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Abstract

The common choice of using a direct forecasting scheme implies that the individual predictions
ignore information on their cross-horizon dependence. However, this dependence is needed
if the forecaster has to construct, based on direct density forecasts, predictive objects
that are functions of several horizons (e.g. when constructing annual-average growth rates
from quarter-on-quarter growth rates). To address this issue we propose using copulas
to combine the individual h-step-ahead predictive distributions into one joint predictive
distribution. Our method is particularly appealing to those for whom changing the direct
forecasting specification is too costly. We use a Monte Carlo study to demonstrate that our
approach leads to a better approximation of the true density than an approach that ignores
the potential dependence. We show the superior performance of our method using several
empirical examples, where we construct (i) quarterly forecasts using month-on-month
direct forecasts, (ii) annual-average forecasts using monthly year-on-year direct forecasts,
and (iii) annual-average forecasts using quarter-on-quarter direct forecasts.

Keywords: joint predictive distribution, frequency transformation, path forecasts, cross-
horizon dependence.

JEL classification: C53, C32, E37.



Resumen

La decisidon habitual de utilizar un esquema de pronédstico directo implica que
las predicciones individuales ignoran la informacién sobre su dependencia entre
horizontes. Sin embargo, esta dependencia es necesaria cuando el pronosticador
debe construir, basandose en prondésticos de densidad directos, objetos predictivos
que sean funciones de varios horizontes (por ejemplo, al construir tasas de crecimiento
anual promedio a partir de tasas de crecimiento trimestral). Para abordar este problema
proponemos usar coépulas, que permiten combinar las distribuciones predictivas
individuales de h pasos hacia adelante en una distribucién predictiva conjunta.
Nuestro método resulta particularmente atractivo para aquellos profesionales para
quienes cambiar la especificacion de prondstico directo es demasiado costoso.
Mediante un estudio de Montecarlo, demostramos que nuestro enfoque proporciona
una aproximacién mas precisa de la densidad verdadera que un enfoque que ignore
la posible dependencia. Ofrecemos diversos ejemplos empiricos que evidencian el
rendimiento superior de nuestro método y en los que construimos: i) prondsticos
trimestrales utilizando prondsticos directos mes a mes, ii) prondsticos anuales
promedio utilizando prondsticos directos mensuales afio a afio y iii) prondsticos
anuales promedio utilizando prondsticos directos trimestre a trimestre.

Palabras clave: distribucién predictiva conjunta, transformacién de frecuencia,
prondsticos de trayectoria, dependencia entre horizontes.

Codigos JEL: C53, C32, E37.



1 Introduction

Forecasting models are often specified to produce direct h-step-ahead forecasts, which implies
that the predictions ignore information on their cross-horizon dependence. As a consequence,
individual h-step-ahead predictive distributions cannot easily be transformed into predictive
objects that depend on several horizons. For example, the literature on macroeconomic risk
often uses quantile regression models that, in brief, produce direct density forecasts of quarter-
on-quarter (qoq) real GDP growth (Adrian et al., 2019; Ferrara et al., 2022). However, it is not
straightforward in this framework to construct, for instance, density forecasts for annual-average
growth rates from the estimated quarter-on-quarter density forecasts because of their potential
serial dependence.

To address this issue, we propose using Gaussian copulas to combine the information of the
marginal direct h-step-ahead predictive densities into a joint distribution, which reflects the serial
dependence between the marginals. This enables the practitioner to draw from the multi-horizon
distribution and, therefore, to construct predictive distributions that are functions of several

horizons, which we label target-frequency predictive densities.!

The resulting multi-horizon
predictive objects provide forecasts that are coherent with the underlying marginal predictive
densities, in the sense that the moments of the multi-horizon objects are a function of the marginals
and the copula parameters.

While separate forecasting specifications could be used to make predictions for the different
predictive objects, there are several reasons why a single specification can be preferable. First, the
scenario of having a single forecasting specification is particularly common among professional
forecasters and institutions, such as central banks, where changing the forecasting process is costly
and yet transformations of the existing forecasts to other target-frequencies are often required.
Second, using a single forecasting specification leads to predictive objects with moments that
are coherent across the target-frequencies. For instance, using our approach, the mean of the
annual-average forecast is consistent with the mean of the quarter-on-quarter predictions. Third,
some density forecasts are derived from surveys that only report one frequency but not the
required target-frequency. In general, our approach treats the underlying density forecasts as the
primitives such that it does not require a specific approach for their construction and, therefore,
helps to broaden the usability of already available individual predictive densities that are based
on a direct forecasting scheme.

As an alternative to our approach, the researcher could use a simple approach that assumes
independence between the different marginal predictive densities, i.e., no correlation between
the direct h-step-ahead predictions at different horizons. However, this approach neglects the
serial dependence typically present in macroeconomic indicators, which is important for the tails
of the multi-horizon distribution. For example, accounting for the positive serial correlation in
quarter-on-quarter GDP growth forecasts leads to annual-average predictive distributions with
considerably larger variance. This is related to the fact that the variance of the sum is not equal to
the sum of the variances for random variables that are correlated. In other words, an approach that

constructs the annual-average growth while taking into account the path of quarterly GDP growth

INote that for models that produce iterative h-step-ahead predictive densities, for instance Vector Autoregressions,
forecasts conditional on specific paths or the annual-average frequency transformation are in general readily available
since the iterative approach allows to draw conditionally on all the other forecast horizons.
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over several quarters and, in combination with a positive correlation, would reflect the feature
that large positive (negative) growth is typically followed by positive (negative) growth. This
makes our approach particularly appealing for macroeconomic and financial risk applications.

In this paper, we show analytically that the proposed copula approach for density forecast
transformations may outperform substantially a benchmark approach that neglects the cross-
horizon dependence of the marginal densities. We also show how the resulting gain in the
forecasting performance depends on the persistence of the underlying process. Further, we
show in several Monte Carlo studies that our approach provides a better approximation to the
true underlying annual-average density forecasts under different DGPs. This result holds under
misspecified forecasting models, i.e., when the true multivariate distribution is not Gaussian, and
for small training samples for the copula parameter estimation.

For the application of our approach, the researcher only needs to compute the correlation
between the empirical PITs of the individual h-step-ahead predictive distributions for different
horizons in a training sample. In particular, the forecaster needs to (i) compute the sequence
of realized PITs for the marginal predictive densities at each forecast horizon h = 1,...,H,
from a pseudo out-of-sample exercise over a training sample, and to (ii) combine the marginal
distributions into a joint distribution via a multivariate Gaussian copula, where the maximum-
likelihood estimator of the copula parameters is equal to the rank correlation of the realized
PITs.

We demonstrate the usefulness of our methodology in three empirical applications, where
we compare the forecasting performance of the proposed copula approach with a benchmark
approach that ignores the serieal dependence between the multi-horizon marginal distributions.
The first application is a large-scale forecasting exercise based on monthly data from FRED-MD
(McCracken and Ng, 2016) entering bivariate ARDL models regressing a large number of pairs
of randomly selected variables. We first compute density forecasts for month-on-month values
from these regressions and we then use these predictive densities to compute quarter-on-quarter
density forecasts. Results show that the copula approach outperforms the benchmark for the
majority of randomly specified bivariate models. The second empirical application aims at
emulating a situation in which a forecaster dispose of predictive densities for year-on-year U.S.
monthly inflation, but she needs to summarize the picture of the expected inflation environment
by converting the target frequency of the predictive densities from monthly year-on-year rate
to annual-average rate. Importantly, the year-on-year and annual-average predictions need to
be coherent, i.e., they should be based on the same predictors and model type, and the central
tendency of the forecasts across the two frequencies should be very similar. The results show that
our copula approach provides significantly better density forecasts of annual-average inflation,
in particular at the tails of the distributions, than the benchmark. Finally, in the third empirical
application, we use the predictive densities of quarter-on-quarter U.S. real GDP growth from
Adrian et al. (2019), which are based on direct forecasts, and transform them into annual-average
forecasts. We find again that the annual-average forecasts based on our copula approach leads to
more accurate predictive densities than the benchmark approach.

Our paper contributes to the literature on density forecasts and economic risk prediction.
While Patton (2006) introduced conditional copulas to economics with a focus on modeling the

cross-sectional dependence of predictive objects (see Fan and Patton, 2014, for review), we show
how copulas can be used for density forecast transformations. In particular, compared to existing
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contributions, the proposed copula-based approach is designed to combine the marginal forecast
densities, unimodal (Adrian et al., 2019; Ferrara et al., 2022) or multimodal (Mitchell et al., 2024),
into new predictive objects of several horizons. Differently from Smith and Vahey (2016), who
use copulas to model both the time series and cross-sectional correlation of U.S. macroeconomic
variables, we propose to use copulas for modeling the time series correlation and transforming
marginal density forecasts into multi-horizon objects. Finally, compared with recent works also
proposing to model the joint distribution of predictive objects (e.g., Clark et al., 2020, for the joint
distribution of point forecast errors obtained from surveys via multi-variate stochastic volatility
models; Grothe et al., 2023, for joint forecasts of hourly electricity prices from point forecasts;
Ganics et al., 2024, for the construction of fixed-horizon density forecasts out of fixed-event
survey density forecasts), we propose to use Gaussian copulas to combine marginal predictive
densities of macroeconomic indicators to obtain predictive objects that are transformed to a new
target-frequency.

