attempt to

difference-out the fixed effects. Increasingly, however, applied researchers have been viewing

effects heterogeneity as a central focus of their work.

In the presence of heterogeneity, a concern is that estimates based on constant-coefficients

models, such as two-way fixed-effects estimators, recover difficult-to-interpret weighted averages

of individual effects. A growing literature aims at determining whether those weights are

positive and, if not, modifies the methods to estimate positively-weighted average effects, see

De Chaisemartin and d’Haultfoeuille (2023), Roth et al. (2023), and Callaway (2023) for surveys.

However, the focus on average effects makes only partial use of the data, and may mask

important effects heterogeneity. Panel data, of the type used in many two-way fixed-effects

applications, provides researchers with the opportunity to estimate the heterogeneity in effects.

The goal of this paper is to review a variety of methods, developed in the past few decades,

which can be used to estimate heterogeneous effects under suitable assumptions, thus going

beyond averages or weighted averages.

To fix ideas, consider the following linear model for an outcome Yit and a covariate Xit:

Yit � βitXit � αit � εit, i � 1, ..., n, t � 1, ..., T. (1)

In (1), αit represents the level of the outcome, and βit represents an heterogeneous “treatment

effect”; i.e., the marginal effect of an increase in Xit. For example, when Xit � �0, 1� is binary,

βit is equal to the difference in outcomes between two hypothetical values Xit � 1 and Xit � 0.

For simplicity here we abstract from the presence of other covariates, although those are often

present in applications.

Two-way fixed-effects estimation is based on three key assumptions in model (1). The first

assumption is that

αit � αi � δt, (2)

which is commonly referred to as a “parallel trends” specification. The second assumption is

2
that the coefficient of Xit is constant,

βit � β. (3)

The third assumption is that errors εit are mean independent of Xi1, ..., XiT and have mean

zero. While this strict exogeneity assumption is empirically restrictive, it is commonly imposed

in applications and we will maintain it in this paper.

A popular line of research in recent years has been to maintain the parallel trends speci-

fication for αit in (2), while fully relaxing (3) by allowing βit to be heterogeneous in unrestricted

ways. Influential contributions include Goodman-Bacon (2021), Callaway and Sant’Anna (2021),

De Chaisemartin and d’Haultfoeuille (2020), Sun and Abraham (2021), and Borusyak et al.

(2024). There is also recent work relaxing the parallel trends assumption (2) (see Rambachan

and Roth, 2023). The chief goal of these approaches is to learn about certain weighted averages

of the βit’s.

If the effects βit are unrestricted, there is no way to estimate them consistently. In that case,

the best researchers can hope for is to estimate some average or weighted average of effects.

However, researchers may be willing to impose certain assumptions on βit, while not restricting

them to be constant as in (3). Doing so makes it possible to learn about how βit varies across

individual units and over time.

To estimate not only weighted average effects but also other characteristics of the βit’s such

as their dispersion, available methods in the literature impose additional assumptions on the

error terms εit beyond the fact that they have zero mean given Xi1, ..., XiT . To identify variance

components in a fixed-T panel, typical assumptions are that εit have zero mean conditional

on Xi1, ..., XiT and βit, and that the εit’s are either serially independent or satisfy dynamic

covariance restrictions (e.g., Arellano and Bonhomme, 2012, Bonhomme, 2025). In dynamic

settings where εit are interpreted as “shocks”, such assumptions may be natural and are often

made in panel data applications. While they impose restrictions on potential outcomes that

are not necessary when the goal is only to recover average effects, relying on these assumptions

allows researchers to recover other features of the distribution of heterogeneity.

Consider first the case where heterogeneous effects βit � βi do not vary over time. Then,

the parameters βi are fixed effects that can be estimated given a long enough panel. When

the time dimension is short or moderate, however, estimates of βi tend to be noisy. A pressing

question in practice is whether the dispersion in estimates of βi reflects actual heterogeneity,

or whether it is due to sample noise; i.e., to the fact that each βi is estimated with error.

We will review various approaches that address the issue of noise. The first class of methods

do not impose further restrictions on βi, but acknowledge the presence of noise in the estimates.

3
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Figure 1: Examples of time-invariant heterogeneity

(a) Discrete heterogeneity (b) Continuous heterogeneity (c) Sparse heterogeneity
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Notes: histogram or density of the βi’s under three assumptions: discrete (a), continuous (b), and sparse (c).

Exact and approximate bias-correction methods have been developed in recent years and are

now well understood and applicable (e.g., Hahn and Newey, 2004, Arellano and Hahn, 2007).

However, bias-correction methods suffer from some of the same issues as fixed effects. In

practice, due to low variability in covariates, the fixed effects estimates 	βi cannot be calculated

for some units (which get automatically dropped from the sample). In addition, fixed-effects

methods and their bias-corrected counterparts are based on unit-by-unit estimation, which does

not benefit from any pooling in the cross-section.

These issues can be alleviated if one is willing to impose some assumptions on βi. A possible

strategy is to model βi � β�Wi� as a function of observed covariates. In this review we focus

on methods that allow for unobserved heterogeneity βi, possibly correlated with covariates Wi.

We will review methods based on two assumptions: that βi are grouped (see Figure 1 panel

(a)), or that they follow some parametric or semi-parametric distribution (see Figure 1 panel

(b)). Both grouping methods based on discrete heterogeneity (e.g., Bonhomme and Manresa,

2015), and random-effects methods with their connections to empirical-Bayes shrinkage (e.g.,

Efron, 2012, Gu and Koenker, 2017), can offer meaningful reduction in noise and improve the

quality of heterogeneity estimates. Another, third assumption, pictured in panel (c) of Figure

1, would be that the βi’s are sparse, so most of the βi values are equal to zero or to a common

value. However, sparsity is not a common model to describe coefficient heterogeneity and we

will not consider it here.

Consider next the case where βit varies over time. In many applications, allowing for

variation over time is empirically important. A common assumption is that the n � T matrix

with elements βit has low rank, which corresponds to a factor structure. A simple example is

represented in Figure 2 panel (a), which corresponds to an additive model of βit as the sum of

a unit fixed-effect and a time fixed-effect. However, factor structures can accommodate more

4
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Figure 2: Examples of time-varying heterogeneity

(a) Parallel trends in βit (b) Factor structure (c) Group-specific trends
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Notes: values of βit over time t, where each line is a different unit i, under three assumptions: parallel trends

(a), factor structure (b), and group-specific trends (c).

general patterns of heterogeneity. A simple example is shown in Figure 2 panel (b), which

pictures a one-factor specification. Moreover, the intercept αit can also be modeled using a

factor structure, thus relaxing the parallel trends assumption (2). We will review methods for

interactive fixed-effects regression and its generalizations, building on Bai (2009).

A drawback of factor methods is that they do not address the noise issue in fixed-effects

estimation. Indeed, compared to the case where βi is time-invariant but otherwise unrestricted,

factor models depend on numerous additional parameters. This can make their use problematic

in settings where the time dimension is not sufficiently large. An alternative approach relies

on the assumption that βit follows some group-specific time trend, as represented in Figure 2

panel (c). We will review such grouped-factor methods and highlight their ability to capture

time variation in unit heterogeneity.

We will illustrate a number of these methods by estimating how temperature affects agri-

cultural output, specifically corn production, in the US. A large literature, including Deschênes

and Greenstone (2007), Schlenker and Roberts (2009), and Burke and Emerick (2016) estimates

temperature impacts based on some variants of two-way fixed-effects. Estimates of temperature

impacts are key inputs to calculations of the costs of climate change, and documenting how

these impacts vary across counties in the US and over time is important to inform such calcu-

lations, as recently demonstrated by Keane and Neal (2020). We will report estimates based

on various methods, including bias-corrected estimates, grouped and grouped-factor methods,

and random-effects methods, allowing for effects heterogeneity across space but also over time.

While this paper focuses on bias correction, grouping, random-effects, and factor approaches,

it omits other related methods. Many of the other methods we do not review focus on average

effects. For example, there is a large earlier literature on slope heterogeneity in panel data
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(e.g., Hsiao and Pesaran, 2008, Wooldridge, 2005). The recent literature on treatment effects

estimation using panel data pursues a related goal, see Arkhangelsky and Imbens (2023) and the

recent survey in Arkhangelsky and Imbens (2024). We also do not cover work using synthetic

control and synthetic difference-in-differences methods (e.g., Alberto Abadie and Hainmueller,

2010, Arkhangelsky et al., 2021).

The outline of the rest of the paper is as follows. In Section 2 we present our empirical

illustration to quantify the impact of temperature on corn yields. In Section 3 we describe

fixed-effects methods, and we review approaches to bias correction in Section 4. In Sections

5 and 6 we review grouped fixed-effects and random-effects methods. Lastly, in Section 7

we review factor and grouped-factor methods to allow for time-varying heterogeneity, and we

conclude in Section 8. Replication files are available online.

2 An illustrative application: agriculture and the weather

To illustrate the methods, we will use US panel data to study the relationship between tem-

perature and agricultural output.

2.1 Model and objectives

Consider panel data on counties i � 1, ..., n and years t � 1, ..., T . Let Yit denote corn yields,

which are our measure of agricultural output. Let Xit denote a measure of temperature. We

will estimate various versions of the following model:

Yit � βitXit � αit �W �

itγ � εit, (4)

where Wit includes a set of control variables (i.e., precipitation and state-year indicators) and

εit is a mean-zero error term.1,2

A special case of (4) is

Yit � βXit � αi � δt �W �

itγ � εit. (5)

1Note that, while here γ is homogeneous across units and over time, it is possible to allow it to be heteroge-

neous as well (for example, group-specific).
2In this setting, the assumption of strict exogeneity may be invalid if policies respond to temperature changes

and are unobserved to the econometrician (e.g., part of εit). Consistently with the literature, we will assume

strict exogeneity while including state-year fixed effects in Wit, hence capturing possible policy responses if

those happen at the state level.
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A common approach in the literature relies on within-county regressions based on (5) to estimate

short-run temperature impacts. Estimates of β inform the projected costs of climate change

scenarios (e.g., Deschênes and Greenstone, 2007, Dell et al., 2014). Note that (5) is a two-way

fixed-effects regression model.3

The methods we review in this paper will allow us to generalize (5) and estimate various

versions of model (4). Our main goal when relaxing (5) is to allow βit to be heterogeneous

across counties and over time. This heterogeneity is of substantive interest for climate change

calculations (Keane and Neal, 2020). We will document heterogeneity in temperature impacts

across space and over time.

2.2 Data and preliminary evidence

We use two sources of data. For the weather variables, we use a balanced dataset of US counties

since 1950, constructed from daily weather records.4 We aggregate the data at the county-year

level. For the output variables we focus on corn yields, and use an unbalanced panel of US

counties for the period 1950–2005 constructed by Burke and Emerick (2016), which comes from

the US Department of Agriculture’s National Agricultural Statistics Service.5

Following the literature, we focus our analysis of corn yields, measured in bushels per acres

planted, on counties east of the 100th meridian where agriculture is primarily rainfed as opposed

to irrigated, which account for the vast majority of US corn production. The sample for analysis

drops observations without yields or corn area, and only keeps counties that have at least 10

years of valid data. This sample has 2,253 counties and 107,004 observations. We assume that

observations are missing at random conditional on covariates and heterogeneity.

As our main weather variable we focus on temperature, measured as average daily degree

Celsius above zero from April 1st to September 30th, which is the growing season for corn. It

is worth noting at the outset that the within–county variance in temperature is only 5.7% of

the total variance. Although temperature is the main focus of our analysis, we also control

for average daily precipitation during the growing season each year, in millimeters per day. In

Appendix Table A1 we report descriptive statistics on the weather variables, corn yields, and

the area of corn production.

3In the specifications where state-year indicators are part of Wit, it is not necessary to include the coefficients

δt in (5) since the model already accounts for the presence of year fixed effects that vary across states.
4The records are based on PRISM data and available on Wolfram Schlenker’s website.
5We downloaded the data from the AEA’s website. The data period in the sample used by Burke and

Emerick (2016) ranges until 2010. However, the number of counties decreases by more than 40% for the last 5

years. For this reason, we do not include those years in our analysis.
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Figure 3: Temperature and de-trended yields

−20

−10

0

10

20

18

19

20

21

22

1950 1960 1970 1980 1990 2000
Year

Yi
el

d 
(d

e−
tre

nd
ed

) (
bu

/a
cr

e)
Tem

perature (C
)

Notes: un-weighted statistics across counties. Yields are measured in bushels per acre. Temperature is measured

in average daily degree Celsius above zero during the growing season. De-trended yields are shown in solid (left

axis), temperature in dashed (right axis).

Our focus on the marginal impact of one additional degree on yields misses several important

margins that have been emphasized in the literature on the agricultural impacts of changing

temperatures. Previous work has shown that the impact of temperature on yields is nonlinear

(e.g., Schlenker and Roberts, 2009). Such nonlinearity is not captured by the homogeneous

specification (5). However, specifications allowing for βit in (4) to be heterogeneous and corre-

lated with temperature do allow temperature effects to depend on temperature levels. A more

general specification would allow for square or high-order terms in temperature Xit in (4). An-

other restrictive feature of our main equation is the absence of a role for extreme temperatures

and other climatic events, which have been shown to be important (e.g., Miller et al., 2021). A

third feature is the absence of a role for farmers’ adaptation to changing temperatures (Burke

and Emerick, 2016, Keane and Neal, 2020).

We first plot temperature and de-trended yields over the sample period. Figure 3 shows

clear evidence of a negative correlation between the two, suggesting that higher temperatures

lead to lower output. To account for heterogeneity over time and across counties in the level

of yields and temperature (yet not for heterogeneity in temperature effects), it is common to

estimate some version of equation (5).

We report estimates of such regressions in Table 1, for a variety of controls that always

include precipitation, and, in the richest specification in column (4), also include county and

state-year fixed-effects. In that specification, parallel trends are required to hold within state,

but state-specific trends are unrestricted. All the specifications require the temperature effects

β to be constant across counties and over time.
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Table 1: Regression estimates with constant coefficients

(1) (2) (3) (4)

Temperature -3.902 -3.021 -4.108 -6.729

(0.697) (1.314) (0.840) (0.894)

Precipitation 5.801 7.685 3.074 2.010

(1.605) (1.109) (0.533) (0.395)

Observations 107,004 107,004 107,004 107,004

County FE No Yes Yes Yes

Year FE No No Yes Yes

State-year FE No No No Yes

Notes: un-weighted regressions of corn yields on temperature and precipitation. Standard errors are clustered at

the state level.

The estimates in Table 1 show that an increase in one degree per day is associated with a

drop in yields of 6.7 bushells per acre, which represents a 9% drop relative to the average level

of the yields. This estimate is over 50% larger than estimates that do not account for state-year

fixed-effects.6

3 Fixed-effects

In this section we first review traditional fixed-effects methods.

