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Abstract

This paper studies how household inequality shapes the effects of the nominal interest rate
zero lower bound (ZLB) on aggregate dynamics. To do so, we consider a heterogeneous
agent New Keynesian (HANK) model with an occasionally binding ZLB and solve for
its fully non-linear stochastic equilibrium by using a novel neural network algorithm. In
this setting, changes in the monetary policy stance influence households’ precautionary
saving by altering the frequency of ZLB events. As a result, the model features monetary
policy non-neutrality in the long run. The degree of long-run non-neutrality, i.e. the extent
to which monetary policy shifts real rates in the ergodic distribution of the model, can be
substantial when we combine low inflation targets and high levels of wealth inequality.

Keywords: heterogeneous agents, HANK models, neural networks, non-linear dynamics.

JEL classification: D31, E12, E21, E31, E43, E52, E58.



Resumen

Este documento analiza como la desigualdad en la riqueza de los hogares interactia
con la cota inferior (ZLB) en las tasas de interés nominales. Consideramos un modelo
keynesiano con agentes heterogéneos (HANK) y un ZLB ocasionalmente vinculante, y
resolvemos de forma no lineal su equilibrio estocastico utilizando un novedoso algoritmo
basado en redes neuronales. En este modelo, los cambios en el objetivo de la politica
monetaria influyen en los ahorros precautorios de los hogares, al alterar la frecuencia
de los eventos de ZLB. Como resultado, el modelo presenta una no neutralidad de la
politica monetaria en el largo plazo. El grado de no neutralidad, es decir, la medida en
que la politica monetaria desplaza los tipos de interés reales en la distribucion ergddica,
puede ser sustancial cuando combinamos objetivos de baja inflacién y altos niveles de
desigualdad de riqueza.

Palabras clave: agentes heterogéneos, modelo HANK, redes neuronales, dindmica no
lineal.

Codigos JEL: D31, E12, E21, E31, E43, E52, ES8.



1 Introduction

This paper examines the interplay between household inequality and the zero lower bound
(ZLB) of nominal interest rates and its impact on the effectiveness of monetary policy.
To accomplish this, we integrate two distinct lines of research. First, we delve into the
analysis of heterogeneous agent New Keynesian (HANK) models, which have emerged as
a popular framework for exploring the relationship between the transmission mechanism
of monetary policy and income and wealth inequality (McKay et al., 2016, Kaplan et al.,
2018, and Auclert, 2019). However, HANK models tend to either abstract from the ZLB or
incorporate it only with perfect foresight (McKay et al., 2016 and Guerrieri and Lorenzoni,
2017). Second, we draw upon a body of literature that employs representative-agent New
Keynesian (RANK) models to emphasize the adverse consequences of the ZLB (Christiano
et al., 2011, Coibion et al., 2012, and Andrade et al., 2019). These studies underscore that
the ZLB gives rise to deflationary spirals, severely constraining central banks’ ability to
accommodate negative shocks to the economy effectively.

More concretely, we build and globally solve a HANK model with a ZLB to demonstrate
how household inequality exacerbates the challenges arising from the ZLB. The primary
channel driving our results is that household inequality increases the demand for precaution-
ary savings, which lowers the real interest rate. Since the nominal interest rate is just the
real interest rate plus inflation (which, as we will argue below, is also lower due to the ZLB),
the average nominal rates are lower, providing less room for the central bank to stabilize the
economy away from the ZLB. Hence, any factor that changes precautionary savings, such as
higher earnings volatility, will affect the real rates and the effectiveness of monetary policy.

Our ZLB-HANK economy features a continuum of ex-ante homogeneous households,
which are ex-post heterogeneous due to uninsurable idiosyncratic labor earnings risk in the
spirit of Bewley (1980), Huggett (1993), and Aiyagari (1994). Households can smooth con-
sumption via borrowing. However, their credit capacity is limited by a borrowing constraint.
Households also experience preference shocks, which are the source of aggregate uncertainty:.
As in Erceg et al. (2000), wages are sticky: the labor union sets nominal wages subject
to adjustment costs a la Rotemberg (1982). The model also features a firm that produces
using labor and a central bank that sets the nominal interest rate according to a Taylor rule
subject to the ZLB constraint. Importantly, we explicitly account for the risk of hitting the
ZLB in households’ expectations, as in Fernandez-Villaverde et al. (2015a).