The paper is structured as follows. Section 2 provides an analytical example of our forecasting
environment. Section 3 describes the methodological framework. Section 4 presents Monte Carlo
results. In Section 5 we provide a robustness analysis and discuss alternative simpler approaches.

Section 6 presents the results from the three empirical exercises. Finally, Section 7 concludes.

2 Motivating example
Consider the following simple mean-zero autoregressive model:
Yii1 = oY + €41

with |p| < 1 and & ~ N(0,02). The optimal h-steap ahead prediction (under both iterated and
direct forecasting approach) is given by

Yiine = PhYt

It follows that the forecast error e, ,; = 2;7:_01 o/ €tyn—j has second moment

1— 2h
W(€t+h|t) = 0:3 ( 1 _(:)2 >

and auto-covariance and auto-correlation functions:

1 — o2(h=k)

1— pZ(h—k)

C077(3t+h|n et+hfk\t> =p 1- %

for h > k > 0. Corr denotes the Pearson correlation. Thus, the process has the following
conditional predictive distribution:

h »1 _PZh
Yiinele,0e ~ N (P Yi, 0; 1_()2)
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with the pdf of Y}, denoted by ¢y, (vi+n|p, o). Now consider a linear transformation of the
forecast sequence {Y; +]-|t};7:1, such as

Zipnp = WY Hw2Ypop + -+ wp Yy, 1)

with w = (w1, ..., wy,) a vector of weights. This transformation is often useful in macroeconomic
applications when the original forecasts need to be converted into a different target periodic
measure of the same variable. For instance, if Y; is a month-on-month growth rate sampled at
monthly frequency and Y, is its h-step ahead forecast, then for h = 12 and {wj}?zl =1, the
transformed forecast

Zvope = Yepp T Yegop + -+ Yigaop 2)

is (approximately) the 12-months ahead forecast of the year-on-year growth rate.
Following the example in (1), the conditional predictive distribution of the “dependence-

attentive” transformed forecast is:

h , S (1— ¥ & -1 [ 1—p20R)
Ziinilo, o, w ~ N wip'Yy, 07 ) w3 < T > +207) ) wijw; ko 2 || 3)
=1 =1 p j=2k=1 P

which is the sum of random variables from the joint multivariate Normal forecast distribution

(Yt+l\t1~ . -rYt+h|t),|Pr e, W~ N (u,X) (4)

where u = (w1pY}, wop*Y;, w3p3Ys, - - - ,whtht)/ and

2 2 -1
(Oh wW1wW2P W1 W30 e wlwhph

2 (1-p* 1-p* h—2 (1-p*

(A TY wy (1*p2 wrws3 o (1,‘02 T WawpP e

2 1—p* 2 (1-p° h—3 (1—p°

=02 wswip W3waP (1,*;2) w3 (1,22 e wawe 0 (5
h—1 h—2 (1=p* h-3 (1=p° 2 (1=p*
W'l wwap? (1) e (1) - o (e

The pdf of Z;;; is denoted by ¢z, (z:1|0,0e, w). The predictive distribution in (3) can
be compared to the predictive distribution of the forecaster who ignores the cross-horizon
dependence of the forecasts. We label this forecaster the “dependence-inattentive” forecaster
because no attention is paid to the potential correlation structure of the forecast errors across
horizons. This forecaster draws from the following conditional forecast distribution:

. & v 2y 2 (1=p7
Zi it 0w ~ N Y wip!V, 07 ) wj <1 —p2> ’ ©
. j=1

j=1

where the pdf of Z,,,; is denoted by cf)ZHh‘t(ZtJrh\p, 0e,w). Note that for {wj};l:l = 1, the
conditional predictive distribution of the “dependence-attentive” forecaster in (3) simplifies to:

Zyinelo,oe,w ~ N (E oY, 07 E (1 — ) ) . (6)
. =

j=1 P
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Figure 1: Scores for density forecasts: "dependence-attentive" vs "dependence-inattentive"
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Note: QW-CRPS denotes the quantile weighted versions of the continuous ranked probability score, with emphasis
on the tails. CRPS denotes the continuous ranked probability score. QS(10%) denotes the quantile score at the 10%
quantile. CRPS, QW-CRPS, and QS(10%) are expressed in relative % gain of the "dependence-attentive" forecaster with
respect to the "dependence-inattentive" forecaster.

The panels of Figure 1 show the average relative accuracy of the "dependence-attentive"
density forecast in (6) compared to the "dependence-inattentive" density forecast in (5) with
{wj}?zl = 1, evaluated through proper scoring rules, such as the quantile-weigthed continuous
ranked probability score (QW-CRPS; Gneiting and Ranjan, 2011) which emphasizes the tails,
the continuous ranked probability score (CRPS; Gneiting et al., 2007), and the 10% quantile
score (QS(10%); Giacomini and Komunjer, 2005). All these metrics show robust gains for the
"dependence-attentive" forecast, which increases monotonically with p and h. For instance, with
p = 0.6 and / = 12 (the year-on-year growth rate transformation for month-on-month predictions),
the gain would stand about 7% according to the CRPS, while the QW-CRPS and the QS(10%)
point to a gain of about 15-18%. Not surprisingly, the latter suggest that substantial accuracy
gains can be obtained when evaluating the tails of the predictive densities, rather than their
central region. This is due to the fact that the two densities differ solely in their variance, while
the other moments are identical.?

In this stylized example, the researcher knows the dependence structure across forecasting
horizons and, therefore, the joint distribution of the Y; ;. However, in practice when using direct
forecasting schemes, this dependence structure is unknown and not estimated alongside the
predictions. The next section, therefore, introduces a methodology to estimate the dependence
structure for a given set of direct density forecasts.

21t is nevertheless worth noting that these results depend on the sign of p. With p < 0, the monotonicity feature is in
part lost, in particular for large (negative) autoregressive coefficients and small . However, the "dependence-attentive"
forecaster outperforms the "dependence-inattentive" forecaster even under this parameterization, in particular for large
forecast horizons. These results are reported in Figure A.1 in the Appendix.
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3 Constructing multivariate densities with copulas

This section first introduces the necessary notation and then explains the methodology to trans-
form the marginal density forecasts into the desired target multi-horizon object.

3.1 Notation

{Yigj t};l:l denotes the higher frequency prediction that the researcher would like to transform
into Z ;. The variable Z, ) is a function of Y; .., Y;y4; and potentially of Y; and its lags.
The time subscript ¢ and the forecast horizon subscript /1 denote the time units of Y, ;. For
instance, if Y}, ,; denotes monthly predictions then Z; |, denotes a transformation of the monthly
forecasts using at most predictions up to month ¢ 4 h. Recalling the example of the previous
section, if Y; is a month-on-month growth rate sampled at monthly frequency, then for h = 12
and {wj}?zl = 1, the transformed forecast

Ziop = Yo + Yoo+ + Yipaop 7)

is approximately the 12-month-ahead forecast of the monthly year-on-year growth rate. In this
case, we shall denote Z, |, a periodic-transformation of the forecast sequence {Y; ﬂ-‘t};’:l.

Similarly, a linear transformation can map the forecasts generated at the original sampling
frequency of the data into a forecast sequence sampled at a desired lower target frequency. For
instance, let Y; be a month-on-month growth rate sampled at monthly frequency. Then, for i = 6,
the transformed forecast

1 2 2 1
Ziiet = §Yt+2\t + th+3\t + Vi + th+5|t + §Yt+6|t (8)

is (approximately) the two-quarter-ahead forecast of the quarterly quarter-on-quarter growth rate
(see Mariano and Murasawa, 2003).> In this case, we shall denote Z, |t @ frequency-transformation
of the forecast sequence {Y,j;}1_;.

Throughout the paper, we use a boldface notation for vectors, matrices, and functions that
take vectors as input.

3.2 Methodology

From the previous section, it is clear that constructing the predictive density of transformed
forecasts requires drawing from the joint predictive distribution across the forecasting horizon.
However, this can be often impractical in empirical applications, such as those relying on direct
multi-step forecasting.

To address this issue, in this paper we propose to resort to (Gaussian) copulas (Sklar, 1959),
which allow to model the marginals and the dependence separately while ensuring that the
researcher obtains a valid multivariate distribution; see Nelsen (2006) for an introduction to
copulas. Since we consider a forecasting environment, we work with the conditional copulas
defined in Patton (2006) but drop the conditioning sets from the notation for simplicity.

3This formula can be generalised to other frequency transformations, such as from month-on-month or quarter-on-
quarter growth rates to annual-average growth rates, by changing the sequence of weights w.