3.1 Model and assumptions

We start by assuming that effects βit are constant over time, equal to βi, and we estimate

various versions of the following two-way fixed-effects model with slope heterogeneity:

Yit � βiXit � αi � δt �W �

itγ � εit. (6)

In the following we will focus on the case where Xit is scalar, since this corresponds to the

case of our application. However, the methods are easily extended to the case where Xit is

6Consistently with the literature, we cluster standard errors at the state level. Since there are only 31 states,

we also computed Driscoll-Kraay standard errors as a robustness check, see Appendix Table B2.
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multivariate and βi is a vector.7

Note that assuming βit � βi restricts the n� T matrix
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β11 β12 ... β1T

β21 β22 ... β2T

... ... ... ...

βn1 βn2 ... βnT
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(7)

to have identical columns. However, the fixed-effects approach leaves effects heterogeneity un-

restricted across units. For example, it allows for situations where the βi’s are correlated across

counties, and are correlated with temperature and precipitation in all counties in arbitrary

ways.

In model (6), ordinary least squares (OLS) regression gives the fixed-effects estimators

	γ,	δ1, ...,	δT , 	α1, ..., 	αn, 	β1, ...,
	βn.

We will focus on the coefficients 	βi, which are estimates of βi, for i � 1, ..., n. We now list three

common assumptions under which we will review some properties of these estimators.

Assumption 1. The matrix of regressors in (6) has full rank.

Assumption 1 requires sufficient variation in the regressors. In models with slope and

intercept heterogeneity this requires Xit to vary over time. To see this, consider the following

simplified version of model (6), without additional covariates and time effects:

Yit � βiXit � αi � εit. (8)

In model (8) we have

	βi �

�T
t�1

�

Xit �X i

( �

Yit � Y i

(

�T
t�1

�

Xit �X i

(2 , (9)

where Zi �
1
T

�

t�1 Zit denotes the unit-specific average of any random vector Zit. The denom-

inator in (9) is proportional to the within-county variance of Xit. Good behavior of 	βi, in the

sense of a low variance, will require sufficient variability of Xit over time.

Assumption 2. The covariates Xi � �Xi1, ..., XiT �
� and Wi � �W �

i1, ...,W
�

iT �
� are strictly ex-

ogenous, in the sense that

E�εit 
Xi,Wi� � 0 for all i � 1, ..., n and t � 1, ..., T.
7A practically important case where multivariate βi’s arise is when Xit includes lags of a covariate of interest.

However, allowing for multivariate βi’s is more demanding than only allowing for scalar heterogeneity. The issues

with fixed-effects estimation that we will highlight below become even more salient in the multivariate case.
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Strict exogeneity restricts εit to be mean independent not only of past and current covariates,

but also of future covariates. This is a strong assumption that rules out the presence of feedback

from past outcomes to future covariates. See Arellano (2003b) for discussions of this assumption.

Under Assumption 2, the 	βi’s are unbiased:8

E
�

	βi

�

� βi.

Assumption 3. Observations are independent across i.

We will impose Assumption 3 for simplicity. Note that the controls Wit may include time

effects, and they will include state-time indicators in our application. The inclusion of time

effects captures some sources of cross-sectional dependence. Moreover, inference methods al-

lowing for common shocks across individual units, in addition to serial correlation within units,

have been developed in recent years, see in particular Andrews (2005), Kuersteiner and Prucha

(2013), and Kuersteiner and Prucha (2020).

3.2 Mean and variance of fixed effects

Given Assumptions 1, 2 and 3, we now review some properties of fixed-effects estimators. Here

we treat the βi’s as fixed parameters. We will do so throughout the paper, except in Section 6

that deals with random-effects methods, where we will treat the βi’s as random variables.

Let

	E
�

	β
�

�

1

n

n
�

i�1

	βi (10)

denote the mean of the fixed-effects estimates, sometimes referred to as the mean-group estima-

tor. Suppose that Assumptions 1 and 2 hold, so in particular covariates are strictly exogenous.

Then the mean-group estimator (e.g., Chamberlain, 1992, Pesaran and Smith, 1995) is an

8Although we will maintain Assumption 2 throughout the paper, fixed-effects and grouped fixed-effects

methods remain theoretically justified as n and T tend to infinity under sequential exogeneity, that is,

E�εit 
Xi1, ..., Xit,Wi1, ...,Wit� � 0 for all i � 1, ..., n and t � 1, ..., T,

even though the �βi’s are no longer unbiased in that case. Note that, in contrast with strict exogeneity, sequential

exogeneity allows future valuesXi,t�h (for h 
 1) to correlate with past errors εit. See for example Fernández-Val

and Lee (2013).
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unbiased estimator of the average of the effects (or average treatment effect)9
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Moreover, under suitable regularity conditions, the mean-group estimator is also consistent

for the average of the βi’s. Consistency holds as the cross-sectional size n tends to infinity,

irrespective of whether T is fixed or tends to infinity. That is, as n tends to infinity,

	E
�

	β
�

�

	E �β� � op�1�.

The conditions for consistency of the mean-group estimator require sufficient variability of

Xit over time. In practice, mean-group estimates may not behave well when the covariates of

some individual units exhibit low variation over time. Graham and Powell (2012) point out this

issue in the context of heterogeneous-coefficients panel data models with continuous covariates,

and propose a trimming strategy for consistent estimation. Notice that the requirement for

sufficient time variation is already apparent in Assumption 1.10

Next, let
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	E
�
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denote the sample variance of the fixed-effects estimates. Under the same assumptions, the

sample variance is biased for the sample variance of the effects βi,

�Var �β� �
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n

n
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i�1
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βi �
	E �β�

)2

.

Specifically, we have, under Assumptions 1 and 2,

E
�
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�

	β
)�

�

�Var �β� � Bias,

9Here, the estimand �E �β� is conditional on the units in the sample. An alternative target parameter, in a

setting where the units are a random sample from some population, would be the expectation of βi with respect

to the distribution from which it has been drawn.
10To illustrate, consider model (8) with a binary covariate and T � 2. In that case, identification of the average

1
n

�n
i�1 βi requires Xi1 � Xi2 for all individual units i � 1, ..., n (i.e., that all units be so-called “movers”). If

nowXit is continuous, identification only requiresXi1 � Xi2 to hold almost surely, yet the mean-group estimator

may be ill-behaved when a mass of individuals have Xi1 � Xi2 (i.e., when there are “near stayers”).
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where the bias term is positive. Intuitively, the dispersion in the fixed-effects estimates reflects

not only the dispersion in the true effects, but also some additional dispersion due to noise.

To derive the expression for the bias term, consider for simplicity model (8) without covari-

ates. Using Assumptions 1, 2 and 3 we obtain

Bias �

�

1�
1

n

�

E

�

�

�

1

n

n
�

i�1

�T
t�1

�T
s�1

�

Xit �X i

( �

Xis �X i

(

εitεis
�

�T
t�1

�

Xit �X i

(2
�2

�

!

�

. (12)

We notice in (12) that the bias does not go away as n tends to infinity. However, it tends

to decrease as T grows, and to vanish as T tends to infinity. A typical order of magnitude is

O�1	T �, meaning that the bias is twice as small when the panel length double. We also see that

the magnitude of the bias is affected by the lack of variability in Xit over time, as reflected by

the sample variance of Xit in the denominator in (12). Lastly, we see the impact of the noise

through the presence of εit. Everything else equal, a larger variance of εit tends to increase the

bias, and a higher persistence among εit’s over time tends to lead to larger bias as well.

Remark 1. (Restrictions on potential outcomes) Given our focus on variances, and more

generally on quantities that are not weighted averages of the βi’s, our assumptions restrict

potential outcomes. To see this, consider the binary case Xit � �0, 1� in model (8), and denote

Yit�0� � αi � εit and Yit�1� � βi � αi � εit. To highlight the restrictions the model imposes on

those potential outcomes, it is useful to treat the βi’s as random variables. Then, to recover

the mean of effects it suffices that E�εit 
Xi� � 0, where we highlight that the expectation is

not conditional on βi. However, to recover the variance of effects we have used two additional

assumptions. First, we have assumed E�εit 
Xi, βi� � 0, otherwise their would be a covariance

term between βi and εit, and the form of the bias would be different. Second, we have assumed

that εit have limited dependence over time, since if dependence is unrestricted the bias term in

(12) cannot be consistently estimated. Both conditions restrict Yit�0� and Yit�1� beyond parallel

trends.

3.3 Four issues with fixed effects

In models with heterogeneous parameters such as (6), fixed-effects methods are useful tools

to quantify the heterogeneity in individual responses. However, fixed-effects estimators suffer

from four main issues that limit their appeal for applied practice.

The first issue is apparent from the analysis of the variance that we have just reviewed:

fixed-effects are noisy, which tends to bias the parameters of interest, such as the dispersion in

13
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individual coefficients. Should one trust the dispersion of fixed-effects estimates, or are those

partly capturing spurious heterogeneity?

The second issue is that, in many data sets, some fixed effects cannot even be calculated, due

to lack of variation in covariates for some individual units. Technically, this reflects a violation

of Assumption 1, which is a common occurrence in applications. Although the fixed-effects

approach has the merit of clearly highlighting the need for extrapolation when using other

approaches, it comes at the cost of narrowing the sample. This issue gets sometimes unnoticed

in empirical work, since statistical software often automatically drops observations and their

associated coefficients when those are not identified.

The third issue is that the fixed-effects approach relies on i-by-i estimation, without aiming

at exploiting any information across individual observations. As an illustration, consider model

(8) without additional covariates. We see that each estimate 	βi in (9) only depends on the

observations Yit and Xit corresponding to the individual unit i, without any sort of pooling

across individual observations.

The last issue with fixed-effects is an obvious one: fixed effects are fixed over time. It is

not possible to adopt a fixed-effects approach to estimate unrestricted βit parameters (although

some quantities may still be identified, see Bonhomme, 2025). However, in applications, it is

often appealing to allow for time variation in individual responses.

In the subsequent sections we will review various approaches that aim at dealing with these

four issues with fixed-effects estimation. Before doing so, we start by reporting fixed-effects

estimates in our application.

3.4 Illustration

We estimate model (6) with county-specific coefficients βi, where we control for state-year

fixed effects and county fixed effects, in addition to precipitation. Column (2) in Table 2

shows that the average 	βi in the sample is �8.0.11,12 This is larger than the estimate based

on a homogeneous specification (compare with column (1)). Moreover, the average masks

considerable heterogeneity. In some counties, temperature has small effects on corn yields:

the estimate is �2.6 at the 90th percentile. However, in other counties, the effects are more

detrimental, as evidenced by the value of the 10th percentile (-14.7). The standard deviation

of 	βi is 4.9.

11In this average, counties are weighted by the total corn area in years they appear in the sample. We proceed

similarly for other quantities such as variances and percentiles of effects.
12Standard errors are obtained using a cross-sectional bootstrap method that we will describe in Section 4.
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Figure 4: Fixed-effects estimates with heterogeneous coefficients

(a) Marginal density (short panel in dashed) (b) Spatial distribution
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Notes: panel (a) shows the weighted density of marginal effects across counties and years estimated in the long

panel 1950–2005 (solid line), versus the one estimated in the short panel 1990–2005 (dotted line) for the same

sample of counties. Panel (b) plots the marginal effects per county estimated using the full sample.

County heterogeneity in temperature impacts can be seen in the kernel estimate of the

density of 	βi shown in solid line in the left panel of Figure 4.13 While effects are overwhelmingly

negative, the estimates show a thick left tail of large negative impacts. To assess the extent of

spatial heterogeneity, in the right panel of Figure 4 we plot the estimates 	βi on a map of the

US.14

In the appendix we report two sets of robustness checks to assess how our findings are

affected by some specification changes. Some authors use log yields instead of yield levels

as the left-hand side variable. In Appendix B.3 we show estimates under this specification.

Moreover, some authors rely on different measures of temperature, which capture temperature

under normal conditions (“growing degree days”) and extremely high temperatures (“killing

degree days”), see for example Keane and Neal (2020). In Appendix B.4 we report estimates

based on such a specification. We find that, relative to the marginal effects coefficients we focus

on in this paper, extreme temperature impacts (corresponding to “killing degree days”) are

differently distributed across space, see Appendix Figure B7. However, the spatial distribution

of effects of a one degree increase in daily temperature (which is our focus in the application)

13While we do not use weights in the regressions, to present the results we weight all estimates by corn area

in the county. In Appendix B.2 we show un-weighted estimates for comparison.
14The visible state borders on the map are due to the inclusion of state-year fixed effects as controls in the

regression.
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County heterogeneity in temperature impacts can be seen in the kernel estimate of the

density of 	βi shown in solid line in the left panel of Figure 4.13 While effects are overwhelmingly

negative, the estimates show a thick left tail of large negative impacts. To assess the extent of

spatial heterogeneity, in the right panel of Figure 4 we plot the estimates 	βi on a map of the

US.14

In the appendix we report two sets of robustness checks to assess how our findings are

affected by some specification changes. Some authors use log yields instead of yield levels

as the left-hand side variable. In Appendix B.3 we show estimates under this specification.

Moreover, some authors rely on different measures of temperature, which capture temperature

under normal conditions (“growing degree days”) and extremely high temperatures (“killing

degree days”), see for example Keane and Neal (2020). In Appendix B.4 we report estimates

based on such a specification. We find that, relative to the marginal effects coefficients we focus

on in this paper, extreme temperature impacts (corresponding to “killing degree days”) are

differently distributed across space, see Appendix Figure B7. However, the spatial distribution

of effects of a one degree increase in daily temperature (which is our focus in the application)

13While we do not use weights in the regressions, to present the results we weight all estimates by corn area

in the county. In Appendix B.2 we show un-weighted estimates for comparison.
14The visible state borders on the map are due to the inclusion of state-year fixed effects as controls in the

regression.
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is similar to our baseline specification, see Appendix Figure B6.

A key question we ask is: how should one interpret the heterogeneity in these estimated

impacts? Does it reflect true heterogeneity in βi or sample noise? As a first look at this

question, we estimate the same model on a shorter panel, from 1990 to 2005. We then plot a

kernel estimate of the density of the 	βi’s estimated on this subsample, in dashed line in the left

panel of Figure 4. We see a density of impacts that is wider than in the full sample, with large

proportions of negative but also positive temperature impacts. While it may be that the last

period 1990-2005 experienced different temperature impacts compared to the full sample, it is

also possible that the difference between the two densities is mechanically due to the effect of

sample noise. In the next section, we review bias-correction methods that aim at reducing the

impact of the noise on fixed-effects estimates.

4 Bias-correction methods in fixed effects

4.1 Exact bias correction

A number of methods are available to either fully correct for bias in fixed-effects estimates, or

to at least partially correct for it. We first discuss exact bias-correction methods.

Consider the variance of fixed-effects estimates in model (8) without additional covariates.

The bias term in (12) depends on the variance-covariance matrix of errors εit. As an example,

in the case where εit 
Xi1, ..., XiT � iid�0, σ2
ε� we have
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is the degrees-of-freedom-corrected OLS estimate of the error variance.