We solve our model non-linearly by introducing a novel neural network algorithm pro-
posed by Fernandez-Villaverde et al. (2023) that allows us to compute the stochastic equi-
librium dynamics of a ZLB-HANK economy instead of using standard computation methods
for HANK models based on linearization (e.g., Ahn et al., 2018, and Auclert et al., 2021). We
demonstrate how neural networks can successfully approximate the non-linear laws of mo-
tion of the economy’s states. We calibrate the model to replicate labor earnings and wealth
dispersion, average marginal propensity to consume, and the frequency of ZLB occurrences

observed in the U.S. economy since 1945.
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In terms of substantive findings, our first result is that the ZLB moves the ergodic dis-
tribution of inflation, the nominal and real interest rates, and aggregate consumption down-
ward. That is, the ZLB means that we will have more and more severe episodes of deflation
and lower consumption. This result is unsurprising and also appears in RANK models with
a ZLB. The intuition is simple: the central bank cannot fully accommodate large negative
demand shocks by lowering nominal rates below zero. In contrast, when the negative demand
shocks are small, the central bank still has space to accommodate, even with the ZLB.

Our second result is that the negative effects of the ZLB fall disproportionately on wealth-
poor households. Since these households depend heavily on labor income, a deep reces-
sion exacerbated by the ZLB reduces their income relatively more than that of wealth-rich
households, which have interest income from their bond holdings. Also, since wealth-poor
households have few or negative assets, they cannot rely on their bond holdings to smooth
consumption. Hence, the consumption of wealth-poor households drops relatively more than
that of wealth-rich households.

Our third result is that household heterogeneity limits the central bank’s space to lower
nominal rates, making spells at the ZLB more likely. As in Aiyagari (1994), household
heterogeneity leads to more precautionary savings even without aggregate shocks and, thus,
lower real interest rates, which also results in lower nominal rates.

Our fourth result is that the ZLB makes the stochastic steady state (SSS) of the HANK
model separate from the deterministic steady state (DSS).! The key mechanism is that
agents understand the presence of a “deflationary bias” in the economy: the central bank
can accommodate large positive demand shocks, as the nominal interest rate can go up as
much as needed, but not large negative demand shocks, as the ZLB becomes binding. Thus,
the economy will suffer more periods of deflation than it would in the absence of the ZLB, and
the central bank will undershoot its inflation target. Agents respond to this deflationary bias
by increasing their precautionary savings, which lowers real rates: higher demand for savings
given the same supply of bonds in our economy translates into higher prices for bonds, i.e.,
lower rates. While this deflationary bias is also present in ZLB-RANK models (e.g., Adam
and Billi, 2007, Nakov, 2008, and Bianchi et al., 2021), we show that heterogeneity makes it
more acute.?

Since our third and fourth results highlight the importance of household heterogeneity
and the ZLB, we demonstrate that an increase in household heterogeneity (e.g., more id-
iosyncratic labor risk) or factors that make the ZLB more likely (e.g., a lower inflation target)

will increase precautionary savings in the economy.

!The DSS is a point where all aggregate variables are constant, and there are no aggregate shocks, but
agents still face idiosyncratic risk. In contrast, the SSS (also called the risky steady state, e.g., Coeurdacier
et al., 2011) is a point at which all aggregate variables are constant, and the realization of the aggregate
demand shock is zero. However, agents are aware that non-zero realizations can come in the future. Fur-
thermore, agents still face idiosyncratic risk. The SSS is an important concept because it often provides a
better summary of the ergodic distribution of non-linear models such as ours than the DSS.

2The natural rate of interest is also endogenous in Eggertsson and Krugman (2012) due to deleveraging.
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This last observation has a sharp implication: monetary policy is not neutral in the long
run in our ZLB-HANK economy, and the Fisher equation depends on the central bank’s
stance. More specifically, if we denote the steady-state nominal interest rate, real rate,
inflation rate, and inflation target by i, r, 7w, and 7, respectively, then i (7) = r (7) + 7 (%),
such that dr/dm > 0.

In our baseline calibration, household heterogeneity has a small impact on the long-run
Fisher equation. When we lower the inflation target from 4% (the average inflation between
1980 and 1999) to 1.7% (the average inflation from 2000 onward), the decline in the real
interest rate in the SSS of our model is 19 basis points (bps). In comparison, the real rate
falls 16 bps in the ZLB-RANK. In other words, heterogeneity reduces the real rate by three
additional bps. This finding for the ZLB-HANK and ZLB-RANK economies aligns well with
the empirical literature that provides nuanced evidence for long-run monetary neutrality
(see, among others, Lucas, 1980, or King and Watson, 1997).

However, non-neutrality becomes empirically relevant at high levels of inequality. We
consider a reduction in the inflation target from 4% to 1.7% as above, but now it occurs
jointly with a rise in the wealth Gini index by 3 percentage points, the change in wealth
inequality observed in the U.S. in the early 2000s. In this case, our model predicts a fall
in the real rate of 28 bps, or 14% of the 200 bps reduction in the real rate estimated by
Del Negro et al. (2017) and Fiorentini et al. (2018). The interaction of rising inequality
and frequent ZLB events rationalizes the evidence in Hillenbrand (2021) and Bianchi et al.
(2022), showing that monetary policy is partially responsible for the secular decline in the
real rate. Thus, we provide a novel explanation for the fall in real rates that complements
additional explanations such as population aging (Carvalho et al., 2016, and Aksoy et al.,
2019), the surge in convenience yields (Krishnamurthy and Vissing-Jorgensen, 2012), and
the fall in productivity growth. In summary, our model encompasses situations where the
long-run neutrality of monetary policy approximately holds and situations where it does not.