BANCO DE ESPANA 12 DOCUMENTO DE TRABAJO N.° 2511



Continuing with the example in Section 2, the predictive density ¢z, (-|p,0c, W), i.e. the den-
sity of Z,,y;, can be constructed by drawing from the joint distribution of (Y, 1), .-, Yiinpt)'lp, o
described in eq. (4). Denoting by ®y, ,, (ys+1,) the CDF of the Gaussian predictive distribution of
Yi,p evaluated at y;1,, we note that:

6 ) 1, [1-— pz(h—k)
Corr (‘DYHW(yt—kh)rq)YHh,k“(%—s—h—k)) = arcsin (2{3 g )
which is the Pearson correlation coefficients of the probability integral transforms (PITs). The

Gaussian copula is given by:
_ -1 -1
Cr = ®x (cb u),..., @ (uh))

where &1 denotes the inverse CDF of a standard Normal, ®g the joint CDF of a standard
multivariate Normal with covariance matrix R, and U;, i = 1, ..., h, are the PITs of the univariate
predictive densities over the h forecasting horizons. Note that R is hence the correlation matrix,
whose elements are defined in (9). Further note that the predictive distribution of the “dependence-
inattentive” forecaster in (5) is also equivalent to the joint distribution of the forecasts constructed
through a Gaussian copula, but with R = I. Since Cg is the multivariate distribution of the
random variables &1 (U;),i=1,..., h, given the copula, it is easy to resample the Yt+1\t/ s, Yt+h|t

from their joint distribution:

(Yipafer o Yeans) = (@*1(u1),...,c1>*1(uh))

and then compute the desired (periodic or frequency) transformed density forecast from the
sampled joint forecasts.

In the following we extend this approach to a more general forecasting environment. Assume
the forecaster has a set of direct h-step-ahead predictive densities for T forecast origins, denoted
by {{g:n}/L,}; and with predictive cumulative distribution functions (CDF) {{G,}}' ;}[_,, for
outcome variable Y;j; the subscript i denotes the forecast horizon and the subscript ¢ denotes
the forecast origin. Further, we treat the set of predictive distributions, {{g:,}/’,}/_;, as the
primitives, i.e., we do not require a specific approach for their construction. This set of predictive
distributions is what the forecaster has readily available at hand, for instance, due to institutional
restrictions on the forecasting model to be used.

To illustrate the application of our methodology, but without loss of generality, we will assume
that the predictive density g;, is a predictive density for quarter-on-quarter growth rates.* In
period T, the forecaster is asked to provide predictive densities for the annual-average growth
rates as well as for the conditional predictive density §rj(yrinlyT+h-1, - y7—1), henceforth called
path-forecast, based on {{g;, L }L ;.

We propose to do this by using copula functions, developed by Sklar (1959). A copula can be
described as a function such that for any Q(y, ..., y4), where Q is the multivariate distribution
function of the random vector (Y, ..., Yy), there is a copula function C(-|R), such that Q(y1, ..., v4)

4Predictive distributions for month-on-month growth rates, monthly or quarterly (log-)levels or year-on-year growth
rates can be handled analogously with our approach.
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= C(Gy,(y1), .., Gy,(va)|R), where Gy,, ..., Gy, are the marginal CDFs of Y7, ..., Yy, respectively, and
R denotes the parameter(s) that governs the dependence between Gy, (y1), ..., Gy, (y4). Inversely, a
copula function C, combined with marginal CDFs Gy,, ..., Gy,, gives a multivariate distribution.

A popular copula family is the Gaussian copula, denoted by Cg,, where the dependence
between the d variables is governed by the correlation matrix R, with ones on the diagonal and
the rank correlation of variable i and j as the respective off-diagonal element (i, ).

Let then Qr(yr+1,-., Y71 R) denote the joint predictive CDF of Y744, ..., Y7y, for forecast
origin T, conditional on the correlation matrix R and constructed using Cg,. In other words, we
define Qr(yr+1, - Y1+H|R) = Cca(Gr1(y1+1), s GT,H (Y1+1)|R). Further, let PIT; , = Gy (Y1)
the probability integral transform of the predictive densities, where vy, is the realized value.
The forecaster can obtain an estimate of Qr(yr+1, ..., y7+H|R) by implementing the algorithm
described below.

Algorithm 1 Joint Predictive Distribution
1. Compute the realized PITs, {{PIT;; }L }=", of the predictive CDFs {{Gy, }L }[ .
2. Compute the rank correlations of PIT, ), across the different h to get an estimate of R.

3. Use R in combination with Cg, to obtain the joint distribution QT(yTH, ..,yT+H\IA2).

The resulting multivariate distribution allows to sample the direct h-step-ahead predictions
jointly, such that predictive objects that are functions of several horizons can be constructed. Note
that the maximum likelihood estimator of R is R, i.e. the maximum likelihood estimator of the
correlation matrix under a Gaussian copula reduces to the rank correlation of the PITs.

To illustrate the use of Algorithm 1, consider the following example. The forecaster is
asked in T, which is the last quarter of the year, to provide a predictive distribution of the
annual-average growth for the next year. The forecaster, however, has only a set of direct quarter-
on-quarter h-step-ahead growth rate predictions available, for h = 1,...,4. To transform the
quarter-on-quarter growth rates into annual-average predictions, the forecaster can obtain the set
{[Y;s%, Yg, Y%, Y%i)l]’ 5 , of draws, for s = 1,..., S, from Q7 (yr+1, - yr14|R). This can be easily
implemented in standard statistics packages. First, do step 1 to 2 of Algorithm 1. Then, step 3
amounts to the following: compute the lower Cholesky decomposition of R, denoted by P. Next,

foreachs=1,...,S:

(a) Draw a 4 x 1 vector of independent standard Normals, i.e. draw X ~;;; N'(0,14) where 14
is the 4 x 4 identity matrix.

(b) Compute the vector U = [Uy, Uy, U3, Uy| = [®(Z1), P(Z2), P(Z3), P(Z4)], where P(+) is the
CDF of a standard Normal distribution and [Z1, Zy, Z3, Z4]' = Z = PX.

(c) Evaluate Gr1(U3), ..., Gra(Uy) to get the vector of joint draws [Yﬁ, Y;s,%, YTg, YTﬂ]’ .

The set of vectors of joint draws {[Yﬁ, Yg, YS%, Yg]’ S | approximates Qr(yr1,-., Y114/ R)
and can be used, alongside with the observations yr,yr—_1,yT—2, to obtain the predictive dis-

tribution of the annual-average growth rate using, for instance, an exact formula or a linear
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approximation formula as in eq. (8), for each s = 1, ..., S. The multivariate distribution also allows
to obtain draws of Y} , conditional on Yy, forj=1,..,h — 1.

Our approach aims at constructing well performing forecasts but we note that there are
several potential sources of misspecification. First, the choice of the Gaussian copula might
not reflect the true underlying multivariate distribution of the data. Second, if the marginal
distributions are misspecified, the joint distribution will also be misspecified. Third, a potential
source of misspecification comes from the conditional copulas. As shown by Patton (2006), if the
conditioning set is not identical for the marginals and the copula, then the constructed conditional
joint distribution might not reflect the actual conditional joint distribution. Following Patton’s
(2006) example, if the researcher conditions Y7 on Wi = wy, Y2 on W, = w; and the copula
on Wi, Wy, such that Qy, y,jw,,w, (V1, y2|w1, w2) = C(Gy,w, (¥1|w1), Gyyyw, (y2|w2) [wi, ws, R), then
Q will only denote the conditional joint distribution of (Y3, Y2)|W;, W, if the marginal Y is
independent of W, and the marginal of Y; is independent of W; (for details see Patton, 2006).
However, given the macroeconomic applications that we consider, this is unlikely to restrict the
implementation of our approach for mainly two reasons. First, the marginals come from direct
forecasting models that use the same predictors for each forecasting horizon. Second, if the
predictors differ across forecasting horizons that is typically because different predictors are
relevant at that horizon, i.e., the marginals are independent of the non-included predictors.

Further, our estimation algorithm assumes that (i) dependence parameters do not depend on
the predictors used for the marginals and (ii) restricts the copula dependence parameters in R to
be constant. Assumption (i) is common in the literature and across model classes. For instance,
flexible models such as VARs with stochastic volatility do not make the time-varying variance-
covariance matrix an explicit function of dependent variables. However, while we propose a
simple algorithm for practitioners, both assumption (i) and (ii) can be relaxed. For instance,
Patton (2006) suggests an ARMA-like specification to allow for time-variation in the copula
parameters. Hafner and Manner (2012) propose a stochastic process for the copula parameters.
Both specification could be extended to include exogeneous variables in the copula parameter
equations.

Despite the various potential sources of misspecification, the Monte Carlo results in the next
section show that our modelling approach outperforms the competitor approach and leads to
forecasting performances that are often indistinguishable from the correctly specified predictive
distribution.

4 Monte Carlo study

We study the performance of our suggested copula approach via Monte Carlo simulations in a
scenario where the forecaster has a model that produces direct h-step-ahead predictive densities for
qoq growth rates and then needs to transform the predictive densities into annual-average growth
rates and yoy growth rates. The absolute and relative performance of the proposed approach
with respect to a simple benchmark ignoring cross-horizon dependence of the forecasts (the
“dependence-inattentive” forecaster described in Section 2) are evaluated through an out-of-sample

exercise.
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4.1 Monte Carlo design

The underlying DGP of qoq growth rates, denoted by Y}, takes the form of a VAR(1):

T
1)

where {ej,}[_; are two uncorrelated sequences of independent and identically distributed (iid)

Y;
Xt

0, 6,
0 7

Y1
X1

+ +

ot

€1,t ] (10)

structural shocks. We set €5 LN (0, (7522), with o., = 0.3, but we consider three different
specifications for the error term ¢ ;: (i) a Normal distribution, (i7) a Skew-Normal distribution, or
(117) a Skew-t distribution. For cases (i7) and (iii), we adopt a location-scale-shape parameterization
(Azzalini and Capitanio, 2003). All the distributions are calibrated to have mean zero and standard
deviation o, = 0.5, as well as negative skewness for cases (ii) and (iii) (with shape parameter
« = —3). For the Skew-t distribution, the degrees of freedom parameter is set to v = 8§,
which implies somewhat heavier tails than the Normal distribution. We consider these different
specifications to allow for a varying degree of complexity in the DGP. As for the remaining
parameters, we set 1 = 0.2, » = 0, and 6, = y = 0.5. To account for different degrees of serial
correlation, and hence cross-horizon dependence in the multi-step forecasts, ; takes one of the
following values: 6; € {0.1,0.4,0.7}.