A bias-corrected, exactly unbiased variance estimate is easily obtained as
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which satisfies

E
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�Var
BC

�β�
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�Var �β� .

Moreover, under suitable regularity conditions (which in particular require sufficient within-unit

variation in Xit) we have, as n tends to infinity while T is kept fixed,

�Var
BC

�β� ��Var �β� � op�1�.

Note that, unlike �Var�	β�, �Var
BC
�β� may be negative in a given sample.

Exact bias-correction strategies can be extended to a number of other quantities in linear

regression models such as (6). In short panels, Arellano and Bonhomme (2012) show how to

obtain consistent estimators of higher-order moments of effects, such as skewness and kurtosis,

under suitable conditions. They also show how to estimate the entire distribution of effects

consistently, by adapting nonparametric deconvolution techniques (e.g., Stefanski and Carroll,

1990, Li and Vuong, 1998, Bonhomme and Robin, 2010). Kline et al. (2020) focus on quadratic

forms in the parameters, and propose a leave-one-out estimator that is unbiased under general

forms of heterokedasticity.

A practical challenge for exact bias reduction methods is that they require correct modeling

of the dependence of errors. If the dependence is misspecified, for example if the εit’s are

assumed to be serially independent but are in fact serially correlated in the data, then the

resulting estimators are no longer consistent. Moreover, exact bias correction is generally not

available in nonlinear models, such as binary or multinomial choice models.

When the conditions for exact bias correction are not met, it is nevertheless often possible to

achieve approximate bias correction, which becomes increasingly accurate as the panel length

grows, and is expected to work well in panels of moderate length. We now describe several

approximate bias-correction methods.

4.2 Approximate bias correction: the large-T perspective

The approximate bias-correction approach is motivated from a time-series perspective. Fixed-

effects estimators such as 	βi are constructed based on T individual observations. When T is

sufficiently large and serial dependence is not too strong, one can rely on large-T approximation

arguments justified by central limit theorems to approximate the distribution of 	βi. This

perspective, which can be applied to general classes of models, including nonlinear and dynamic

models, has been developed in a large literature, see Hahn and Kuersteiner (2002), Arellano

(2003a), Hahn and Newey (2004), Arellano and Hahn (2007), and Fernández-Val and Weidner

(2018), among others.
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To illustrate the approach, consider a fixed-effects estimator 	βi. As T tends to infinity, one

often can write

	βi � βi �
1
�

T
Zi � op

�

1
�

T

�

, (13)

where Zi is normally distributed with zero mean. The expansion (13) can be justified by

appealing to a central limit theorem for serially dependent data. This requires that dependence

is not too strong.

As an example, 	βi in model (8), which is equal to

	βi � βi �

�T
t�1
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Xit �X i

(

εit
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(2 ,

can be written as (13) for Zi � N �0, Vi�, where Vi is the long-run variance
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for µi � plimT�	

X i. The assumption that Vi is finite limits the amount of serial dependence

in εit.

In turn, an expansion of the form (13) typically implies that the bias of a fixed-effects

estimator of a distributional quantity (such as the variance of the βi’s) takes the form

Bias �
B

T
� o

�

1

T

�

, (15)

where B is a constant.

A variety of methods have been developed to reduce bias based on expansions like (15). A

key insight is that, if one can construct an estimator 	B that is consistent for B as T tends to

infinity, then subtracting
�B
T
from a fixed-effects estimator will deliver a bias-reduced estimator,

in the sense that the resulting estimator will have a lower bias of order o�1	T �, instead of

O�1	T �.

To illustrate, in the case of model (8) without additional covariates, we have
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Using a consistent estimator of Vi as T tends to infinity, which we denote as 	Vi (for example, a

Newey-West estimator), we can then construct the bias-reduced estimator
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which is guaranteed to satisfy
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. (16)

Exact and approximate bias-correction methods have both advantages and drawbacks. Com-

pared to �Var
BC

�β�, which is unbiased irrespective of n and T , �Var
BR

�β� is biased for fixed T .

However, its bias is of a smaller order in T compared to that of the original fixed-effects es-

timator, see (16). On the other hand, the approximate bias reduction property, in the sense

of (16), does not require correct specification of the serial dependence of εit, while exact bias

correction does.

4.3 Half-panel jackknife

Among the available methods for approximate bias correction, we now describe a simple ap-

proach based on the jackknife proposed by Dhaene and Jochmans (2015). Let 	β
�n,1:T �2�

be

the n � 1 vector of fixed effects estimated on the first half of the panel, i.e., only using peri-

ods 1, ..., T 	2 (taking the integer part if T is odd). Suppose in addition that observations are

stationary over time. Then, the same logic that led to (15) implies that
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Hence, the bias is approximately 2B	T , which is twice as large as the bias of �Var
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)

based on

the full sample.

This suggests constructing the half-panel jackknife estimator
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where 	β
�n,T �2�1:T �

i denote fixed-effects estimators based on the second half of the panel. Indeed,

we have
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which implies that the bias of the half-panel jackknife estimator is of lower order compared

to that of the fixed-effects estimator. A practical advantage of the jackknife approach is that
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there is no need to estimate the constant B in (15). In addition to this ease of implementation,

half-panel jackknife is robust to the presence of serial correlation, in contrast with leave-one-out

jackknife (e.g., Hahn and Newey, 2004).

However, stationarity over time may be a restrictive assumption. For example, stationarity

may fail in the presence of time fixed-effects. Fernández-Val and Weidner (2016) propose

a modification of half-panel jackknife that handles the presence of time effects (though not

general forms of spatial nonstationarity). To describe their approach, let 	β
�1:n�2,T �

denote the

�n	2� � 1 vector of fixed effects estimated using the first half of individual units, with a similar
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has reduced bias, even in the presence of time effects. Intuitively, time effects induce an ad-

ditional bias of order O�1	n�, which the split in the cross-sectional dimension helps correct

for.

There exist various alternatives to half-panel jackknife. Methods based on analytical cor-

rections (which aim to find an empirical counterpart 	B to B in (15)) have been developed for

fixed-effects estimators, moment equations, and likelihood functions. Various bootstrap and

jackknife methods have been proposed. Arellano and Hahn (2007) provides a comprehensive

survey of those approaches. Hahn et al. (2022) compare the efficiency of various approximate

bias-correction methods.

While we have used the variance of effects as an example to illustrate the methods through-

out this section, approximate bias correction can be applied to other quantities. For example,

Jochmans and Weidner (2024) consider the distribution function of effects

	Fβ�b� �
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They show that the distribution function of the fixed effects,
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$

is biased for 	Fβ�b�, with a bias of order O�1	T � under suitable conditions. They then develop

analytical and jackknife methods for approximate bias correction. In particular, they show that

the half-panel jackknife reduces bias (however, they do not formally study the validity of the
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(2020) for an analysis of bias correction methods for density functions.

The large N, T panel data literature provides inference methods for general functions of

the common parameters and individual effects. Under suitable conditions, the uncorrected and

bias-corrected fixed-effects estimators have the same asymptotic variance. A simple method to

provide valid standard errors is the cross-sectional bootstrap (Fernández-Val et al., 2022), where

one draws n values with replacement from (debiased counterparts to) the fixed-effects estimates

	βi and report the standard deviation of the corresponding statistic, such as the variance of the

re-sampled 	βi’s. Fernández-Val et al. (2022) show that this cross-sectional bootstrap scheme

provides valid standard errors, including in cases where the analytical plug-in methods are

invalid.15

4.4 Illustration

To bias-correct our empirical estimates, we apply the modified half-panel jackknife estimator

HPJ2 that handles the presence of time effects (Dhaene and Jochmans, 2015, Fernández-Val

and Weidner, 2016). Since the model includes state-year fixed effects, we implement the cross-

sectional splits within each state. We use 5 splits, and average over them. In the time-series

dimension we simply split the sample in half, only once. We apply the jackknife separately to

the mean of the effects, their variance, and their distribution function. The standard errors we

report are based on the cross-sectional bootstrap, clustered at the state level.

In Column (3) of Table 2 we see that the average effect is virtually unaffected by the

bias correction (�8.0 in both cases). However, the variance is greatly reduced by the bias

correction. The standard deviation decreases from 4.9 (uncorrected) to 3.4 (bias-corrected

using the jackknife).16,17 We also report estimates of percentiles of the distribution of βi. Those

are obtained by inverting the jackknife estimate of the distribution function (Jochmans and

15In their analysis, Fernández-Val et al. (2022) consider as target parameters quantities that are averages or

variances, say, of the population distribution of the βi’s. This differs from the parameters �E �β� and�Var �β� that

we have considered in our presentation. Defining the target parameter as a population expectation or variance

(as opposed to a sample mean or variance) results in more uncertainty, which the cross-sectional bootstrap

accounts for.
16In Table 2 we show the mean and variance estimates implied by the bias-corrected distribution. Bias-

correcting the mean directly gives a similar value (�8.2). However, bias-correcting the variance directly gives

an even lower dispersion, with a standard deviation of 2.5.
17We report the same standard error estimates in columns (2) and (3) of Table 2. This is justified by the

property that bias correction does not affect the asymptotic variance of the estimator in this setting.
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modified half-panel jackknife that handles the presence of time effects). See Okui and Yanagi

(2020) for an analysis of bias correction methods for density functions.

The large N, T panel data literature provides inference methods for general functions of

the common parameters and individual effects. Under suitable conditions, the uncorrected and

bias-corrected fixed-effects estimators have the same asymptotic variance. A simple method to

provide valid standard errors is the cross-sectional bootstrap (Fernández-Val et al., 2022), where

one draws n values with replacement from (debiased counterparts to) the fixed-effects estimates

	βi and report the standard deviation of the corresponding statistic, such as the variance of the

re-sampled 	βi’s. Fernández-Val et al. (2022) show that this cross-sectional bootstrap scheme

provides valid standard errors, including in cases where the analytical plug-in methods are

invalid.15

4.4 Illustration

To bias-correct our empirical estimates, we apply the modified half-panel jackknife estimator

HPJ2 that handles the presence of time effects (Dhaene and Jochmans, 2015, Fernández-Val

and Weidner, 2016). Since the model includes state-year fixed effects, we implement the cross-

sectional splits within each state. We use 5 splits, and average over them. In the time-series

dimension we simply split the sample in half, only once. We apply the jackknife separately to

the mean of the effects, their variance, and their distribution function. The standard errors we

report are based on the cross-sectional bootstrap, clustered at the state level.

In Column (3) of Table 2 we see that the average effect is virtually unaffected by the

bias correction (�8.0 in both cases). However, the variance is greatly reduced by the bias

correction. The standard deviation decreases from 4.9 (uncorrected) to 3.4 (bias-corrected

using the jackknife).16,17 We also report estimates of percentiles of the distribution of βi. Those

are obtained by inverting the jackknife estimate of the distribution function (Jochmans and

15In their analysis, Fernández-Val et al. (2022) consider as target parameters quantities that are averages or

variances, say, of the population distribution of the βi’s. This differs from the parameters �E �β� and�Var �β� that

we have considered in our presentation. Defining the target parameter as a population expectation or variance

(as opposed to a sample mean or variance) results in more uncertainty, which the cross-sectional bootstrap

accounts for.
16In Table 2 we show the mean and variance estimates implied by the bias-corrected distribution. Bias-

correcting the mean directly gives a similar value (�8.2). However, bias-correcting the variance directly gives

an even lower dispersion, with a standard deviation of 2.5.
17We report the same standard error estimates in columns (2) and (3) of Table 2. This is justified by the

property that bias correction does not affect the asymptotic variance of the estimator in this setting.
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Figure 5: Jackknife results – marginal density
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Notes: density of marginal temperature effects across counties and years, weighted by corn area. The solid line

shows the density according to jackknife, while the dotted line shows the density according to fixed effects.

Weidner, 2024). In practice, we find that the estimated distribution function is not monotone

everywhere, so we apply the rearrangement method of Chernozhukov et al. (2010) to enforce

monotonicity. The estimates of the percentiles in Column (3) of Table 2 are consistent with

the finding that the jackknife tends to compress the distribution of effects. This is further

corroborated by Figure 5, where we report a kernel-smoothed estimate of the bias-corrected

density.18

5 Discrete heterogeneity: grouping methods

The noise in the fixed-effects estimates 	βi reflects the fact that there is not enough data to

precisely estimate all βi’s. While the sample contains nT observations, only T of them are

informative about each βi. To reduce the impact of noise, a common approach is to impose

additional assumptions on the heterogeneity. Such strategies are commonly employed in high-

dimensional models. As an example, a sparse model assumes that all βi’s are equal to zero (or

to a common coefficient), except for a few of them that are non-zero (e.g., Tibshirani, 1996).

Another example assumes that the βi’s follow a Gaussian distribution, and we will review such

random-effects approach in Section 6.

In this section we describe another assumption about the βi’s, which has empirical appeal

18To assess whether these findings are affected by low variation in temperature over time for some counties, in

Appendix Figure B8 we report the results of a trimming exercise where we remove some share of counties that

exhibit the lowest variation. The estimates are quite stable as a function of the share of observations removed.
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density.18

5 Discrete heterogeneity: grouping methods

The noise in the fixed-effects estimates 	βi reflects the fact that there is not enough data to

precisely estimate all βi’s. While the sample contains nT observations, only T of them are

informative about each βi. To reduce the impact of noise, a common approach is to impose

additional assumptions on the heterogeneity. Such strategies are commonly employed in high-

dimensional models. As an example, a sparse model assumes that all βi’s are equal to zero (or

to a common coefficient), except for a few of them that are non-zero (e.g., Tibshirani, 1996).

Another example assumes that the βi’s follow a Gaussian distribution, and we will review such

random-effects approach in Section 6.

In this section we describe another assumption about the βi’s, which has empirical appeal

18To assess whether these findings are affected by low variation in temperature over time for some counties, in

Appendix Figure B8 we report the results of a trimming exercise where we remove some share of counties that

exhibit the lowest variation. The estimates are quite stable as a function of the share of observations removed.
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Table 2: Distribution of marginal effects of temperature across counties and years

Homog. Heterog. Jackknife GFE RE

(1) (2) (3) (4) (5)

Percentile 10 -6.729 -14.655 -12.341 -12.387 -13.666

(0.894) (1.918) (1.918) (3.103) (1.723)

Percentile 25 -6.729 -10.620 -9.639 -8.219 -10.637

(0.894) (1.041) (1.041) (1.614) (1.079)

Percentile 50 -6.729 -7.834 -7.857 -8.219 -7.877

(0.894) (0.728) (0.728) (1.175) (0.763)

Percentile 75 -6.729 -4.781 -5.652 -4.930 -5.250

(0.894) (0.704) (0.704) (0.405) (0.742)

Percentile 90 -6.729 -2.636 -3.879 -1.311 -3.079

(0.894) (0.777) (0.777) (1.797) (0.783)

Mean -6.729 -8.024 -8.046 -7.698 -8.123

(0.894) (0.733) (0.733) (0.861) (0.798)

Variance 0.000 24.032 11.424 18.700 17.257

(5.248) (5.248) (4.991) (5.307)

Notes: distribution of marginal effects across counties and years, weighted by corn area. Column (1) corresponds

to a homogeneous β. Columns (2) to (5) correspond to heterogeneous βi: (2) is based on fixed-effects, (3) on

the jackknife, (4) on grouped fixed-effects (GFE) with K � 5, and (5) on correlated random-effects (RE) with a

prior mean that depends on temperature. GFE and RE methods are described in Sections 5 and 6, respectively.