We consider two types of forecasting models, both of which are misspecified AR(1) and
produce direct h-step-ahead forecasts. The first forecasting model is used when ¢;; in the DGP is

drawn from a Normal distribution:
Yien = T+ BuYt + tiyp, (11)

with 1,45, ~ N(0, a3 h)-
The second forecasting model is a quantile regression specification used when ¢; ; in the DGP

is drawn from the Skew-Normal or the Skew-t distribution:

Yien(q) = (q) + Br(q)Ye + urin(q), (12)

where g denotes the quantile with g € {0.05,0.25,0.5,0.75,0.95}, and 7,(q) and 7;(g) denote
respectively the quantile specific intercept and autoregressive parameter. To obtain a full predictive
distribution, we smooth the five predicted quantiles using the Skew-t of Azzalini and Capitanio
(2003). Note that the latter introduces a second potential source of model misspecification, in
addition to that implied by the specification in (12).

The parameters {7, B, 05, } and {7(q), Bi(q)}4cq are estimated using a rolling-window
estimation scheme with sample size T;s, which we set to 200 (quarters). Estimated parameters
are used to compute qoq predictive densities up to 12 quarters ahead, from which we get S
forecast paths. We then use simple approximating formulas to construct annual-average predictive
distributions from those paths. For instance, assuming that the forecast origin is the last quarter
of the year, for each forecast path s = 1,..., S the one year-ahead (h, = 1) annual-average forecast
is given by:

() _1 2 3 () 3y L 2y Ly
Ly = 1Yt—2 + 11@,1 T ZLYf Yt 4 t+2lt + 1Yt+3\t + 1Yt+4|t (13)
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and the four quarters-ahead year-on-year forecast:

+ YL YY)

(s)
+Y, 3]t t+4|t

(s) (s)
Z Y H2t

At T TE (14)

Two competing approaches are here considered: i) the benchmark approach, which constructs
the annual-average and year-on-year forecasts by directly transforming the quarter-on-quarter
forecast paths with (13) and (14), i.e., without accounting for the cross-horizon dependence; and ii)
the copula approach, which in turn constructs the predictive distributions for the annual-average
and yoy growth rates using first the methodology described in Section 3 to obtain joint draws
of the quarter-on-quarter growth rates, and then expressions (13) and (14) to transform the joint
draws.

The out-of-sample size used to compute the correlation of the empirical PITs for the copula
approach is denoted by Tk and set to 50 (quarters).” Similarly, the out-of-sample size used
to evaluate the annual-average (resp. year-on-year) density forecasts is denoted by Tyos and
also set to 50. In particular, we simulate 200 periods of quarterly data and we then produce
annual-average (resp. year-on-year) forecasts every four quarters for horizons one, two, and three
years ahead.® Results are based on 500 Monte Carlo iterations. For each iteration we evaluate the
performance of the benchmark and copula approach using both relative and absolute forecasting
performance measures. For this purpose, in addition to the qoq growth rates, we also simulate
the true annual-average and yoy growth rates generated by the DGP described in (10). As in
Section 2, the relative performance measures include the QW-CRPS (calibrated to evaluate the
predictive performance at the tails of the distribution) and the CRPS.” The relative performance is
evaluated both by directly comparing the two approaches and against the forecasts one could
generate with knowledge of the true underlying DGP and the true parameter values. The absolute
forecasting performance is measured through the test for the correct specification of the predictive
distribution proposed by Rossi and Sekhposyan (2019), which is a test for uniformity of the PITs.

4.2 Monte Carlo results

Figure 2 shows the relative forecasting performance of the benchmark and copula approach,
as well as the rejection frequencies of an equal predictive ability test when comparing either
of the two approaches against the optimal forecast. The markers show the average score ratios
(rejection frequencies) across all Monte Carlo iterations, while the horizontal lines denote +2
bootstrap standard errors of the average score ratios (rejection frequencies). Panel (a) shows
the ratio of the QW-CRPS of the copula approach and the benchmark approach, i.e., values < 1
indicate superior performance of the copula approach. Panel (b) shows the analogue ratio for
the CRPS. As expected, for a serial dependence close to zero there is no improvement in the
forecasting performance when using the copula approach. For medium to large values of 6, the
copula approach outperforms the benchmark approach by about 5% to 15% in the case of the

5To reduce the computational costs in the Monte Carlo, for each simulation we compute the historical correlation of
the empirical PITs once (the first forecast round) and we then use this estimate in all forecasting iterations, instead of
updating it at every iteration.

6This strategy aims at replicating the calendar year predictions typically used in practice by professional forecasters.

7Results for quantile-score at the 10% lower tail, QS(10%), reported in Figure A.2 in the Appendix, are very similar
to those for the QW-CRPS, and they are hence not commented for the sake of parsimony.
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Figure 2: Monte Carlo results for annual-average forecasts: relative scores and EPA tests
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Note: The 6; indicates the autoregressive parameter of Y; in the DGP. The y-axis label i denotes the annual-average
horizon, i.e., one-year-, two-years-, and three-years-ahead. The x-axis in Panel (a) and (b) indicates the QW-CRPS (CRPS)
of the copula relative to the benchmark approach, i.e., numbers smaller than one indicate a superior performance of the
copula approach. The markers indicate the average score ratio across all Monte Carlo iterations. In Panel (c) and (d),
the x-axis denotes the rejection frequency of the null hypothesis of a Giacomini and White (2006) test of unconditional
equal predictive ability against the optimal forecasts. The markers indicate the average rejection frequency across
all Monte Carlo iterations. The nominal size is 5%. The horizontal lines around the markers indicate 2 bootstrap
standard errors of the average score ratio or rejection frequency. N., S.-N., and S.-t indicate the Normal, Skew-Normal,
and Skew-t distribution of the error term ¢; ; in the DGP. Standard errors of the tests were computed using a HAC
estimator with bandwidth = hy — 1.

QW-CRPS and by about 3% to 7% in the case of the CRPS. Panel (c) and (d) show the average
rejection frequencies of the null hypothesis of equal predictive ability using the unconditional test
of Giacomini and White (2006). The scoring functions are the QW-CRPS (c) and the CRPS (d) and
the test compares the copula (benchmark) approach against the optimal forecast. The nominal size
is 5%, i.e., rejection frequencies above 5% indicate that the null hypothesis is rejected more often
than expected given the nominal size. Panel (c) and (d) of Figure 2 show that for small values
of 61, the copula approach performs slightly worse than the benchmark approach. We attribute
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Figure 3: Monte Carlo results for year-on-year forecasts: relative scores and EPA tests
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Note: The 6, indicates the autoregressive parameter of Y; in the DGP. The y-axis label & denotes the year-on-year
horizon, i.e., four-quarter, eight-quarter-, and 12-quarter-ahead. The x-axis in Panel (a) and (b) indicates the QW-
CRPS (CRPS) of the copula relative to the benchmark approach, i.e., numbers smaller than one indicate a superior
performance of the copula approach. The markers indicate the average score ratio across all Monte Carlo iterations. In
Panel (c) and (d), the x-axis denotes the rejection frequency of the null hypothesis of a Giacomini and White (2006)
test of unconditional equal predictive ability against the optimal forecast. The markers indicate the average rejection
frequency across all Monte Carlo iterations. The nominal size is 5%. The horizontal lines around the markers indicate
+2 bootstrap standard errors of the rejection frequency. N., S.-N., and S.-t indicate the Normal, Skew-Normal, and
Skew-t distribution of the error term €1 ; in the DGP. Standard errors of the tests were computed using a HAC estimator
with bandwidth = hy — 1.

this result to the additional parameter estimation uncertainty induced by the estimation of the
copula parameters, which is likely to dominate the gain from taking the temporal dependence
into account. In contrast, with increasing temporal dependence, i.e. increasing 61, the rejection
frequency associated with the copula approach tends to be close to the nominal size, whereas,
for the benchmark approach, the null hypothesis of equal performance is rejected much more

frequently.
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Figure 4: Monte Carlo results of tests for correct forecast density specifications
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Note: The 0; indicates the autoregressive parameter of Y; in the DGP. The y-axis label & denotes the annual-average and
year-on-year horizon, respectively, in years and quarters. The x-axis denotes the rejection frequency of the Rossi and
Sekhposyan (2019) test for correct specification of the predictive density. The markers indicate the average rejection
frequency across all Monte Carlo iterations. The horizontal lines around the markers indicate 2 bootstrap standard
errors of the rejection frequency. The nominal size is 5%. N., S.-N., and S.-t indicate the Normal, Skew-Normal, and
Skew-t distribution of the error term &7 ; in the DGP.