Standard errors in parentheses are clustered at the state level.

for modeling heterogeneity. The idea is to limit the number of different values that βi can take.

While unrestricted βi’s can take up to n different values, a discrete heterogeneity assumption

sets the maximum number of distinct values to K, where K is typically small relative to n.

5.1 Model and estimator

Suppose that individual units are partitioned into K groups, ki � �1, ..., K�, and that, within

group k, all βi’s are constant equal to βk
. We consider the following grouped fixed-effects model

Yit � β
ki
Xit � αi � δt �W �

itγ � εit. (17)
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When K � n, (17) simplifies to the fixed-effects model (6). However, taking K small relative

to n pools information across individual units. This can help reduce noise, and thus alleviate

the first three issues with fixed-effects estimation that we mentioned in Section 3.19

There are several available methods to estimate model (17). One strategy is to compute a

grouped fixed-effects estimator, by minimizing, for a given number of groups K, the objective

function
n
�

i�1

T
�

t�1

�

Yit � β
ki
Xit � αi � δt �W �

itγ
)2

(18)

with respect to the following parameters: the unit fixed-effects intercepts α1, ..., αn, the time

fixed-effects intercepts δ1, ..., δT , the covariates’ coefficients γ, the group-specific parameters

β
1
, ..., β

K
, and the unit-specific group-membership indicators k1, ..., kn. The group indicators

ki � �1, ..., K� define a partition of all individual units. The minimum in (18) is taken over all

possible such partitions into K groups.

The grouped fixed effects (or GFE) estimator defined as the minimizer of (18) can be inter-

preted as a generalization of kmeans clustering, which is a widely used partitioning algorithm.

In fact, one could alternatively estimate the groups by applying kmeans to the fixed-effects 	βi,

that is, by minimizing
n
�

i�1

�

	βi � β
ki

)2

, (19)

with respect to the group-specific parameters β
1
, ..., β

K
and the unit-specific group-membership

indicators k1, ..., kn. An advantage of (18) compared to (19) is that the estimator remains well-

defined even if some of the 	βi’s do not exist. In other words, by minimizing (18) one can

address the second issue with fixed-effects estimation, which is the non-existence of fixed-effects

estimates. Heterogeneous estimators based on (18) are sometimes referred to as “clusterwise

regression” estimators in computer science.

There is an extensive literature in statistics and computer science that proposes and studies

algorithms for kmeans clustering and clusterwise regression. A particularly simple approach is

based on Lloyd’s algorithm. The method consists in iterating between a grouping step and a

regression step, as follows:

� In the grouping step, given some values of the coefficients α, δ, γ, β, one minimizes (18)

with respect to k1, .., kn. The solution is

ki � argmin
k�1,...,K

T
�

t�1

�

Yit � β
k
Xit � αi � δt �W �

itγ
)2

, for all i � 1, ..., n.

19This is not yet addressing the fourth issue, since here we maintain the assumption that βi is time-invariant.

However, in Section 7 we will review grouped-factor models that allow for time-varying heterogeneity.
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� In the regression step, given k1, ..., kn one minimizes

n
�

i�1

T
�

t�1

�

Yit � β
ki
Xit � αi � δt �W �

itγ
�2

with respect to all parameters (except for the group indicators ki that are fixed) and

obtain α�, δ�, γ�, β�. This step is simply a linear regression, where some covariates are

interactions between Xit and group indicators. One then sets �α, δ, γ, β� � �α�, δ�, γ�, β�

�,

and goes back to the previous step, iterating until the objective function does not change.

In practice, the objective function tends to have many local minima, and it is important

to start the algorithm from multiple parameter values. We will illustrate this approach in the

application. The choice of initialization has been studied in computer science, see for example

Arthur and Vassilvitskii (2007). Moreover, Lloyd’s algorithm is only one simple approach to

minimize (18). There exists a variety of alternatives, both approximate and exact, some of

which are reviewed in Bonhomme and Manresa (2015).

In addition to grouped fixed-effects estimation, other methods have been proposed to esti-

mate group-membership indicators and regression parameters in discrete heterogeneity models

such as (17). The Classifier Lasso (or CLasso) approach proposed by Su et al. (2016) is a

penalized regression method based on minimizing

n
�

i�1

T
�

t�1

�Yit � βiXit � αi � δt �W �

itγ�
2
� λ

n
�

i�1

K
�

k�1

�

�

�

βi � β
k

�

�

�

(20)

with respect to the following parameters: the unit fixed-effects intercepts α1, ..., αn, the time

fixed-effects intercepts δ1, ..., δT , the covariates’ coefficients γ, the unit fixed-effects coefficients

β1, ..., βn, and the group-specific parameters β
1
, ..., β

K
.

In (20), λ � 0 is a tuning parameter. Classifier Lasso exhibits a behavior that is reminiscent

of the Lasso. Indeed, the presence of the absolute value �βi � β
k
� in the penalty term tends

to produce a clustering of the βi’s around the group-specific values β
1
, ..., β

K
. This is similar

to the Lasso penalty, which tends to produce a clustering of estimates around zero. However,

unlike the Lasso objective, (20) is not convex, and it can have local minima. The authors derive

a formula for λ based on asymptotic approximations.

The literature on grouping methods is evolving fast. Recent approaches include Chetverikov

and Manresa (2022), Mugnier (2022), and Yu et al. (2024), among others. These methods, and

the Classifier Lasso, all share similar asymptotic guarantees, which we will review next.

In practice, the number of groups K is an important input to grouping methods. Several

methods have been proposed to estimate K. One approach is based on information criteria.
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methods have been proposed to estimate K. One approach is based on information criteria.

Let 	L�K� denote the value of the objective function in (18) at the estimated parameters, for a

given number of groups K. Su et al. (2016) propose to minimize the Information Criterion

log

�

1

nT
	L�K�

�

� ρnTK, (21)

where ρnT is a tuning parameter, which they recommend to set as ρnT �

2
3
�nT ��

1
2 . Bonhomme

and Manresa (2015) consider the Bayesian Information Criterion

1

nT
	L�K� �

K

nT
ln�nT �	σ2, (22)

where 	σ2
�

1
nT

�n
i�1

�T
t�1

�

Yit �
	βiXit � 	αi �

	δt �X �

it	γ
)2

is based on the fixed-effects estimator

of model (6). Another approach to estimate K is through sequential testing. Lu and Su (2017)

propose an LM test statistic to test the null hypothesis K � k against K 
 k, for k � 1, 2, ...

The estimator of K is then the first value of k for which the null hypothesis is not rejected.

5.2 Properties under grouped heterogeneity

There are two approaches to provide theoretical justifications for grouping methods. The first

and most common approach is to analyze the behavior of grouped heterogeneity estimates in a

data generating process where the heterogeneity is indeed grouped in the population. In this

approach, the DGP is assumed to satisfy model (17), for some true number of groups K and

true group-membership indicators k1, ..., kn. In particular, one assumes that there exists a true

number of groups K that does not depend on the sample size.

In a grouped data generating process, several papers have provided conditions for the groups

to be consistent as n and T tend to infinity. See Hahn and Moon (2010), Lin and Ng (2012),

Bonhomme and Manresa (2015), and Su et al. (2016), among others. This implies that the

probability of correctly classifying all individual units tends to one as the sample size tends to

infinity. Formally, group consistency reads20

Pr
�

	ki � ki for all i � 1, ..., n
�

� 1. (23)

Conditions for group consistency allow n to grow polynomially faster than T . For example,

Bonhomme and Manresa (2015) assume that n	T δ
� 0 for some δ 
 0. Since δ can be

20Since the groups are not observed, the definition of groups 1, 2, 3, ... is arbitrary. Indeed, one could alterna-

tively refer to group 1 as group 2, and to group 2 as group 1, without changing model (17). Group consistency

in (23) is thus understood to hold for an arbitrary labeling of the groups.
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In practice, the objective function tends to have many local minima, and it is important

to start the algorithm from multiple parameter values. We will illustrate this approach in the

application. The choice of initialization has been studied in computer science, see for example

Arthur and Vassilvitskii (2007). Moreover, Lloyd’s algorithm is only one simple approach to

minimize (18). There exists a variety of alternatives, both approximate and exact, some of

which are reviewed in Bonhomme and Manresa (2015).

In addition to grouped fixed-effects estimation, other methods have been proposed to esti-

mate group-membership indicators and regression parameters in discrete heterogeneity models

such as (17). The Classifier Lasso (or CLasso) approach proposed by Su et al. (2016) is a

penalized regression method based on minimizing

n
�

i�1

T
�

t�1

�Yit � βiXit � αi � δt �W �

itγ�
2
� λ

n
�

i�1

K
�

k�1

�

�

�

βi � β
k

�

�

�

(20)

with respect to the following parameters: the unit fixed-effects intercepts α1, ..., αn, the time

fixed-effects intercepts δ1, ..., δT , the covariates’ coefficients γ, the unit fixed-effects coefficients

β1, ..., βn, and the group-specific parameters β
1
, ..., β

K
.

In (20), λ � 0 is a tuning parameter. Classifier Lasso exhibits a behavior that is reminiscent

of the Lasso. Indeed, the presence of the absolute value �βi � β
k
� in the penalty term tends

to produce a clustering of the βi’s around the group-specific values β
1
, ..., β

K
. This is similar

to the Lasso penalty, which tends to produce a clustering of estimates around zero. However,
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The literature on grouping methods is evolving fast. Recent approaches include Chetverikov
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In practice, the number of groups K is an important input to grouping methods. Several

methods have been proposed to estimate K. One approach is based on information criteria.
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arbitrarily large, this theory provides a rationale for using grouping estimators in panel data

where the time dimension is small relative to the cross-sectional dimension.

An implication of group consistency in (23) is that the asymptotic distribution of grouped

estimates of heterogeneous effects is not affected by the fact that the groups have been estimated.

Consider the estimator 
β
k
of β

k
based on the true groups ki. It follows from group consistency

that the grouped fixed-effects estimator of βi, which we have denoted as 	β
�ki

(where 	ki are the

estimated groups), has the same asymptotic distribution as 
β
ki
. In particular, when all groups

have non-negligible size in the limit, 	β
�ki

is
�

nT -consistent for βi. This should be contrasted

to the fixed-effects estimator 	βi, which is only
�

T -consistent. This provides a concrete sense

in which grouping can reduce noise and improve the performance of heterogeneity estimates.

As a result of group consistency, inference on the parameters of the grouped fixed-effects

model (17) is very simple. One can proceed as if the groups ki were known to the researcher, and

simply replace ki by their estimates 	ki in formulas for standard errors and confidence intervals.

Moreover, under related conditions, the number of groups can be shown to be consistently

estimated using information criteria or sequential testing.

However, group consistency hinges on several possibly restrictive assumptions. Bonhomme

and Manresa (2015) emphasize three conditions. The first one is that the true groups need to

be sufficiently well separated. The theory assumes that the distance 
β
k
� β

k�


, for any groups

k � k�, is non-zero and fixed as the sample size tends to infinity. This may not capture well

the fact that, in a fixed sample, some groups may be close to each other, and hence hard to

distinguish. The second and third conditions require errors εit to be weakly dependent and

their distributions to have sufficiently thin tails, respectively.

There is relatively little work trying to provide valid inference methods when group consis-

tency does not hold. Recently, Armstrong et al. (2024) studied the related problem of inference

in interactive fixed-effects models in the presence of weak factors, and provided bias-aware in-

ference methods in such settings. Developing inference methods that correctly account for the

uncertainty in group assignments is an important avenue for future work.21

5.3 Properties under continuous heterogeneity

The second approach to analyze the properties of grouped heterogeneity estimators is to assume

a data generating process where heterogeneity is continuous. In this approach, the DGP is

21In their supplement, Bonhomme and Manresa (2015) used the bootstrap, clustered at the unit level, in an

attempt to account for the uncertainty in group estimation. In a recent contribution, Dzemski and Okui (2024)

proposed a method for confidence intervals for group-membership indicators.
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assumed to satisfy (6), where one does not assume that the βi’s are grouped. This reflects the

view that groups provide an approximation to some possibly continuous heterogeneity.

In pioneering contributions in the early 1980s, David Pollard showed that, when hetero-

geneity βi is continuous, group estimates converge to some pseudo-true values as n tends to

infinity for T fixed (Pollard, 1981, Pollard, 1982). While Pollard considered the case of kmeans,

his results apply more generally to grouped fixed-effects estimates (Bonhomme and Manresa,

2015). However, these pseudo-true values differ from the true parameter values, and grouped

fixed-effects estimates are inconsistent as n tends to infinity if T is fixed.

Recently, Bonhomme et al. (2022) showed that, in settings with continuous βi’s, parameter

estimates remain consistent for their true values as n and T tend to infinity jointly. However,

a crucial difference when the βi’s are not discrete is that consistency only holds as K tends

to infinity together with the sample size. A too small number of groups provides a poor

approximation to the heterogeneity, which in turn affects consistency and convergence rates.

When heterogeneity is continuous, the groups are a regularization device, withK being a tuning

parameter. Moreover, the convergence rate of grouped fixed-effects estimators depends crucially

on the dimensionality of heterogeneity. From this perspective, the case of model (6) appears

favorable since heterogeneity βi is scalar. However, the performance of grouping methods may

worsen in models with multi-dimensional continuous heterogeneity.22

5.4 Illustration

We implement the grouped fixed-effects estimator in our illustration, for various numbers of

groups. For computation we use Lloyd’s algorithm with 3,000 starting values. In Appendix C

we describe how we initialize the algorithm. Based on the estimates for K groups, where K

ranges between 1 and 8, we compute the information criterion (21) proposed by Su et al. (2016).

According to this criterion, the optimal number of groups is 5. Given this, we set K � 5 as a

baseline. However, we report results based on varying numbers of groups in Appendix Table

B5 and Appendix Figure B9. The results are quite stable between K � 3 and K � 8.

In Column (4) in Table 2 we report the mean, variance, and percentiles of the distribution

22Cheng et al. (2023) propose a method to allow for separate group indicators in the parameters of a regression

model. For example, with Xit denoting temperature and Wit denoting precipitation, one can specify

Yit � β
ki
Xit � γ

ℓi
Wit � αi � δt � εit,

where ki � �1, ...,K� and ℓi � �1, ..., L�. Here there are two numbers of groups K,L, and two group indicators

ki, ℓi. In their asymptotic analysis they consider DGPs with discrete heterogeneity.
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Figure 6: Grouped fixed-effects estimates

(a) Histograms (b) Spatial distribution (K � 5)
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Notes: panel (a) shows histograms of marginal effects across counties and years, weighted by corn area, based

on grouped fixed-effects for several values of K, while the solid line shows the density of fixed-effects estimates.

Panel (b) shows the spatial distribution of marginal effects across counties based on grouped fixed-effects with

K � 5.

of temperature impacts according to grouped fixed-effects, for K � 5. The standard errors are

obtained by bootstrap, clustered at the state level, and conditional on the estimated group-

membership indicators. The point estimate of the mean is again similar to the uncorrected

fixed-effects average (�7.7). The dispersion of effects is lower than the one of fixed-effects

estimates, but larger than the jackknifed one, with a standard deviation of 4.3. Panel (a) of

Figure 6 shows that the grouped fixed-effects histograms, plotted for various numbers of groups,

exhibit less dispersion than the density of the fixed-effects estimates.

Grouped fixed-effects estimates can be used to document spatial heterogeneity. In panel (b)

of Figure 6 we report the grouped fixed-effects estimates 	β
�ki

on a map of the US, for K � 5.

Under a model with discrete heterogeneity, and suitable assumptions as we have discussed,

these estimates are
�

nT -consistent, whereas the fixed-effects estimates are only
�

T -consistent.

This provides a rationale for reporting, and interpreting, grouped estimates such as the ones

shown in panel (b) of Figure 6 in applications.

Lastly, in Appendix Figure B10 we report the spatial distribution of the lower and upper

bounds of a 95% confidence interval for βi (under the assumption that the βi’s are grouped).

To obtain these confidence intervals, we cluster errors at the state level, and condition on the

estimated group-membership indicators.
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6 Modeling heterogeneity: random-effects methods

6.1 Random-effects model

Another approach to try to reduce the impact of the noise on heterogeneity estimates is to

model the distribution of heterogeneous parameters βi. This approach is increasingly used in

economics, in panel data but also in settings with a network structure such as in the estimation

of neighborhood effects or firm and worker effects (see Bonhomme and Denis, 2024 for a recent

survey). In this section, we thus treat the βi’s as random variables.

To illustrate this approach in our context, consider the fixed-effects estimates23

	βi � βi � vi, (24)

where by (13)
�

Tvi � Zi� op�1�, for Zi 
Xi,Wi, βi � N �0, Vi�. In the presentation, we assume

that Vi � V �Xi,Wi� is a function of the covariates and that it is known to the researcher,

although in practice Vi needs to be estimated. Asymptotic normality of vi as T tends to infinity

holds under suitable conditions on time-series dependence. For the presentation we will assume

that normality holds exactly, and not only asymptotically, so

vi 
Xi,Wi, βi � N
�

0,
Vi

T

�

. (25)

Note that by Assumption 3 all observations are independent. Cross-sectional independence is

a substantive assumption for the methods reviewed in this section.

Instead of viewing βi as a parameter to be estimated (the so-called “fixed-effects” approach),

suppose that it is drawn from some distribution G conditional on covariates (the “random-

effects” approach). That is, suppose that

βi 
Xi,Wi � G�� 
Xi,Wi�. (26)

As an example, suppose that

βi 
Xi,Wi � N
�

µ0 � µ�1Hi, τ
2
(

, (27)

for some parameters µ0, µ1, τ
2, where Hi � H�Xi,Wi� is a known (vector-valued) function of

the covariates. This “correlated random-effects” specification allows the distribution of βi to

depend on Xi,Wi through a parametric model. We will follow this approach in the illustration

by conditioning on average temperature in the county.

23In this section we maintain our focus on time-invariant βi’s. See Botosaru and Liu (2025) for a semi-

parametric approach to event study models with time-varying coefficients.
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6.2 Estimators and properties

By combining (24) and (27), we have

E
�

	βi 
Xi,Wi

�

� µ0 � µ�1Hi, (28)

E
�

�

	βi � µ0 � µ�1Hi

)2


Xi,Wi

�

� τ 2 �
Vi

T
. (29)

This suggests to estimate 	µ0, 	µ1 by an OLS regression of 	βi on Hi and a constant, and to

estimate

	τ 2 �
1

n

n
�

i�1

�

	βi � 	µ0 � 	µ
�

1Hi

)2

�

1

nT

n
�

i�1

Vi. (30)

The term 1
nT

�n
i�1 Vi can be interpreted as an exact bias correction when estimating the condi-

tional variance τ 2 of the effects βi. The unconditional variance can then be estimated as

�Var
RE

�β� ��Var
�

	µ0 � 	µ
�

1Hi

(

� 	τ 2.

The estimators 	µ0, 	µ1, 	τ
2, and �Var

RE
�β� are all consistent as n tends to infinity and T fixed

under standard regularity conditions, provided (27) holds. Note that implementing random-

effects requires an estimator of the long-run variance Vi, which is not needed for other methods

such as half-panel jackknife and grouping.

An attractive feature of the random-effects approach is the ability to compute posterior

quantities. Indeed, interpreting (27) as a prior for βi (conditional on Xi,Wi) in model (24)-

(25), we obtain the posterior distribution of βi given the data, which is

βi 

	βi, Xi,Wi � N

  

τ 2

Vi

T
� τ 2

�

	βi �

 

Vi

T
Vi

T
� τ 2

�

�µ0 � µ�1Hi� ,
1

�

Vi

T

(

�1
� τ�2

�

, (31)

independent across i. In particular, the posterior mean of βi is

E
�

βi 

	βi, Xi,Wi

�

�

 

τ 2

Vi

T
� τ 2

�

	βi �

 

Vi

T
Vi

T
� τ 2

�

�µ0 � µ�1Hi� . (32)

It is the best predictor of βi under quadratic loss in model (24)-(25)-(27).

Let us introduce the shrinkage factor

ρi �
τ 2

Vi

T
� τ 2

,

which lies between 0 and 1. In (32), the fixed-effects estimate 	βi is shrunk towards the prior

mean. The shrinkage is more aggressive when ρi is lower, which corresponds to a lower signal-

to-noise ratio.

31Given estimates 	µ0, 	µ1, and 	τ
2, one can construct the empirical-Bayes posterior means

	β
PM

i �

 

	τ 2

Vi

T
� 	τ 2

�

	βi �

 

Vi

T
Vi

T
� 	τ 2

�

�

	µ0 � 	µ
�

1Hi

(

. (33)

Shrunk estimates (33) have attractive properties as square loss minimizers, even in cases where

(27) is misspecified (see the James-Stein theorem). Intuitively, shrinkage helps because using

information from other individuals i� � i can improve prediction for individual i (Efron, 2012,

Koenker and Gu, in preparation).

Often, researchers are interested in quantities averaged over individual units, such as the

dispersion of effects or their distribution. Given the random-effects model (24)-(25)-(27), one

can report posterior mean estimates of those quantities. For example, the posterior mean of

the sample variance of effects is

E
�

�Var �β� 
 	β1, ...,
	βn, X1, ..., Xn,W1, ...,Wn

�

�

�Var �m� �

�

1�
1

n

�

1

n

n
�

i�1

s2i , (34)

where mi and s2i are the posterior means and variances of βi in (31). In turn, the posterior

mean of the distribution of effects is

E
�

	Fβ�b� 
 	β1, ...,
	βn, X1, ..., Xn,W1, ...,Wn

�

�

1

n

n
�

i�1

Φ

�

b�mi

si

�

, (35)

where Φ denotes the standard normal distribution function.

Posterior estimates such as (34) and (35) have attractive robustness properties as T tends

to infinity, as highlighted by Arellano and Bonhomme (2009) who refer to those as “Bayesian

fixed-effects” estimates. As T tends to infinity,

E
�

�Var �β� 
 	β1, ...,
	βn, X1, ..., Xn,W1, ...,Wn

�

�

�Var �β� � op�1�,

E
�

	Fβ�b� 
 	β1, ...,
	βn, X1, ..., Xn,W1, ...,Wn

�

�

	Fβ�b� � op�1�,

even when the parametric model for βi (e.g., (27)) is incorrectly specified (see also Hahn et al.,

2004). That is, consistency holds even when βi are not normally distributed, or they are normal

but their variance depends on Xi,Wi, for example. Moreover, Bonhomme and Weidner (2022)

show that posterior estimates such as (34) and (35) also enjoy robustness properties for T

fixed as n tends to infinity, even though misspecified random-effects estimators are generally

inconsistent for fixed T . Inference based on these estimators is straightforward under correct

specification of the distribution of βi.
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Extension. The normal specification for βi in (27) can be generalized. A fully nonparamet-

ric approach, independent of the conditioning variables Xi,Wi, was introduced by Kiefer and

Wolfowitz (1956). Nonparametric maximum likelihood estimation is the subject of a large lit-

erature in statistics, see for example Koenker and Mizera (2014) and Gu and Koenker (2017).

Flexible parametric methods have also been proposed, notably Efron (2016)’s penalized log-

spline estimator. In applications of random-effects methods, it is often important to allow for

dependence on conditioning variables. Recently, Chen (2023) proposed an approach based on

a semi-parametric location-scale model.

6.3 Illustration

We estimate random-effects specifications based on (24)-(25), for various priors. Our main

specification is in the spirit of (27): βi is assumed to be normally distributed, with a mean

that depends linearly on average temperature in the county, and a conditional variance that is

constant. In Column (5) of Table 2 we report posterior means of the average effect, the variance

of effects, and the distribution of effects, which we invert to obtain percentiles. The standard

errors are obtained by bootstrap, clustered at the state level. Again, the point estimate of the

mean is very similar to the other specifications (�8.1). The dispersion is slightly lower than

the one under grouped fixed-effects, and lower than the variance of fixed-effects estimates, with

a standard deviation of 4.2. In panel (a) of Figure 7 we report, in solid line, a smoothed kernel

estimate of the density implied by the random-effects specification. We see relatively small

differences with the estimated density of fixed effects in this case, except for somewhat thinner

left and right tails. Lastly, in panel (b) of Figure 7 we plot estimates of posterior means of βi

on a map of the US.

We perform several robustness checks. In Appendix Table B6 we report estimates based

on different priors: a normal prior fully independent of covariates, and two additional priors

that allow the conditional variance of βi, in addition to its mean, to depend on average tem-

perature in the county. The results are quite similar across all these specifications. Another

important practical question when implementing random-effects is how to estimate the variance

of fixed-effects estimates, Vi. In our baseline, we use a within-county formula based on i.i.d.

homoskedastic standard observations, but we have conducted several robustness checks using

Newey-West estimators with various number of lags and found similar random-effects estimates

in those cases.
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Figure 7: Random-effects estimates

(a) Marginal density (b) Spatial distribution of posterior means
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Notes: results weighted by corn area. Panel (a) presents the posterior mean of the distribution of marginal

effects, kernel-smoothed to obtain a density (in solid), whereas the fixed-effects density is shown in dashed.

Panel (b) shows a map of the posterior means. The model assumes a normal prior whose mean depends on

average temperature in the county.

7 Variation over time: factor methods

7.1 Low-rank models

Allowing for effects to vary over time is important in many applications. While a fully un-

restricted βit is not estimable, panel data, together with some modeling choices, offer the

possibility to estimate models with time-varying, heterogeneous responses.

To illustrate, consider a simple departure from model (6), which allows for a specific form

of variation over time while maintaining essentially the same structure. Suppose that

βit � βi � µt (36)

is additive across units and time periods, and that

Yit � �βi � µt�Xit � αi � δt �W �

itγ � εit

� βiXit � αi � δt � µtXit �W �

itγ � εit,

which is identical to (6) except for the fact that the control covariates now include interactions

between X’s and time indicators. Lu and Su (2023) study this approach, and Keane and Neal

(2020) rely on the same model to study the effect of temperature on yields.
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34
A key feature of (36) is that βit depends on two sources of heterogeneity. The first one, βi,

captures unit heterogeneity. The second one, µt, captures time heterogeneity. This implies that

the n�T matrix B with elements βit in (7) can be written as a sum of a matrix with constant

rows and another matrix with constant columns. In particular, under (36) B has rank 2. Such

low-rank constraints are useful ways of disciplining the nature of heterogeneity across units and

over time.

More generally, a factor model imposes a low-rank assumption on B. A general represen-

tation of a rank-R matrix is

βit �

R
�

r�1

βi,rµr,t. (37)

Here, βi,1, ..., βi,R are R sources of unit heterogeneity, while µ1,t, ..., µR,t represent R sources of

time heterogeneity. In matrix form, B can be represented as a product

B � βµ�,

where β is an n�R matrix with elements βi,r, and µ is a T �R matrix with elements µr,t.

Note that the usual parallel trends specification in two-way fixed-effects,

αit � αi � δt

takes the same form as (36). The specification for αit can thus be generalized in exactly the

same way to factor models with additional sources of possibly non-additive heterogeneity, as

in (37). Hence, factor models also offer the possibility to relax the parallel trends assumption

in two-way fixed-effects and other panel data regression settings. In fact, factor methods were

initially applied to models with constant β and non-additive αit, as we review next.

7.2 Factor methods

A well-studied model with a factor structure is the interactive fixed-effects model (Bai, 2009,

Pesaran, 2006),

Yit � βXit � α�iδt � εit, (38)

where we do not impose parallel trends and abstract from additional covariates for simplicity.

Here αi and δt are R � 1 vectors, where R is the number of factors. Importantly, this model

has a constant β so it does not allow for heterogeneity across units or over time.
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in (37). Hence, factor models also offer the possibility to relax the parallel trends assumption

in two-way fixed-effects and other panel data regression settings. In fact, factor methods were

initially applied to models with constant β and non-additive αit, as we review next.

7.2 Factor methods

A well-studied model with a factor structure is the interactive fixed-effects model (Bai, 2009,

Pesaran, 2006),

Yit � βXit � α�iδt � εit, (38)

where we do not impose parallel trends and abstract from additional covariates for simplicity.

Here αi and δt are R � 1 vectors, where R is the number of factors. Importantly, this model

has a constant β so it does not allow for heterogeneity across units or over time.
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In model (38), Bai (2009) provides conditions under which the parameters β, α1, ..., αn and

δ1, ..., δT are all consistently estimated as n and T tend to infinity by minimizing24

n
�

i�1

T
�

t�1

�Yit � βXit � αi
�δt�

2
. (39)

The resulting interactive fixed-effects estimator can be interpreted as principal component anal-

ysis (PCA) with covariates, and it is related to synthetic control (Alberto Abadie and Hain-

mueller, 2010, Gobillon and Magnac, 2016), and to matrix completion methods for panel data

(Athey et al., 2021). However, the multiplicative structure αi
�δt in (39) leads to a non-convex

objective function, which complicates implementation.

An alternative approach is to enforce the low-rank constraint through a penalty, in the spirit

of matrix completion methods. To proceed, let A denote an n � T matrix with elements αit.