It is worth noting that the rejection rate for the copula approach is close to the nominal size
when compared to the true predictive density. This is an important result, since for the case
with Skew-Normal and Skew-t errors, the Gaussian copula is potentially misspecified. Further,
for the Skew-Normal case, the marginals are potentially misspecified since we use a Skew-t
distribution to smooth the quantile regression predictions. Importantly, the results suggest that
these misspecifications have only a small impact on the overall forecasting performance, because
the copula-based predictive distributions appear often indistinguishable from true predictive
distributions in terms of forecasting performance. As regards the year-on-year forecasts, the
results are reported in Figure 3 and are very similar to the annual-average results.

Figure 4 shows the rejection frequencies of the null hypothesis of a correct specification of the
predictive densities, evaluated using the test of Rossi and Sekhposyan (2019). Results show that a
high temporal dependence implies that the benchmark approach leads to misspecified predictive
distributions. In contrast, the copula approach adjusts for the temporal dependence and shows
rejection frequencies only slightly above the nominal size. Hence the results in Figure 4 suggest
that the consequences of the aforementioned misspecifications on the calibration of copula-based
predictive densities are fairly negligible, as the rejection rates hovers around the nominal size of
the test.

5 Robustness of the copula and alternatives

This section provides some guidance on how the training sample size and the persistence of
the process affect the performance of the copula approach and discusses potential alternative

approaches.
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5.1 Robustness of the copula approach

This subsection further explores to what extent the performance of the copula approach depends
on (i) the training sample for the copula parameter R, and (ii) the persistence of the underlying
process. Our main goal here is to provide a guideline to the practitioners by setting some rules-of-
thumb when choosing whether or not implementing the copula approach on specific applications.
Note, however, that the conclusions drawn in this section are, to some extent, dependent on the
DGP considered.

For our first robustness check, we repeat the Monte Carlo experiment of Section 4, keeping
the design of the simulations unchanged except for the number of in-sample observations Tjs
and the number of observations T used to estimate the copula correlation matrix R. For this
purpose, we use a grid of Tjs = 100, 200, and 400 and Tr = 25, 50, 100, and 200 observations. Note

Figure 5: Relative performance of annual-average forecasts across ranges of Tis and Tr
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(b) Three-years-ahead annual-average

Note: Panel (a) shows results for the one-year-ahead annual-averages. Panel (b) shows results for the three-year-ahead
annual-averages. Tjs denotes the in-sample estimation size for the prediction model parameters. The rotated numbers
on the x-axis denote the values of Tg, i.e. the estimation sample size for R. The units of the y-axis are the average
percentage point gains in the relative forecasting performance of the copula to the benchmark approach. CRPS denotes
the continuous ranked probability score. QW-CRPS denotes the quantile weighted versions of the continuous ranked
probability score, with emphasis on the tails. QS(10%) denotes the quantile score at the 10% quantile. The error bars
denote £2 Monte Carlo standard errors obtained by 999 bootstrap resamples of the average scores from 1000 Monte
Carlo iterations.
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Figure 6: Distribution of the relative performance of annual-average forecasts across ranges of
det(R)
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Note: QW-CRPS denotes the quantile weighted versions of the CRPS. QS(10%) denotes the quantile-score at the 10%
quantile. The y-axis shows the relative percentage point gain of the copula approach with respect to the benchmark.
The x-axis shows different levels of the determinant of R; larger values imply an overall smaller persistence in the
process. The curves in the figure depict the distribution of the relative predictive gains over the 1,000 Monte Carlo
iterations, the boxes denote the inter-quartile range, the horizontal line-marker denotes the median, and the star-marker
denotes the mean.

that the values in the baseline Monte Carlo experiments discussed in Section 4 are T;s = 200
and Tr = 50. We focus on 6; = 0.4, the case of intermediately strong serial correlation, we
compute the same scores as in Section 4, and we report the relative percentage gain of the
copula approach with respect to the benchmark approach (neglecting cross-horizon dependence).
Figure 5 reports the results for the one- and three-year-ahead annual-average predictions, and
point to an overall stability of the relative performance of the copula approach across simulations.
A slight improvement seems to arise from larger Tjs and Ty, in particular when Tr > 25, but
the results are often only marginally different and statistically indistinguishable according to
(bootstrap) standard errors of the average relative scores. In other words, the Monte Carlo study
suggests that i) a moderate training out-of-sample size should be sufficient for estimating copula
parameter matrix R and obtaining relatively accurate forecasting results from the copula approach,
and ii) the training in-sample size used to estimate the model parameters appears less relevant.
For our second robustness check, we compute the relative forecasting performance of the
copula approach for different levels of persistence measured by the determinant of the estimated
correlation matrix R, det(f{). On the one hand, in the extreme case of completely independent
marginals across all the forecast horizons, the determinant of R is equal to one. On the other
hand, in the extreme case of a perfect correlation across the marginals, the determinant is equal
to zero. To evaluate the effect of different degrees of path-dependence across forecast horizons,
we again repeat the Monte Carlo experiment of Section 4, but for each Monte Carlo iteration
we now draw (with replacement) some of the VAR(1) parameters from the following uniform
distributions: (6,60, 7) ~ U(—0.9,0.9) and 0., ~ U (0.3,0.7). To attenuate the effect of finite
samples on the results, we set the training sample at T;s = Tr = 500 and we generate Tyos = 400
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observations for the out-of-sample evaluation of the transformed densities. For ease of analysis,
we focus here on the Normal error case, €1 ~ N (0, 0621 ), and on annual-average density forecasts.
Results are presented in Figure 6, where the y-axis denotes the relative performance gains and
the x-axis shows ranges of det(R) categorized into bins with width 0.1: smaller values on the
x-axis indicate a higher level of persistence. The figure shows results for the QW-CRPS and the
QS(10%) in so-called violin plots for the one- and three-year-ahead annual-average predictions.
The curves in the figure depict the distribution of the gains over the 1000 Monte Carlo iterations,
the boxes denote the inter-quartile range, the horizontal line-marker denotes the median, and
the star-marker denotes the mean. For high levels of persistence, the gains are on average large
and the distribution exhibits a large right-tail towards regions of big relative forecasting gains for
the copula approach. For medium levels of det(R), the copula approach still shows substantial
predictive gains relative to the benchmark approach. However, these gains tend to disappear with
a decreasing persistence of the process.

5.2 Alternative approaches

It could be argued that the copula approach described so far may be inefficient compared to
simpler alternative approaches that provide transformed forecasts in one single step. For instance,
the researcher interested in the transformation in (2) could run regressions using directly the
transformed variable Z;, instead of modelling the data at the original sample. Note that while this
would violate the requirement of coherence between the moments across the different frequencies,
this section nonetheless entertains the idea of a direct regression of Z; on its past history. However,
it turns out that the forecasting regression based on the transformed sample, using the simplified
example as in Section 2, does not lead to a significant superior forecasting performance.

Assume again that the DGP takes the form of the autoregressive model Y1 = pY; + €41 and
that the target forecast follows the linear transformation Z ;; = Yy + Yeop + -+ + Yigpp A
regression of the annual-average on its past values, or in our simplified illustrative example, Z;
on Z;, leads to the following expression:

Zign = Y1 +Yeqo + -+ Yoy

b1 i el e
=" (Yt—(h—l) Y2yt F Yt) T l): ( 1 _i) ) Erehil—j T >_:{ e (ﬁ) fr1

P j

Zy

Utth

= 0"Zi + g (15)

This suggests to construct a predictive density for Z; ), centered on the conditional mean
p"Z; and featuring a variance based on ;. First, note that the conditional mean is not optimal
because Z; is a linear combination of lags of Y}, i.e., the forecaster partly conditions on "out-dated"
information. This is akin to a situation where the forecaster only uses the lower frequency instead
of taking a mixed-frequency approach. The information in the error terms, ¢; in (15) that already
realized in t. In other words, the conditional mean forecast is not efficient. Second, note that in
the regression Z; and u;, in (15) are correlated, i.e., the OLS estimator of p is inconsistent.