Let �A�



denote the sum of the singular values of A.25 This quantity is also called the nuclear

norm of A. Moon and Weidner (2018) propose to minimize

n
�

i�1

T
�

t�1

�Yit � βXit � αit�
2
� λ�A�




, (40)

with respect to β and the αit’s, where the penalty parameter λ 
 0, suitably chosen, amounts

to restricting the rank of A. Indeed, the nuclear norm penalty can be understood as a matrix

counterpart to the ℓ1 norm that is used in Lasso estimation (Cai et al., 2010, Hastie et al.,

2015). Unlike (39), the objective in (40) is convex in A and β.

The use of nuclear norm penalization permits to extend factor methods to models where

both αit and βit are heterogeneous, hence allowing for effects heterogeneity across units and

over time. A recent contribution by Chernozhukov et al. (2019) proposed to extend (40) to also

allow for coefficient heterogeneity.

7.3 Grouped-factor methods

However, while factor models address the fourth issue with fixed effects, by allowing for time

variation, they are vulnerable to the other issues that we pointed out in Subsection 3.3. In-

deed, compared to a standard fixed-effects approach with time-invariant coefficients βi, a factor

specification such as (37) adds several (possibly many) parameters to estimate. However, as

24Identification of α1, ..., αn and δ1, ..., δT requires choosing a suitable normalization, referred to as a choice

of a “rotation”.
25The singular values of A are the square roots of the eigenvalues of A�A.
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we have seen in the first part of the paper, it is often desirable to reduce the number of fixed

effects in practice because of sample noise.

To make progress, one can impose additional assumptions on βit beyond the factor structure.

In a grouped-factor model, we assume that

βit � β
t
�ki�, (41)

where ki � �1, ..., K� are group-membership indicators, and β
t
�1�, ..., β

t
�K� are K group-

specific paths of heterogeneity. Bonhomme and Manresa (2015) proposed this idea to model

the intercept in a regression with constant coefficients. Here we advocate this approach to

model the coefficients themselves. Related approaches in the literature include Okui and Wang

(2021), Lumsdaine et al. (2023), and Wang et al. (2024). All these approaches can be viewed as

hybrid, since the intercept includes additive or interactive fixed effects, and the slope is modeled

as group-specific and time-varying. Such hybrid approaches appear particularly promising for

empirical applications.

The grouped-factor model (41) allows for effects heterogeneity across units and over time.

In fact, this is a special case of a factor model with K factors, since we can write

βt�ki� �
K
�

r�1

1�ki � r�β
t
�r�,

which corresponds to (37) for βi,r � 1�ki � r� and µr,t � β
t
�r�. This case is a rather special

one, however, since βi,r are either 0 or 1. The grouped-factor structure thus reduces the number

of parameters relative to a general factor model. This can help with all four issues of fixed-

effects, since the model allows for time variation while grouping units to reduce noise. In panel

event studies, grouped-factor models allow researchers to relax parallel trends and estimate

heterogeneous effects of a treatment (Shin, 2022).

Computation of grouped-factor estimators can be performed using Lloyd’s algorithm, suit-

ably modified in order to allow for the time-varying structure in (41). The asymptotic properties

of the method as n, T tend to infinity are similar to the time-invariant case that we reviewed

in Section 5 (see Bonhomme and Manresa, 2015). In particular, under analogous conditions to

the ones we discussed before, group consistency will hold, see (23).

7.4 Illustration

To explore heterogeneity in temperature effects over time, we split the observation period into

three equal-sized subperiods: 1950–1968, 1969–1987, and 1988–2005. Denoting subperiods as
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Notes: panel (a) shows the density of marginal effects of temperature across counties and years by subperiod,

weighted by corn area (in colored non-solid lines), whereas the solid black line shows the overall density based

on time-invariant fixed-effects estimation. Panels (b) to (d) show the spatial distribution of marginal effects by

subperiod.

p�t� � �1, 2, 3�, we then estimate a model with subperiod-specific fixed-effects, based on

Yit � βip�t�Xit � αip�t� � δt �W �

itγ � εit. (42)

In the top panel of Figure 8 we show a kernel estimator of the density of the fixed-effects

estimates 	βip, for all three subperiods. In the bottom panel we plot the estimates on a map of

the US, again separately by subperiod. In Appendix Table B7, columns (4) to (6), we report

estimates of means, variances, and percentiles.

The fixed-effects estimates 	βip suggest that temperature impacts have become more negative

on average over time. The mean effects is �5.4 in the first subperiod, and increases to �9.6

and �9.3 in the subsequent subperiods. We observe a noticeable increase in dispersion, with

standard deviations equal to 5.2, 7.9, and 9.4 in the three subperiods. We also notice that the

dispersion within each subperiod is larger than that of the fixed-effects estimated on the full

period.
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Figure 9: Grouped-factor estimates by subperiod
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Notes: panels (a) to (c) show the histograms of marginal effects of temperature across counties and years by

subperiod, weighted by corn area, estimated by grouped-factor. Panels (d) to (f) show the spatial distribution of

marginal effects by subperiod for K � 4.
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However, as we pointed out when discussing Figure 4, a concern is that the dispersion in

fixed-effects estimates partly reflects the impact of noise, which is magnified here given that

the fixed effects are estimated based on shorter subpanels.

We next report estimates based on the grouped-factor model

Yit � βk�i�p�t�Xit � αip�t� � δt �W �

itγ � εit. (43)

In (43) we assume that group membership ki is constant over the full period, and specify

β
t
�k� � βkp�t� as piecewise-constant on the three subperiods. This choice is motivated by

parsimony, since it limits the number of time effects to be estimated compared to a specification

allowing for unrestricted group-specific time effects. In Appendix Table B8 we report estimates

of means, variances, and percentiles. We show grouped-factor estimates based onK � 4 groups,

as well as robustness checks for other numbers of groups.

We find that average effects by subperiod are close to the estimates based on fixed-effects,

although they are not exactly the same. Average (negative) impacts increase from �3.9 in

the first subperiod to �8.0 and �10.6 in the subsequent subperiods. The estimates also show

a large increase in dispersion over time. However, the dispersion is reduced compared to the

fixed-effects estimates. Dispersion is low in the first subperiod, with a standard deviation of 0.6,

and it increases substantially to 3.5 and 4.9 in the subsequent ones. Figure 9 shows histograms

of heterogeneous effects, and maps indicating their spatial distribution over time. Overall, esti-

mates from the grouped-factor model (43) suggest increasingly negative temperature impacts,

which become more dispersed across counties over time. We report uncertainty measures for

these estimates in Appendix Table B9 and Appendix Figure B11.

8 Conclusion

Better data and methods now provide applied researchers with opportunities to account for rich

heterogeneity in levels and responses. A natural approach is fixed-effects estimation of unre-

stricted heterogeneous coefficients. However, fixed-effects estimates are often too noisy. While

bias-correction methods offer improvements, it is often useful to impose additional assumptions

through some form of regularization. Groups, random-effects, and factor and grouped-factor

methods all impose some regularization relative to models with unrestricted time-invariant or

time-varying parameters. In our application, these methods shed light on the heterogeneity in

temperature impacts across space and over time.

While we have focused on linear panel data models with coefficient heterogeneity as an

extension of the two-way fixed-effects methods that are popular in applied work, the methods
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8 Conclusion

Better data and methods now provide applied researchers with opportunities to account for rich

heterogeneity in levels and responses. A natural approach is fixed-effects estimation of unre-

stricted heterogeneous coefficients. However, fixed-effects estimates are often too noisy. While

bias-correction methods offer improvements, it is often useful to impose additional assumptions

through some form of regularization. Groups, random-effects, and factor and grouped-factor

methods all impose some regularization relative to models with unrestricted time-invariant or

time-varying parameters. In our application, these methods shed light on the heterogeneity in

temperature impacts across space and over time.

While we have focused on linear panel data models with coefficient heterogeneity as an

extension of the two-way fixed-effects methods that are popular in applied work, the methods

40reviewed here can be used in other settings. The literature on nonlinear panel data models is

now extensive, and methods of the type reviewed here can be applied to discrete choice models

and other nonlinear models (e.g., Arellano and Hahn, 2007, Arellano and Bonhomme, 2011).

Linear regressions on network data are now increasingly used in applications, as in the model

with worker and firm fixed-effects proposed by Abowd et al. (1999). The structure is related to

the panel data models we have focused on, and methods to improve over fixed-effects are now

available (e.g., Kline et al., 2020, Bonhomme et al., 2023).
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ONLINE APPENDIX

A Appendix: data

Table A1: Descriptive statistics

Obs P10 P25 Median Mean P75 P90 St. Dev.

Temperature (C) 107,004 16.2 17.9 20.2 20.2 22.4 24.2 3.0

Precipitation (mm) 107,004 2.3 2.8 3.3 3.4 3.9 4.5 0.8

Corn yields (bu/acre) 107,004 31.7 47.0 72.0 75.4 99.4 125.0 35.4

Corn area (1,000s acres) 107,004 0.8 2.6 12.0 32.6 45.7 97.4 45.2

Notes: un-weighted statistics.

Figure A1: Descriptive figures
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Notes: un-weighted means across counties. Yields are measured in bushels per acre. Temperature is measured

in average daily degree Celsius above zero degrees Celsius during the growing season.
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Figure A2: Maps of averages per county

(a) Yields (b) Temperature

Yields (bu/acre)   60 80 100 Temperature (C)   18 20 22 24

Notes: un-weighted means (1950–2005).
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Notes: un-weighted means across counties. Yields are measured in bushels per acre. Temperature is measured

in average daily degree Celsius above zero degrees Celsius during the growing season.
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B Appendix: robustness

B.1 Alternative standard errors

Table B2: Yield regressions - Driscoll and Kraay standard errors

2 Lags 3 Lags

(1) (2) (3) (4) (5) (6) (7) (8)

Temperature -3.902 -3.021 -4.108 -6.729 -3.902 -3.021 -4.108 -6.729

(0.382) (4.010) (1.487) (0.954) (0.373) (3.938) (1.480) (0.972)

Precipitation 5.801 7.685 3.074 2.010 5.801 7.685 3.074 2.010

(1.932) (2.298) (0.739) (0.380) (2.019) (2.425) (0.735) (0.391)

Observations 107,004 107,004 107,004 107,004 107,004 107,004 107,004 107,004

County FE No Yes Yes Yes No Yes Yes Yes

Year FE No No Yes Yes No No Yes Yes

State-year FE No No No Yes No No No Yes

Notes: un-weighted regressions. Driscoll and Kraay standard errors with small-sample correction.
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B.2 Results without weights

Figure B3: Fixed-effects results - Density of marginal effects un-weighted
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Notes: density of marginal effects across counties and years estimated via fixed-effects. The solid line shows the

un-weighted results, while the dashed line shows the results weighted by corn area.
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B.3 Regression of log yields

Figure B4: Fixed-effects results in a regression of log yields
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Notes: panel (a) shows the density of marginal effects estimated via fixed-effects in a regression for yields in

levels (dotted line) versus in logs (solid line). Panel (b) plots marginal effects per county from a regression in

logs. For the regression in logs, errors are assumed to be normally distributed and marginal effects are estimated

as �βi � exp�
�log�yit�� � exp��σ

2
ε	2�.
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B.4 Growing and killing degree days

The literature has studied nonlinear effects of temperature by distinguishing between growing

degree days (gdd), measured as degree-days between 0 and 29C, and killing degree days (kdd),

measured as degree-days above 29C, both measured during the growing season (see Keane and

Neal, 2020).1 As with our main temperature variable, we re-scale these variables by the number

of days in the growing season.

We estimate the following specification,

yit � αi � βigddit � γikddit � χprecrit � λs�i�t � ϵit, (B1)

where precrit denote precipitation, and λs�i�t include state-year fixed-effects. Note that equation

(B1) does not correspond to a piece-wise linear specification based on our baseline measure

of temperature, because the daily distribution of temperature matters as well. That is, two

counties may have the same overall degree days, but with different values for growing and killing

degree days.

Table B3 shows descriptive statistics for our baseline temperature measure (DD0�), and the

measures of growing degree days (GDD0,29) and killing degree days (KDD29�).

Using (B1), along with our baseline fixed-effects specification, we estimate the expected

change in yields of a daily increase in temperature of 1 degree Celsius. Table B4 shows the

distribution of effects associated with an increase in 1 degree Celsius daily. In column (1) we

report our main estimates based on a model with time-invariant βi. In column (2) we report

estimates implied by the nonlinear model (B1). We see that the nonlinear model implies a

smaller average effect, and a somewhat higher dispersion of effects. In Figure B5 we plot the

density of effects. In Figure B6 we plot the effects on a map of the US. We see that the spatial

distribution is quite similar in the two models.

However, the effects of an increase in growing degree days or killing degree days are very

different, and differently distributed across space. To illustrate this, in Figure B7 we plot the

county-specific coefficients of growing and killing degree days in (B1), respectively.

1Keane and Neal (2020) estimate a specification in logs and consider the growing season to be between May

1st to September 30th, while we focus on a specification in levels and, following Deschênes and Greenstone

(2007) and Burke and Emerick (2016), consider the growing season to be between April 1st to September 30th.
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Table B3: Various measures of temperature

Baseline temperature Counterfactual temperature

DD0� GDD0,29 KDD29� DD0� GDD0,29 KDD29�

Percentile 10 16.469 16.404 0.039 17.469 17.333 0.078

Percentile 25 17.426 17.324 0.079 18.426 18.241 0.141

Percentile 50 18.624 18.453 0.154 19.624 19.349 0.247

Percentile 75 20.020 19.755 0.288 21.020 20.621 0.426

Percentile 90 21.835 21.409 0.484 22.835 22.222 0.676

Mean 18.926 18.708 0.219 19.926 19.589 0.326

Variance 4.757 4.043 0.044 4.757 3.836 0.075

Notes: distribution across counties and years, weighted by corn area. Variables are re-scaled by 1/183, where

183 are the number of days in the growing season. DD0� corresponds to our baseline temperature measure used

in the main text.

Table B4: Distribution of effects of increasing daily temperature by 1C

Baseline model Nonlinear model

(1) (2)

Percentile 10 -14.655 -14.561

Percentile 25 -10.620 -10.060

Percentile 50 -7.834 -5.936

Percentile 75 -4.781 -2.494

Percentile 90 -2.636 0.348

Mean -8.024 -6.494

Variance 24.032 35.673

Notes: distribution of effects of a daily increase in temperature by 1C across counties and years, weighted by

corn area. For our baseline model in column (1), the effects correspond to the coefficients βi. For the nonlinear

specification in column (2), see (B1), the effects correspond to the difference of the counterfactual and baseline

temperatures, gddit and kddit, weighted by the corresponding coefficients.
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Figure B5: Density of effects of increasing daily temperature by 1C
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Notes: density across counties and years, weighted by corn area. The solid line shows the nonlinear results from

specification (B1), while the dashed line presents the baseline results.

Figure B6: Maps of effects of increasing daily temperature by 1C

(a) Baseline model

Temperature effects     −15 −10 −5 0

(b) Nonlinear model

Temperature effects     −15 −10 −5 0

Notes: for our baseline model in panel (a), the effects correspond to the coefficients βi. For the nonlinear

specification in panel (b), see (B1), the effects correspond to the difference of the counterfactual and baseline

temperatures, gddit and kddit, weighted by the corresponding coefficients.
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Figure B7: Maps of coefficients in the nonlinear specification
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Notes: coefficients of gddit (left panel) and kddit (right panel) in the nonlinear specification, see (B1).
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Figure B7: Maps of coefficients in the nonlinear specification
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Notes: coefficients of gddit (left panel) and kddit (right panel) in the nonlinear specification, see (B1).
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B.5 Sensitivity to trimming in Jackknife

Figure B8: Sensitivity to trimming of Jackknife results
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Notes: dashed lines show results from fixed-effects estimates, solid lines show results from jackknife estimates of

the distribution function, and the dotted lines show results from the jackknife formula applied to the mean and

variance directly.
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B.6 Grouped fixed-effects estimates

Table B5: Grouped fixed-effects - Distribution of marginal effects

K � 2 K � 3 K � 4 K � 5 K � 6 K � 7 K � 8

Percentile 10 -9.831 -12.622 -14.148 -12.387 -12.413 -13.908 -12.290

Percentile 25 -9.831 -7.752 -9.017 -8.219 -8.785 -10.247 -9.191

Percentile 50 -9.831 -7.752 -9.017 -8.219 -8.785 -7.775 -6.768

Percentile 75 -4.635 -3.457 -5.507 -4.930 -5.992 -5.081 -4.210

Percentile 90 -4.635 -3.457 -1.725 -1.311 -3.107 -2.309 -4.210

Mean -7.468 -7.560 -7.756 -7.698 -7.888 -7.650 -8.026

Variance 6.694 10.549 12.454 18.700 17.997 15.097 17.974

Notes: distribution of marginal effects across counties and years, weighted by corn area.
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Figure B9: Grouped fixed-effects - Maps of marginal effects per county
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B.7 Random-effects estimates

Table B6: Random-effects estimates – robustness

Uncorrelated RE Correlated RE Posterior means

(1) (2) (3) (4) (5)

Percentile 10 -13.612 -13.666 -13.559 -13.492 -13.298

Percentile 25 -10.610 -10.637 -10.476 -10.517 -10.098

Percentile 50 -7.850 -7.877 -7.756 -7.823 -7.882

Percentile 75 -5.250 -5.250 -5.330 -5.277 -5.471

Percentile 90 -3.025 -3.079 -3.334 -3.106 -3.837

Mean -8.076 -8.123 -8.135 -8.082 -8.123

Variance 17.080 17.257 17.734 17.930 13.438

Notes: distribution of marginal effects across counties and years, weighted by corn area. All results are based

on a normal prior. Column (1) presents the uncorrelated random-effects results. Columns (2) to (4) present

correlated random-effects results under different assumptions. In column (2), the prior mean is correlated with

temperature. In columns (3) and (4) the prior variance is also correlated with temperature; in column (3) via

an exponential specification and in column (4) via a discrete specification with 3 bins. Column (5) presents the

distribution of the posterior means corresponding to the prior assumed in column (2).
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B.8 Variation over time

Table B7: Distribution of marginal effects – fixed-effects-per-period estimates

Baseline fixed effects Fixed effects per period

Period 1 Period 2 Period 3 Period 1 Period 2 Period 3

(1) (2) (3) (4) (5) (6)

Percentile 10 -14.537 -14.537 -14.801 -12.440 -21.922 -20.278

Percentile 25 -10.616 -10.460 -10.763 -8.158 -13.803 -14.678

Percentile 50 -7.834 -7.738 -7.854 -5.076 -7.772 -8.601

Percentile 75 -4.776 -4.841 -4.841 -2.171 -3.964 -3.216

Percentile 90 -2.547 -2.649 -2.636 0.905 -1.269 1.733

Mean -7.998 -8.008 -8.064 -5.366 -9.594 -9.307

Variance 23.695 23.843 24.527 26.564 61.917 87.662

Notes: statistics are weighted using corn area. In this table, we drop 113 observations corresponding to counties

with one observation in one of the periods.

Table B8: Distribution of marginal effects - grouped-factor estimates

K � 2 K � 3 K � 4

Period 1 Period 2 Period 3 Period 1 Period 2 Period 3 Period 1 Period 2 Period 3

(1) (2) (3) (4) (5) (6) (7) (8) (9)

Percentile 10 -4.285 -9.178 -14.513 -4.306 -9.445 -17.400 -4.292 -11.773 -17.277

Percentile 25 -4.285 -9.178 -14.513 -4.306 -9.445 -17.400 -4.292 -10.627 -12.650

Percentile 50 -4.285 -9.178 -14.513 -4.200 -8.496 -9.907 -4.253 -10.627 -12.650

Percentile 75 -3.258 -4.943 -5.655 -2.818 -3.686 -3.843 -3.935 -4.941 -7.839

Percentile 90 -3.258 -4.943 -5.655 -2.818 -3.686 -3.843 -2.522 -3.100 -3.539

Mean -3.830 -7.267 -10.464 -3.882 -7.568 -10.073 -3.878 -8.013 -10.577

Variance 0.260 4.441 19.469 0.409 6.111 25.099 0.388 12.462 23.537

Notes: statistics are weighted using corn area.
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B.9 Inference in grouped methods

Table B9: Distributions of marginal effects with standard errors

GFE Grouped-factor estimates

Period 1 Period 2 Period 3

(1) (2) (3) (4)

Percentile 10 -12.387 -4.292 -11.773 -17.277

(3.103) (0.823) (1.259) (1.259)

Percentile 25 -8.219 -4.292 -10.627 -12.650

(1.614) (0.85) (1.037) (1.037)

Percentile 50 -8.219 -4.253 -10.627 -12.650

(1.175) (0.802) (2.68) (2.68)

Percentile 75 -4.930 -3.935 -4.941 -7.839

(0.405) (0.834) (0.929) (0.929)

Percentile 90 -1.311 -2.522 -3.100 -3.539

(1.797) (1.062) (1.232) (1.232)

Mean -7.698 -3.878 -8.013 -10.577

(0.861) (0.823) (1.092) (1.092)

Variance 18.700 0.388 12.462 23.537

(4.991) (0.094) (1.123) (1.123)

Notes: statistics are weighted using corn area. GFE estimates correspond to 5 groups, grouped-factor estimates

to 4 groups. Standard errors are clustered at the state level, based on 1,000 bootstrap replications, conditional

on the group-membership indicators. In each bootstrap replication, states are sampled proportionally to their

number of observations.
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Figure B10: Maps of uncertainty in grouped fixed-effects estimates

(a) Lower bound (b) Upper bound

Temperature effects     −20−15−10 −5 0 Temperature effects     −20−15−10 −5 0

Notes: spatial distribution of bounds of marginal effects across counties, based on GFE with K � 5. Panel (a)

shows the lower bound, while panel (b) shows the upper bound, both of a 95% confidence interval per county,

where we cluster errors at the state level and condition on the estimated group-membership indicators.
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Figure B11: Maps of uncertainty in grouped-factor estimates

(a) Period 1 - lower bounds (b) Period 1 - upper bounds
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(c) Period 2 - lower bounds (d) Period 2 - upper bounds

Temperature effects     −20−15−10 −5 0 Temperature effects     −20−15−10 −5 0

(e) Period 3 - lower bounds (f) Period 3 - upper bounds
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Notes: spatial distribution of bounds of marginal effects across counties per period, based on grouped-factor

estimates with K � 4. The left column shows the lower bounds while the right column shows the upper bounds,

both of a 95% confidence interval per county-period, where we cluster errors at the state level and condition on

the estimated group-membership indicators.
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C Implementation

In this appendix we describe how we implemented the various estimation methods.

C.1 Fixed-effects

We run fixed-effects regressions in R using the package fixest. For the short-panel results

displayed in Figure 4, we further restrict the sample to years from 1990 to 2005 and counties

with at least 10 observations in those years. We compute standard errors by bootstrapping

the estimates 	βi, i � 1, ..., n, where the bootstrap scheme is clustered at the state level (1000

replications).

C.2 Jackknife

We initially applied the half-panel jackknife approach of Dhaene and Jochmans (2015) to esti-

mate the mean, variance, and distribution function of βi. However, the estimated distributions

of βi in these two samples are quite different, suggesting miss-specification, possibly due to the

lack of stationarity given the presence of state-year fixed-effects. This motivated us to apply

instead the bias-correction approach proposed by Fernández-Val and Weidner (2016). For the

cross-section, we randomly split counties within each state into two (weighted) halves, 5 times,

and average across them. For the panel dimension, we split the panel in half.

We apply this approximate bias-correction formula to estimate the distribution of βi, that

is, to estimate 	Fβ�b� for a vector of b values.2 However, this results in an estimated function

that is not monotone and not always bounded between 0 and 1. We address the first issue by

rearrangement (see Chernozhukov et al., 2010),3 and we then truncate the values to the unit

interval. With this estimated distribution function, we simulate data to generate the density

shown in Figure 5 and the results in column (3) of Table 2.

Note that applying the bias-correction approach directly to quantiles gives different esti-

mates than estimating the quantiles from the bias-corrected distribution. Similarly, by applying

the correction to the mean and the variance we obtain different point estimates than the mean

and variance implied by the bias-corrected distribution. In the case of the mean, both values

are similar, -8.15 and -8.05 respectively, while in the case of the variance the discrepancy is

2The fixed-effects estimates �βi range between -38.7 and 14.9. We define a vector b of length 10,001 equally-

spaced between -45 and 45. In each subsample, we estimate the empirical distribution function at each value of

b, weighted by corn area.
3We use the function stepfun from the R package quantreg.
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the correction to the mean and the variance we obtain different point estimates than the mean

and variance implied by the bias-corrected distribution. In the case of the mean, both values

are similar, -8.15 and -8.05 respectively, while in the case of the variance the discrepancy is

2The fixed-effects estimates �βi range between -38.7 and 14.9. We define a vector b of length 10,001 equally-

spaced between -45 and 45. In each subsample, we estimate the empirical distribution function at each value of

b, weighted by corn area.
3We use the function stepfun from the R package quantreg.
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larger, with values of 6.2 and 11.4 respectively. This pattern also holds when we trim counties

with the lowest variability in temperature, see Figure B8. Lastly, standard errors are obtained

using the same approach as for fixed effects.

C.3 Grouped fixed-effects

To estimate grouped fixed-effects, given a number of groups K, we apply Lloyd’s algorithm to

de-meaned outcomes and covariates (which is equivalent to estimating αi in (18)), and estimate

k1, ..., kn, δ, γ, β. We use multiple starting values δ, γ, β to initialize the algorithm. As a first

starting value we use the fixed-effects estimates, group 	βi into K groups and take the average

value within each group for β. For the subsequent starting values, we take draws from a normal

distribution centered at the first starting value, and with a diagonal covariance matrix. For

the variance of δ and γ, we take the squared standard error of each coefficient estimated from

fixed-effects, which are clustered at the state level, multiplied by 10. For each β
k
, we take the

variance of the fixed-effects estimates across counties.

In our implementation, we notice that choosing a variance for the heterogeneous parameters

that is too large may worsen the outcome of the algorithm. If the β
k
’s take implausible values,

in the first step of the first iteration all units are assigned to one group, and therefore the other

β
k
’s are not estimated in the second step of that first iteration. This implies that in the next

iteration, the residuals can only be estimated for one group, all units are assigned to that group

(which is the same group as in the previous iteration), and therefore the coefficients are not

updated and the algorithm stops. One way to avoid this problem is to have reasonable, not too

large starting values for the β’s.

The estimates we present are based on 3,000 starting values, 10,000 iterations for each one of

them, and a tolerance level for the change in the objective function between iterations of 1e�7.

We estimate grouped fixed-effects for values of K from 2 to 8. Column (4) in Table 2 presents

the results for K � 5, which corresponds to the number of groups chosen by the information

criterion proposed by Su et al. (2016), while Table B5 presents the results for other values of

K.4 Lastly, to obtain standard errors we use the bootstrap, clustered at the state level and

conditional on the estimated group-membership indicators (1000 replications).

4As a check for the computation, we found it useful to compare the distribution of βi estimates obtained from

the best 10 starting values, corresponding to those that give the 10 minimum values of the objective function.

We found stable estimates for all K � 6, but more variability for K � 7, 8, suggesting that these estimates may

be less reliable.
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C.4 Random-effects

To estimate the variance Vi of fixed-effects estimates, we use the squared standard errors of

	βi under several assumptions: i.i.d. homoskedastic, heteroskedastic, Newey-West with one lag,

and clustered at the county level. We have found that the random-effects estimates are similar

across all the specifications. We report the results assuming i.i.d. homoskedastic errors.

We entertain several specifications for the priors on βi. First, we assume each βi is an

independent draw from the same distribution N �µ, σ2
�, i.e. we assume independent random-

effects. Second, we assume βi are i.i.d. normal with a mean that depends linearly on the average

temperature of county i. In further specifications, we allow for the variance to also depend on

temperature, using two different specifications: an exponential model, and a discrete model with

3 bins. In the discrete case, we group counties in 3 groups according to average temperature.

To obtain standard errors we use the bootstrap clustered at the state level (1000 replications).

C.5 Factors and grouped factors

We implement two versions with time-varying coefficients αit and βit, allowing them to be

period-specific for 3 subperiods, 1950–1968, 1969–1987, and 1988–2005. In the first version, we

allow the coefficients βit to be unrestricted within period across counties, while in the second

one we assume that counties are grouped, but their effects may vary by period. In both cases,

we allow the intercepts to be fully heterogeneous across counties and within periods, αip�t�.

Note that, when allowing temperature effects to be county-specific but varying across periods,

we loose 113 observations corresponding to counties-periods that have only one observation.

For the grouped-factor version, we assume groups are fixed across periods. The imple-

mentation is similar to the time-invariant case, except that we de-meaned observations at the

county-period level (instead of de-meaning at the county level), and that the number of param-

eters to estimate increases.5 Table B8 describes the results for K � 2, 3, 4. Lastly, to obtain

standard errors for grouped-factor estimates, we use the bootstrap clustered at the state level

and conditional on the estimated group-membership indicators (1000 replications).

5We also allow for the coefficients in γ not to be identified, by modifying the code such that the coefficients

are set to zero in case of multicollinearity. This technical modification only matters in intermediate steps of

Lloyd’s algorithm.

70

C.4 Random-effects

To estimate the variance Vi of fixed-effects estimates, we use the squared standard errors of

	βi under several assumptions: i.i.d. homoskedastic, heteroskedastic, Newey-West with one lag,

and clustered at the county level. We have found that the random-effects estimates are similar

across all the specifications. We report the results assuming i.i.d. homoskedastic errors.