We repeat the Monte Carlo experiment of Section 4 using the same DGP and running the

alternative direct annual-average regression described in (15) using Z; as predictor for Z; ;. In
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Figure 7: Monte Carlo results for annual-average forecasts: relative scores
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Note: The 67 indicates the autoregressive parameter of Y; in the DGP. The y-axis label /& denotes the annual-average
horizon, i.e., one-year-, two-years-, and three-years-ahead. The x-axis in Panel (a) and (b) indicates the QW-CRPS
(CRPS) of the copula relative to the annual-average regression approach, i.e., numbers smaller than one indicate a
superior performance of the copula approach. The markers indicate the average score ratio across all Monte Carlo
iterations. The horizontal lines around the markers indicate two standard deviations of the average score ratio
frequency.

this experiment we evaluate its forecasting performance relative to the copula approach. Figure 7
reports the results for 6; = 0.1, 0.4, and 0.7, three error distributions, and one- to three-year-
ahead annual-average predictions (values <1 mean that the copula approach outperforms the
alternative approach). The results interestingly point to a strong predictive gain of the copula
approach compared to the alternative approach for the one-year ahead prediction, while from
the two-years ahead onward the two approaches provide very similar results. Abstracting from
parameter estimation errors and the parameter consistency problem in the estimation of the direct
annual-average regression, the forecasting gains by the copula approach can partly be explained
by better conditional mean predictions of the higher frequency regression. Consider again the
autoregressive DGP Y; = pY; + ¢;and assume for simplicity and without loss of generality that
the calendar year is composed of two periods and that target forecast follows the weighted linear

transformation:
1 1 .
Zijo) = EYt + Y + EYt 12t (for one-year-ahead predictions)
1 1 -
Zija) = EYt polt + Yiga + EYt alt (for two-year-ahead predictions)

which is akin to an actual one-year- and two-years-ahead annual-average forecasts if the Y; were
to represent semi-annual growth rates. Note that the expression for Z, ,; embeds the observation
at the forecast origin Y, in addition to the forecasts produced at forecast origin ¢, while Z; 4
includes only forecast terms. The mean squared forecast errors ratio of the annual-average
prediction provided by the copula approach (MSFE() and the alternative direct annual-average
approach (MSFE 4 4p) are:
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Figure 8: Monte Carlo results of tests for correct forecast density specifications: direct annual-
average regression
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Note: The 6; indicates the autoregressive parameter of Y; in the DGP. The y-axis label & denotes the annual-average
horizon (in years). The x-axis denotes the rejection frequency of the Rossi and Sekhposyan (2019) test for correct
specification of the predictive density. The markers indicate the average rejection frequency across all Monte Carlo
iterations; the horizontal lines around the markers indicate two standard deviations of the rejection frequency.

MSFEc(t+2[t)  p?>+4p+5
MSFEap(t +2[t) 602+ 80+6

(16)

MSFEc(t +4[t) _ p°+4p° +7p* +8(0° +p* +p) +6
MSFEgap (t + 4[t) ~ 60°+8(0° +p*+p3 +p>+p) +6

17)

For h = 1, it can be shown that the obtained expression in (16) (a ratio of two second-order
polynomials) is always lower than 1 for |p| < 1, and it ranges between 0.8 and 0.6 for 0.1 < p < 0.7.
Conversely, for h = 2, the ratio of mean square forecast errors simplifies to a ratio of two sixth-
order polynomials, which is very close to 1 for —0.6 < p < 0.5 and still above 0.9 up to p = 0.8.
These analytical results are consistent with the simulation results reported in Figure 7, where a
slightly different DGP and additional metrics are considered.

In summary, the expected forecasting performance of the direct annual-average approach is
substantially worse than that of the copula approach, in particular for 7 = 1 and in presence
of strong persistence. The intuition is that, compared with the copula approach, the direct
annual-average approach likely makes an inefficient use of the available short-term information.
However, for 1 > 1 this inefficiency loses importance, and the predictive performance converges
across the two approaches, because the underlying DGP is mean reverting and for longer horizons
the initial information advantage in the copula approach becomes irrelevant. Finally, Figure 8
reports the results for the PIT test for the direct annual-average approach only. The results point
overall to a correct specification of density forecasts, with rejection frequencies even closer to the
nominal size than those of the copula approach reported in Figure 4. The findings hence suggest
that the alternative direct annual-average approach may be inefficient but correctly specified (see

Gneiting et al., 2007, for other examples of such predictive densities).
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6 Empirical applications

This section provides three distinct empirical exercises where the copula approach is evaluated in
a forecasting environment with actual macroeconomic data. Note that we do not use real-time
vintages in the forecasting exercises, so all “out-of-sample” forecasts are strictly speaking pseudo
out-of-sample forecasts.

6.1 Large bivariate exercise

In this section, we provide the results of a large-scale forecasting exercise based on monthly data
from FRED-MD (McCracken and Ng, 2016). In the construction of the forecasting environment, we
closely follow McCracken and McGillicuddy (2019) and consider pairs, (i1, y2:+), of two monthly
series randomly drawn from the dataset. We first compute up to 12-months-ahead density
forecasts of cumulative growth at a monthly frequency y;;,p;, with h = 1,...,12 months and
i = 1,2. Density forecasts are obtained through horizon-specific monthly-frequency autoregressive
distributed lag (ARDL) direct-multistep regressions, estimated via OLS at each forecast origin.
Then, we apply our proposed copula approach to the monthly density forecasts to compute up
to four-quarter-ahead density forecasts of cumulative growth at a quarterly frequency z;;,; up
to four quarters ahead. In particular, for each for i = {1,2}, we run the following regression to
obtain the monthly density forecasts:

p—1 p—1
Vierh = 0+ Y Bivii—i+ Y ViV + Etrn (18)
0

j=0 j=

with
Y; -Y; if Vi, ~ I(1
yl‘,t+h _ { it+h it 1 it ( ) (19)

Yiton — Yir — hAY; if Vi ~ 1(2)

and Yj;,;, denotes the levels or log-levels. Forecasts y;;,; are then used to get Y;,,; and the
quarterly average Z;; ; = : 2}0-’:1 Yit1n—js1)r- Finally, the quarterly frequency transformation is

obtained as:
Zigint — Zig if Ziy ~ 1(1)
Zit4hlt = ‘ o -
Zl,t+h\t Zl,t hAZz,t if Zl,t ~ 1(2)

For the sake of simplicity, we only consider the first month of each quarter as a forecast origin.
The number of lags in (18) is either fixed at p = 4 or selected through the Bayesian Information
Criterion (BIC) among p € {1,...,12}.

We consider two samples: a full sample starting in 1974:M1 and a reduced sample starting
in 1984:M1, covering only the Great Moderation period. Different samples may help to assess
the impact of potential breaks in the persistence of the series over time. The sample ends in
both cases in 2019:M12. The sample is partitioned into (i) an in-sample part, of size Tj,, for the
estimation of the parameters &, ; and 1;, (ii) a calibration part, of size Tr = 60 — h and spanning
from 1995:Mh to 2004:M12, for the estimation of the copula parameters, and (iii) a forecasting part,
of size Tyos = 60 — I, and spanning from 2005:M#h to 2019:M12, for the out-of-sample evaluation
in the target frequency. Note that as in Section 4, T, denotes the number of periods in the target
frequency, i.e., in quarterly observations whereas Tis and Tr are denoted in the monthly frequency.
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The estimation is carried out using a rolling-window approach, updating at each forecast origin
the model parameters, the PITs, and the copula parameters.

As a datasource we use the February 2023 vintage of FRED-MD. After dropping series not
meeting some minimal conditions, the number of variables used in the bivariate exercise is 101,
organized into 5 different groups as in Marcellino et al. (2006) and McCracken and McGillicuddy
(2019): (1) income, output, sales, and capacity utilization; (2) employment and unemployment; (3)
construction, inventories, and orders; (4) interest rates and asset prices; (5) nominal prices, wages,
and money.®

Then, 650 random pairs of variables are selected from the database such that y; and y, come
from distinct groups and an equal number of series pairs (y1,12) comes from each of the 10
possible group pairings. For each permutation of the series, we compute density forecasts at
the quarterly target frequency, based on the monthly density forecasts, using either the copula
approach or the benchmark approach, and we compare their forecasting performance using their
average QW-CRPS and CRPS over the out-of-sample. For each lag selection method and forecast
horizon, the 650 random pairs forming the systems (y1,y2) and (y2,y1) provide a distribution of
1,300 average score ratios.

Figure 9 shows these distributions after computing the relative % gain of the copula approach
with respect to the benchmark. The labels “Full sample” and “Great Moderation” indicate the
samples used for the forecasting exercise. The copula approach provides, on average, a better
forecasting performance for all horizons, with the predictive gain increasing with the horizon up
to around 10% according to the QW-CRPS and around 5% according to the CRPS, irrespective of
the sample used for the estimation and the lag length p. It is worth noting that these empirical
predictive gains appear overall statistically positive, as the 95% confidence interval for the median
and the inter-quartile range tend to exclude the zero value. To grasp the statistical significance of
these results in a more formal way, we also compute for each pairing a test of unconditional equal
predictive accuracy (Giacomini and White, 2006). The results are summarized in Figure 10, where
we provide the overall rejection frequency of the null hypothesis of equal predictive accuracy and
its decomposition into the rejection frequency when the alternative is that the average loss of the
copula is inferior to the average loss of the benchmark (the blue bar) and the respective opposite
alternative (the red bar). The rejection frequencies appear relatively high across all samples and
horizons, hovering around 0.6-0.8% for the QW-CRPS and 0.5-0.6% for the CRPS, and it can be
largely attributed to the copula approach.