We entertain several specifications for the priors on βi. First, we assume each βi is an

independent draw from the same distribution N �µ, σ2
�, i.e. we assume independent random-

effects. Second, we assume βi are i.i.d. normal with a mean that depends linearly on the average

temperature of county i. In further specifications, we allow for the variance to also depend on

temperature, using two different specifications: an exponential model, and a discrete model with

3 bins. In the discrete case, we group counties in 3 groups according to average temperature.

To obtain standard errors we use the bootstrap clustered at the state level (1000 replications).

C.5 Factors and grouped factors

We implement two versions with time-varying coefficients αit and βit, allowing them to be

period-specific for 3 subperiods, 1950–1968, 1969–1987, and 1988–2005. In the first version, we

allow the coefficients βit to be unrestricted within period across counties, while in the second

one we assume that counties are grouped, but their effects may vary by period. In both cases,

we allow the intercepts to be fully heterogeneous across counties and within periods, αip�t�.

Note that, when allowing temperature effects to be county-specific but varying across periods,

we loose 113 observations corresponding to counties-periods that have only one observation.

For the grouped-factor version, we assume groups are fixed across periods. The imple-

mentation is similar to the time-invariant case, except that we de-meaned observations at the

county-period level (instead of de-meaning at the county level), and that the number of param-

eters to estimate increases.5 Table B8 describes the results for K � 2, 3, 4. Lastly, to obtain

standard errors for grouped-factor estimates, we use the bootstrap clustered at the state level

and conditional on the estimated group-membership indicators (1000 replications).

5We also allow for the coefficients in γ not to be identified, by modifying the code such that the coefficients

are set to zero in case of multicollinearity. This technical modification only matters in intermediate steps of

Lloyd’s algorithm.

70



BANCO DE ESPAÑA PUBLICATIONS 

WORKING PAPERS 

2410	� SALOMÓN GARCÍA-VILLEGAS and ENRIC MARTORELL: Climate transition risk and the role of bank capital 

requirements.

2411	� MIKEL BEDAYO and JORGE E. GALÁN: The impact of the Countercyclical Capital Buffer on credit: Evidence from its 

accumulation and release before and during COVID-19.

2412	 �EFFROSYNI ADAMOPOULOU, LUIS DÍEZ-CATALÁN and ERNESTO VILLANUEVA: Staggered contracts and 

unemployment during recessions.

2413	� LUIS FÉRNANDEZ LAFUERZA and JORGE E. GALÁN: Should macroprudential policy target corporate lending? 

Evidence from credit standards and defaults.

2414	 �STÉPHANE BONHOMME and ANGELA DENIS: Estimating heterogeneous effects: applications to labor economics.

2415	 �LUIS GUIROLA, LAURA HOSPIDO and ANDREA WEBER: Family and career: An analysis across Europe and North America.

2416	� GERALD P. DWYER, BILJANA GILEVSKA, MARÍA J. NIETO and MARGARITA SAMARTÍN: The effects of the ECB’s 

unconventional monetary policies from 2011 to 2018 on banking assets.

2417	� NICOLÁS FORTEZA, ELVIRA PRADES and MARC ROCA: Analysing the VAT cut pass-through in Spain using web-

scraped supermarket data and machine learning.

2418	 �JOSÉ-ELÍAS GALLEGOS: HANK beyond FIRE: Amplification, forward guidance, and belief shocks.

2419	 DANIEL ALONSO: Stabilisation properties of a SURE-like European unemployment insurance.

2420	� FRANCISCO GONZÁLEZ, JOSÉ E. GUTIÉRREZ and JOSÉ MARÍA SERENA: Shadow seniority? Lending relationships 

and borrowers’ selective default.

2421 � ROBERTO BLANCO, MIGUEL GARCÍA-POSADA, SERGIO MAYORDOMO and MARÍA RODRÍGUEZ-MORENO: Access 

to credit and firm survival during a crisis: the case of zero-bank-debt firms.

2422	� FERNANDO CEREZO, PABLO GIRÓN, MARÍA T. GONZÁLEZ-PÉREZ and ROBERTO PASCUAL: The impact of 

sovereign debt purchase programmes. A case study: the Spanish-to-Portuguese bond yield spread.

2423	� EDGAR SILGADO-GÓMEZ: Sovereign uncertainty.

2424 � CLODOMIRO FERREIRA, JULIO GÁLVEZ and MYROSLAV PIDKUYKO: Housing tenure, consumption and household 

debt: life-cycle dynamics during a housing bust in Spain.

2425 � RUBÉN DOMÍNGUEZ-DÍAZ and SAMUEL HURTADO: Green energy transition and vulnerability to external shocks.

2426  �JOSEP GISBERT and JOSÉ E. GUTIÉRREZ: Bridging the gap? Fintech and financial inclusion.

2427 � RODOLFO G. CAMPOS, MARIO LARCH, JACOPO TIMINI, ELENA VIDAL and YOTO V. YOTOV: Does the WTO Promote 

Trade? A Meta-analysis.

2428 � SONER BASKAYA, JOSÉ E. GUTIÉRREZ, JOSÉ MARÍA SERENA and SERAFEIM TSOUKAS: Bank supervision and 

non-performing loan cleansing.

2429  �TODD E. CLARK, GERGELY GANICS, and ELMAR MERTENS: Constructing fan charts from the ragged edge of SPF 

forecasts.

2430 � MIGUEL GARCÍA-POSADA and PETER PAZ: The transmission of monetary policy to credit supply in the euro area.

2431  �KLODIANA ISTREFI, FLORENS ODENDAHL and GIULIA SESTIERI: ECB communication and its impact on financial markets.

2432  �FRUCTUOSO BORRALLO, LUCÍA CUADRO-SÁEZ, CORINNA GHIRELLI and JAVIER J. PÉREZ: “El Niño” and “La 

Niña”: Revisiting the impact on food commodity prices and euro area consumer prices.

2433  �VÍCTOR CABALLERO, CORINNA GHIRELLI, ÁNGEL LUIS GÓMEZ and JAVIER J. PÉREZ: The public-private wage 

GAP in the euro area a decade after the sovereign debt crisis.

2434 � LIDIA CRUCES, ISABEL MICÓ-MILLÁN and SUSANA PÁRRAGA: Female financial portfolio choices and marital 

property regimes.

2435	� RODOLFO G. CAMPOS, ANA-SIMONA MANU, LUIS MOLINA and MARTA SUÁREZ-VARELA: China’s financial 

spillovers to emerging markets.

2436 � LUDOVIC PANON, LAURA LEBASTARD, MICHELE MANCINI, ALESSANDRO BORIN, PEONARE CAKA, GIANMARCO 

CARIOLA, DENNIS ESSERS, ELENA GENTILI, ANDREA LINARELLO, TULLIA PADELLINI, FRANCISCO REQUENA and 

JACOPO TIMINI: Inputs in Distress: Geoeconomic Fragmentation and Firms’ Sourcing.

2437 � DANIEL DEJUAN-BITRIA, WAYNE R. LANDSMAN, SERGIO MAYORDOMO and IRENE ROIBÁS: How do changes in 

financial reporting standards affect relationship lending?

2438  �ALICIA AGUILAR and RICARDO GIMENO: Discrete Probability Forecasts: What to expect when you are expecting a 

monetary policy decision.



2439 � RODOLFO G. CAMPOS, JESÚS FERNÁNDEZ-VILLAVERDE, GALO NUÑO and PETER PAZ: Navigating by Falling 

Stars: Monetary Policy with Fiscally Driven Natural Rates.

2440  ALEJANDRO CASADO and DAVID MARTÍNEZ-MIERA: Local lending specialization and monetary policy.

2441 � JORGE ABAD, DAVID MARTÍNEZ-MIERA and JAVIER SUÁREZ: A macroeconomic model of banks’ systemic risk 

taking.

2442 � JOSEP PIJOAN-MAS and PAU ROLDAN-BLANCO: Dual labor markets and the equilibrium distribution of firms.

2443 � OLYMPIA BOVER, LAURA HOSPIDO and ANA LAMO: Gender and Career Progression: Evidence from the Banco 

de España.

2444  �JESÚS FERNÁNDEZ-VILLAVERDE, GALO NUÑO and JESSE PERLA: Taming the curse of dimensionality: 

quantitative economics with deep learning.

2445  �CLODOMIRO FERREIRA and STEFANO PICA: Households’ subjective expectations: disagreement, common 

drivers and reaction to monetary policy.

2446  �ISABEL MICÓ-MILLÁN: Inheritance Tax Avoidance Through the Family Firm.

2447 � MIKEL BEDAYO, EVA VALDEOLIVAS and CARLOS PÉREZ: The stabilizing role of local claims in local currency  

on the variation of foreign claims.

2501 � HENRIQUE S. BASSO, MYROSLAV PIDKUYKO and OMAR RACHEDi: Opening the black box: aggregate 

implications of public investment heterogeneity.

2502 � MARCO BARDOSCIA, ADRIAN CARRO, MARC HINTERSCHWEIGER, MAURO NAPOLETANO, LILIT POPOYAN, 

ANDREA ROVENTINI and ARZU ULUC: The impact of prudential regulations on the UK housing market and 

economy: insights from an agent-based model.

2503 � IRINA BALTEANU, KATJA SCHMIDT and FRANCESCA VIANI: Sourcing all the eggs from one basket: trade 

dependencies and import prices.

2504 � RUBÉN VEIGA DUARTE, SAMUEL HURTADO, PABLO A. AGUILAR GARCÍA, JAVIER QUINTANA GONZÁLEZ and 

CAROLINA MENÉNDEZ ÁLVAREZ: CATALIST: A new, bigger, better model for evaluating climate change transition 

risks at Banco de España.

2505 � PILAR GARCÍA and DIEGO TORRES: Perceiving central bank communications through press coverage.

2506 � MAR DELGADO-TÉLLEZ, JAVIER QUINTANA and DANIEL SANTABÁRBARA: Carbon pricing, border adjustment 

and renewable energy investment: a network approach.

2507 � MARTA GARCÍA RODRÍGUEZ: The role of wage expectations in the labor market.

2508 � REBECA ANGUREN, GABRIEL JIMÉNEZ and JOSÉ-LUIS PEYDRÓ: Bank capital requirements and risk-taking: evidence 

from Basel III.

2509 � JORGE E. GALÁN: Macroprudential policy and the tail risk of credit growth.

2510 � PETER KARADI, ANTON NAKOV, GALO NUÑO, ERNESTO PASTÉN and DOMINIK THALER: Strike while the Iron 

is Hot: Optimal Monetary Policy with a Nonlinear Phillips Curve.

2511 � MATTEO MOGLIANI and FLORENS ODENDAHL: Density forecast transformations.

2512 � LUCÍA LÓPEZ, FLORENS ODENDAHL, SUSANA PÁRRAGA and EDGAR SILGADO-GÓMEZ: The pass-through to 

inflation of gas price shocks.

2513 � CARMEN BROTO and OLIVIER HUBERT: Desertification in Spain: Is there any impact on credit to firms?

2514 � ANDRÉS ALONSO-ROBISCO, JOSÉ MANUEL CARBÓ, PEDRO JESÚS CUADROS-SOLAS and JARA 

QUINTANERO: The effects of open banking on fintech providers: evidence using microdata from Spain.

2515 � RODOLFO G. CAMPOS and JACOPO TIMINI: Trade bloc enlargement when many countries join at once.

2516 � CORINNA GHIRELLI, JAVIER J. PÉREZ and DANIEL SANTABÁRBARA: Inflation and growth forecast errors and 

the sacrifice ratio of monetary policy in the euro area.

2517 � KOSUKE AOKI, ENRIC MARTORELL and KALIN NIKOLOV: Monetary policy, bank leverage and systemic risk-taking.

2518  RICARDO BARAHONA: Index fund flows and fund distribution channels.

2519 � ALVARO FERNÁNDEZ-GALLARDO, SIMON LLOYD and ED MANUEL: The Transmission of Macroprudential Policy in 

the Tails: Evidence from a Narrative Approach.

2520 � ALICIA AGUILAR: Beyond fragmentation: unraveling the drivers of yield divergence in the euro area.

2521 � RUBÉN DOMÍNGUEZ-DÍAZ and DONGHAI ZHANG: The macroeconomic effects of unemployment insurance 

extensions: A policy rule-based identification approach.

2522 � IRMA ALONSO-ALVAREZ, MARINA DIAKONOVA and JAVIER J. PÉREZ: Rethinking GPR: The sources of geopolitical risk.

2523 � ALBERTO MARTÍN, SERGIO MAYORDOMO and VICTORIA VANASCO: Banks vs. Firms: Who Benefits from Credit 

Guarantees?

2524 � SUMIT AGARWAL, SERGIO MAYORDOMO, MARÍA RODRÍGUEZ-MORENO and EMANUELE TARANTINO: 

Household Heterogeneity and the Lending Channel of Monetary Policy.

2525 � DIEGO BONELLI, BERARDINO PALAZZO, and RAM YAMARTHY: Good inflation, bad inflation: implications for 

risky asset prices.

2526 � STÉPHANE BONHOMME and ANGELA DENIS: Fixed Effects and Beyond. Bias Reduction, Groups, Shrinkage and 

Factors in Panel Data.


	Fixed Effects and Beyond. Bias Reduction, Groups, Shrinkage and Factors in Panel Data. Documentos de Trabajo N.º 2526
	Abstract
	Resumen
	1 Introduction
	2 An illustrative application: agriculture and the weather
	2.1 Model and objectives
	2.2 Data and preliminary evidence

	3 Fixed-effects
	3.1 Model and assumptions
	3.2 Mean and variance of fixed effects
	3.3 Four issues with fixed effects
	3.4 Illustration

	4 Bias-correction methods in fixed effects
	4.1 Exact bias correction
	4.2 Approximate bias correction: the large-T perspective
	4.3 Half-panel jackknife
	4.4 Illustration

	5 Discrete heterogeneity: grouping methods
	5.1 Model and estimator
	5.2 Properties under grouped heterogeneity
	5.3 Properties under continuous heterogeneity
	5.4 Illustration

	6 Modeling heterogeneity: random-effects methods
	6.1 Random-effects model
	6.2 Estimators and properties
	6.3 Illustration

	7 Variation over time: factor methods
	7.1 Low-rank models
	7.2 Factor methods
	7.3 Grouped-factor methods
	7.4 Illustration

	8 Conclusion
	References
	ONLINE APPENDIX
	A Appendix: data
	B Appendix: robustness
	B.1 Alternative standard errors
	B.2 Results without weights
	B.3 Regression of log yields
	B.4 Growing and killing degree days
	B.5 Sensitivity to trimming in Jackknife
	B.6 Grouped fixed-effects estimates
	B.7 Random-effects estimates
	B.8 Variation over time
	B.9 Inference in grouped methods

	C Implementation
	C.1 Fixed-effects
	C.2 Jackknife
	C.3 Grouped fixed-effects
	C.4 Random-effects
	C.5 Factors and grouped factors


	BANCO DE ESPAÑA PUBLICATIONS. WORKING PAPERS