Figure 11 shows the empirical distribution of the determinant of the estimated copula pa-
rameter matrices R. The determinant is a summary measure of the persistence of the forecasts
Yit+n across the forecast horizons h (see Section 5.1). The results suggest that for a majority
of the randomly selected bivariate systems, the persistence in y; ;. is considerably large. This
should explain the superior average forecasting performance of the copula approach relative to
the benchmark approach depicted in Figure 9. The large average cross-horizon persistence is,
in part, driven by defining the monthly density forecasts as cumulative growth rates such that

8We exclude from the dataset three series starting after the 1970 (new orders for consumers goods, new orders for
non-defense capital goods, trade weighted US dollar index), one series presenting missing values (consumer sentiment
index), and one series switching to negative over the sample (non-borrowed reserves of depository institutions). In
addition, we exclude 21 series that should be used in levels or log-levels, as we focus on series that can be expressed in
first/second difference (or log-difference) in our application.
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Figure 9: Forecast comparison of copula vs benchmark approach

QW-CRPS CRPS
25 i (relative % gain) 95 (relative % gain)
p= p=4
» = BIC ‘ p=BIC|
20 + 4 — _‘ 1 20 -
15 — | - 15+
10 ‘ , 10

wt
|
|
wt
T
1

5t \ 1 5F

QW-CRPS CRPS
25 (rglative % gajn) ' 25 ' ('relative % gaiq) ‘
p=4 i p=4 |
p = BIC ‘ J ‘ p=BIC|
20 4 & 20 :
15+ | & § 15k
10+ A 8 o § . 10+ -

4]
\
54
i*
}
M

50 . 5h

-10 . . L L -10 L L 1 L

(b) Great Moderation sample (1984:M1-2019:M12)

Note: In particular, the curves in the figure depict the distribution of the relative % predictive gain in terms of the
respective loss functions of the copula approach vs the benchmark approach over the 1,300 forecasting exercises. The
boxes denote the inter-quartile range, the horizontal line-marker denotes the median, and the star-marker denotes the
mean. Values larger than zero indicate positive gains for the copula approach. The x-axis denotes the forecast horizon
in quarters.

shocks are accumulated across the horizons i. However, predicting cumulative growth rates is
not at all unusual and, in fact, the definition of the predictands in (19) is taken from McCracken
and McGillicuddy (2019).
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Figure 10: Rejection frequencies EPA test: copula vs benchmark approach
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Note: The figure show the rejection frequency of the EPA tests (Giacomini and White, 2006) over the 1,300 forecasting
exercises (the black square) and its decomposition into the rejection frequency when the average loss of the copula is
smaller than the average loss of the benchmark (the blue bar) and when the average loss of the copula is larger than
the average loss of the benchmark (the red bar). /1 denotes the forecast horizon in quarters. The labels “Full sample”
and “Great Moderation” indicate the sample period used for the forecasting exercise. The nominal size is 5%. The
error bars denote £2 standard errors computed through 1000 bootstrap replications.

Figure 11: Empirical distribution of det(R)
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Note: The figure shows distribution of det(R) over the 1,300 forecasting exercises. Smaller numbers of the determinant
imply a larger degree of cross-horizon persistence in the forecasts.

6.2 Inflation-at-Risk

In this section, we provide estimates of inflation at risk for year-on-year and annual-average
inflation based on the U.S. Consumer Price Index. We use quantile regressions in combination

with a Lasso, to select among many potential predictors, and produce monthly forecasts of the
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year-on-year inflation rate. Then, we construct predictive distributions of the (calendar year)
annual-average inflation rates out of the year-on-year predictions. This forecasting environment
aims at replicating the situation where a professional forecaster dispose of predictive densities
for year-on-year inflation, but she is required to transform them into lower-frequency annual-
average densities. This is a pretty common operational framework across institutions such as
central banks, where the communication around the expected inflation environment is usually
performed around annual-average rates, even though the monthly year-on-year rate represents the
operational target.” Importantly, the year-on-year and annual-average predictive densities need to
be coherent, i.e., they should be based on the same predictors, model type, and the moments of
the baseline frequency should be reflected in the moments of the new target frequency.

The underlying price index is the monthly and seasonally adjusted Consumer Price Index
for all Urban Consumers'® (henceforth CPI) from 1960 to 2022. The baseline model predicts
monthly year-on-year inflation, computed via the log-difference of t and t — 12, via a quantile
regression model that uses a Lasso to select among a number of potential predictors (Belloni
and Chernozhukov, 2011). The quantile regression coefficient vector f_, for the tth quantile, is

estimated by minimizing the following objective function:

N Tis+to—1 /\ R
B, =argmin Y oc(yin — xiB.) + \/7 Z 2|ﬁ]:
B.ER? t=tg

(20)

where ;) denotes the monthly year-on-year inflation rate, x; denotes a p x 1 vector of predictors
(including a constant), p(z) = (t —1{z < 0})z, A is a hyperparameter that determines the degree
of penalization (set here as recommended by Belloni and Chernozhukov, 2011), p is the number
of predictors, h =1, ..., 12 is the forecast horizon, Tis is the in-sample estimation, tp = 1,...,565,

denotes the initial observation which changes due to a rolling window estimation scheme, and

ZTls+t0 1 2
t=ty it

Note that because not all predictors are available over the entire range of the sample, not
all predictors enter the model in all forecast origins (see Section A.2 for details on the data
series). Therefore, the predictor vector x; contains at most 23 exogeneous predictors, similar to
the predictors used in Korobilis (2017), as well as two lags of the endogenous variable and the
constant.!!

We use the model in (20) to produce out-of-sample forecasts for horizons h = 1, ..., 12 months
ahead, with the first forecast origin being 1974:M12 and the last forecast origin being 2021:M12.
At each forecast origin, the quantile regression is re-estimated over a rolling window of 15
years of monthly data, that is, T;s = 180. For example, for the forecast origin 1974:M12, the
tirst observation used in the model estimation is 1960:M1. We let the model produce quantile
predictions for T € [0.01,0.02, ...,0.98,0.99] and we calculate the predictive CDF based on linearly
interpolating between adjacent quantiles (see Mitchell et al., 2024, for a similar approach; details
on the interpolation are provided in Section A.2).!? Finally, the generated year-on-year predictive

9Note that, in fact, both the ECB and the Federal Reserve publish annual-average forecasts as part of their
institutional projection exercises.

10Results are robust to using the non-seasonally adjusted CPI for all items, which has the mnemonic USACPI-
ALLMINMEI on FRED.

IResults are robust to increasing the number of lags to six.

2Quantile crossing is dealt with by sorting the predictive quantiles.
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densities are then transformed into annual-average inflation densities by drawing from the joint
distribution of the year-on-year forecasts using either the copula or the benchmark approach. In
order to approximate the annual-average, we first compute month-on-month rates from the year-
on-year forecasts, and then we transform the month-on-month predictions into annual-averages
using the approximation of Mariano and Murasawa (2003).

For the estimation of the copula parameter matrix R, we use about 10 years of data over a
rolling window starting with the observations forecast origins 1974:M12 to 1984:M12, that is,
Tr = 121. More precisely, we start by evaluating the empirical PITs of the predictive distributions
of monthly year-on-year inflation using observations 1975:Mh to 1985:M# for forecast horizon
h =1,..,12. We then estimate the copula parameter based on the empirical PITs and we use
the estimated copula parameters in combination with the forecasts for 1985:Mh, h =1, ...,12, to
construct an annual-average inflation predictive distribution for 1986. Next, we use the predictive
distributions for year-on-year inflation from 1976:M#h to 1986:M#h for horizon h = 1, ...,12, and
re-do the steps to construct the annual-average inflation predictive distribution for 1987. We
then repeat this until we have an annual-average forecast for each year from 1986 to 2022. In
addition, we construct annual-average forecasts as described above but using the benchmark
approach, which is identical to setting all off-diagonal elements of R equal to zero. Therefore,
the out-of-sample evaluation period for annual-average inflation forecasts spans from 1986 to
2022, leading to 37 out-of-sample (calendar year) annual-average predictive distributions, that is,
Toos = 37.

The results can be summarized as follows. Regarding the performance at the tails of the
predictive distributions, the QW-CRPS ratio of the copula approach relative to the benchmark is
0.79, i.e., the copula approach provides a substantial predictive gain of about 21%. Similarly, the
ratio of the QS(10%) and QS(90%) is respectively 0.72 and 0.85, i.e., the copula approach provides
a relative gain of 28% and 15% for predicting the risks of low and high inflation, respectively.
When evaluating the entire density forecasts, the CRPS ratio of the copula approach relative to

Figure 12: annual-average predictive densities for inflation
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Note: The figure shows the results for the annual-average inflation predictive density for 2001, panel (a), and for 2011,
panel (b), for both the copula approach (solid line) as well as the benchmark approach (dashed line), alongside the
realization (dotted line).
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the benchmark is 0.91, i.e., the copula approach provides a relative predictive gain of 9%. All
these results are statistically significant at the 1% level according to the test for unconditional
equal predictive ability of Giacomini and White (2006).

Figure 12 illustrates the superior predictive ability of the copula approach. Panel (a) shows
the predictive density of the annual-average inflation for 2001 and panel (b) shows the predictive
density of the annual-average inflation for 2011. In both cases, the benchmark approach assigns
ex-ante zero-probability to the realizations, whereas the copula-based density forecasts can better
predict tail-risks. In particular, the latter displays fatter tails as a result of the high correlation
between adjacent months’ year-on-year growth rates. It is also worth noting that the predictive
distributions of the copula-based approach exhibit notably stronger asymmetry.

6.3 Growth-at-Risk

In a recent influential contribution, Adrian et al. (2019) use quantile regressions to produce direct
density forecasts of quarterly quarter-on-quarter U.S. real GDP growth and show that financial
conditions, captured by the National Financial Conditions Index (NFCI), are an important
predictor for downside risks to GDP growth. We apply our methodology to transform their
quarter-on-quarter density forecasts into annual-average densities.

The total data sample of Adrian et al. (2019) ranges from 1973:Q1 to 2015:Q4 and, starting
with forecast origin 1993:Q1, the authors produce (pseudo) out-of-sample forecasts using quantile
regressions for up to four quarters ahead.'®> Thus, using their exact specification leaves us with a
series of out-of-sample forecasts from 1993:Qh to 2015:Q4, for forecast horizons h =1, ...,4.

To construct annual-average predictive distributions, we proceed as follows. We first evaluate
the predictive distributions for the forecast targets 1993:Qh to 2001:Qh, with h = 1,...,4, and
we obtain a series of 32 empirical PITs for each forecast horizon h =1, ...,4. From the PITs, we
calculate the copula parameter as described in Section 3. We then compute the annual-average
predictive distribution for 2002 from the quarter-on-quarter densities for horizon h = 1,...,4,
with origin 2001:Q4 (and forecasting targets 2002:Q1 to 2002:Q4). Then, we move four quarters
ahead and repeat the exercise to construct the annual-average predictive distribution for 2003. In
total, we repeat this algorithm until we have a series of 14 annual-average predictive distributions
spanning from 2002 to 2015. The obtained annual-average predictive distributions are hence
based on the original quarterly predictive distributions of Adrian et al. (2019) and takes into
account the serial correlation across the quarterly growth rates. The benchmark annual-average

predictive distributions are constructed similarly.

Figure 13 shows the results for the annual-average predictive density of 2008 for both the
copula approach (solid line) and the benchmark approach (dashed line), alongside the realized
annual-average growth rate (dotted line). The copula approach leads to annual-average forecasts
with larger tails due to the positive correlation between the quarterly growth rates. Indeed, the
rank correlation, i.e., the elements in the Gaussian copula correlation matrix, is around 50% to
60% for adjacent quarters, depending on the forecast horizon. Importantly, the larger tails of the
copula approach help to assess the downside risk to the annual-average real GDP growth for

13The predictors of their preferred specification are one lag of both the endogenous variable (the real GDP growth)
and the NFCI. For details on the exact specification and variable definitions, see Adrian et al. (2019).
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Figure 13: annual-average predictive densities for 2008
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Note: The figure shows the results for the annual-average predictive density of 2008 for both the copula approach
(solid line) as well as the benchmark approach (dashed line), alongside the realization (dotted line).

2008, i.e., during the onset of the financial crisis. This underlines the usefulness of our approach
and provides anecdotal evidence of incorrect risk assessment if the serial correlation between
the original predictive distributions is not taken into account when constructing multi-horizon
objects.

Turning to the full evaluation sample, the QW-CRPS and CRPS ratios point to a predictive
for the copula approach with respect to the benchmark of about 2.3% and 2.5%, respectively.
However, the QS(10%) ratio points to a substantial predictive gain of about 25% for the copula
approach. In other words, even though the sample is too short for formal testing procedures, the
empirical analysis suggests that the copula approach may provides a considerable improvement
for predicting lower tail risks on activity, which are carefully and closely monitored by policy-

makers.

7 Conclusion

In this work, we propose a method to combine direct forecasts to obtain new predictive objects that
are function of several horizons. The approach is useful in a situation where the forecaster has a
set of direct forecasts available and has to use the same set of direct predictive densities to construct
a new predictive object; for instance, if the forecasters already has a set of direct quarter-on-quarter
growth rates but also needs annual-average predictions. These type of situations typically arise,
but are not limited to, in institutions where the forecasting process is rigid.

In a Monte Carlo exercise, we show that our methodology outperforms the benchmark
approach in terms of forecasting performance whenever the serial correlation across different
forecasting horizons is close to zero. In terms of the absolute forecasting performance the
copula approach provides density forecasts that largely pass a correct specification test based
on evaluating the uniformity of the PIT, whereas the benchmark approach fails to pass this test

whenever the serial correlation is not close to zero.

BANCO DE ESPANA 33 DOCUMENTO DE TRABAJO N.° 2511



In a first empirical application, we investigate in a large-scale forecasting exercise, based on
monthly data from FRED-MD (McCracken and Ng, 2016), the performance of our methodology
for a large number of outcome variable and predictor combinations. In this exercise, we trans-
form month-on-month predictive densities to quarter-on-quarter density forecasts through our
proposed copula approach and results show that copula approach outperforms the benchmark
approach for the majority of outcome variable and predictor combinations.

In the second empirical application, we show the usefulness of the approach by transforming
year-on-year predictive densities for inflation into annual-average predictive densities. The copula
approach significantly outperforms the benchmark approach both in terms of the CRPS and
quantile tick loss evaluation.

In the third empirical application, we transform the quarter-on-quarter direct forecasts of U.S.
real GDP growth of Adrian et al. (2019) into annual-average forecasts, and provide anecdotal
evidence that the copula approach provides a better forecasts of the growth at risk during the
Great Recession period.
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Appendix

Appendix A Additional results and data

A.1 Additional simulation results

Figure A.1: Scores for density forecasts with negative autoregressive coefficients: "dependence-
attentive" vs "dependence-inattentive" approach
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Note: QW-CRPS denotes the quantile weighted versions of the continuous ranked probability score, with emphasis
on the tails. CRPS denotes the continuous ranked probability score. QS(10%) denotes the quantile score at the 10%
quantile. QW-CRPS, CRPS, and QS are expressed in relative % gain of the "dependence-attentive" forecaster with
respect to the "dependence-inattentive" forecaster.
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Figure A.2: Monte Carlo results for QS(10%): relative scores and EPA tests
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Note: The QS(10%) denotes the quantile score at the 10% quantile. The 6 indicates the autoregressive parameter of Y;
in the DGP. The y-axis label /1 denotes the annual-average horizon, i.e., one-year-, two-years-, and three-years-ahead.
The x-axis in Panel (a) and (b) indicates the QS(10%) of the copula relative to the benchmark approach, i.e., numbers
smaller than one indicate a superior performance of the copula approach. In Panel (c) and (d), the x-axis denotes
the rejection frequency of the null hypothesis of a Giacomini and White (2006) test of unconditional equal predictive
ability using the QS (10% ). The nominal size is 5%. N., S.-N., and S.-t indicate the Normal, Skew-Normal, and Skew-t
distribution of the error terms in the DGP. Standard errors of the tests were computed using a HAC estimator with
bandwidth = hy — 1.

A.2 Inflation at Risk data

Table A.1 shows the predictors used in Section 6.2. All data is seasonally adjusted were applicable.

The transformation codes imply the following: 1 — no transformation; 4 — log(x;); 5 — 100[log(x;)

- log(x;-12)]
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Table A.1: Predictors for inflation at risk forecasts

Variable Transformation Mnemonic
Aggregate weekly hours 5 AWHI
Commercial + industrial loans 5 BUSLOANS
Labor force participation rate 4 CIVPART
Consumer loans 5 CONSUMER
CPI All Urban Consumers 5 CPIAUCSL
Canadian dollar to U.S. exchange rate 5 EXCAUS
Japanese Yen to U.S. exchange rate 5 EXJPUS
British Pound to U.S. exchange rate 5 EXUSUK
Federal Funds Target 1 FEDFUNDS
Private Housing starts 4 HOUST
New Family houses sold 4 HSNI1F
Industrial production 5 INDPRO
Fixed-rate 30-year mortgage rate 1 MORTG
Bank prime loan rate 1 MPRIME
Motor Vehicle assemblies 1 MVATOTASSS
Total non-farm employees 5 PAYEMS
Real estate loans 5 REALLN
Capacity utilization 4 TCU
Number unemployed for 15 weeks & over 4 UEMP150V
Number unemployed for less than 5 weeks 4 UEMPLT5
University of Michigan: consumer sentiment 1 UMCSENT
Unemployment rate 1 UNRATE
WTI spot price 5 WTISPLC

Note: All data was downloaded from the database FRED of the St. Louis Federal
Reserve Bank.

A.3 Inflation at Risk quantile interpolation

Let Fy p(yi1n) denotes the predictive cumulative distribution function in ¢ and h horizons
ahead, evaluated at y; ;. Then, given the set {Q;.;;(T;)}72; of predictive quantiles, we compute

Fii)¢(Yin) as follows:

Tiy1 — T
Tiy1) — Qt+h|t(Ti

Pt+h\t(yt+h) =T+ Qt+h|t( ) (Yesn — Qt+h|t(Ti))/ (21)

where Q; +ht denotes predictive value of quantile 7;, and 7; and 7,41 are such that y;;; €

[Qt)¢(Ti), Qrynfe (Tit1)]- For values of i < Qpype(71) and yipn > Qpyppe(09), we approximate

T—T T99 —T98 ] —
the slope as O Qo () and Qs o) —0r () and the distance as (Q 4 (T1) — Y¢4) and

Yisn — Qt+h\t(T99))'
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Similarly, we sample from the distribution given by the conditional quantiles Q;,;(7) as

follows. Let u; denote the j-th draw from the uniform distribution and u; € [, 7] +1)- Then,

‘ ‘ Qt+h|t<T‘j 1) - Qt+h\t,<7'j)
y]t+h\t = Qt+h|t(Ti]) + l+j i :

T~ T

(u;—1)), (22)

where y]t ht denotes draw j of the predictive distribution for y;,j, conditional on information in .

The two endpoints are treated analogously to the procedure described for equation (21).
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