Finally, we show that our model replicates the finding of Long and Summers (1986) that
higher nominal rigidities ameliorate the deflationary spirals. Thus, we can interpret the
deflationary bias in our model as coming from households’ precautionary savings against
negative demand shocks, not from the pricing behavior of firms.

Our paper is connected with several previous papers. Ascari (2004) and Ascari and
Sbordone (2014) show that, in the generalized New Keynesian model, high inflation levels
lower output by creating more price dispersion. Our mechanism is different (and we pick
a Rotemberg pricing protocol to emphasize this): our results work through precautionary
savings. Auclert and Rognlie (2020) analyze the link between inequality and aggregate
demand. They find that an increase in income inequality in the DSS can lead to a substantial
decline in consumption, output, and the real rate, especially since they assume that the ZLB
always constrains the central bank. In a similar spirit, McKay and Reis (2016) show that
the presence of the ZLB matters for the effects of automatic stabilizers. Instead, our paper

examines how inequality alters the ex-ante incentives to accumulate precautionary savings
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when households face an occasionally binding ZLB. From this perspective, our quantitative
analysis complements the analytical results in Bilbiie (2021a), showing that heterogeneity
amplifies liquidity-trap recessions.

Our work also aligns with the literature focused on solving the full stochastic dynamics
of HANK economies.® For example, in independent work, Gorodnichenko et al. (2021)
explore how stochastic volatility in aggregate productivity affects household consumption-
saving decisions. Schaab (2020) proposes an alternative projection method to analyze how
the interaction between macro and micro volatility can drive the economy into a downward
aggregate demand spiral, leading to a liquidity trap. Kase et al. (2022) employ neural
networks to estimate HANK economies subject to the ZLB constraint. Lin and Peruffo
(2022) combine the sequence-state Jacobian methodology in Auclert et al. (2021) with a
tractable two-regime shock structure for aggregate uncertainty. Methodologically, our paper
builds on Ferndndez-Villaverde et al. (2023), who pioneered the use of neural networks to
solve heterogeneous agent models globally. Our approach is also related to Maliar et al.
(2021), Azinovic et al. (2022), and Han et al. (2022), who also employ deep learning to
globally solve heterogeneous agent models with aggregate shocks.

The rest of the paper is organized as follows. Section 2 presents our ZLB-HANK model,
which we calibrate in Section 3. Section 4 briefly presents our solution algorithm, which
is discussed in more detail in Appendix A. Section 5 discusses our quantitative findings.

Section 6 concludes.

2 Model

We postulate an economy populated by heterogeneous households, a labor recruiter, a labor
union subject to nominal wage rigidities, a firm that produces using labor, a central bank

that follows a Taylor rule subject to the ZLB constraint, and a fiscal authority.

Households: There is a unit measure of ex-ante identical households indexed by ¢ € [0, 1].
Households face idiosyncratic and aggregate risk. The idiosyncratic labor earnings shock
Sit € {sm}M_, determines the efficiency unit of hours supplied by each household. The
shock follows a Markov chain with normalized average realization [ s;;di = 1. The aggregate
shock &, is a preference shifter that evolves as an AR(1) process in logs, log & = pe log &1+,
where pe € (0,1) and ¢ ~ N(0,we). Our use of a preference shifter follows Eggertsson and
Woodford (2003) and Eggertsson and Krugman (2012), who show that shifts in households’
preferences are a powerful driver of ZLB events. These preference shocks are a reduced form
for any variation in uncertainty, fiscal policy, or credit market tightness that could alter
households’ risk appetite.

Households choose consumption ¢;;, bonds b;; and labor services h;; to maximize their

lifetime expected discounted utility:

3 Algorithms for non-linear heterogeneous agent economies based on perfect foresight, such as Boehl
(2023), cannot address how heterogeneity impacts households’ expectations on the risk of hitting the ZLB.
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where [ is the time discount parameter, o controls risk aversion, v is the inverse of the
Frisch elasticity of labor supply, and y is the disutility of labor. We specify the CRRA
utility functions:

(o) = 2
and h1+1/
v (hi’t) - Xl Z—Ft v

The households’ optimization problem is subject to the budget constraint (1) and the
borrowing constraint (2). The budget constraint posits that households finance consumption
expenditures and lump-sum taxes, 7, with labor earnings, wys;+h;;, where w; denotes the

real wage. Households can also trade one-period non-contingent bonds, which yield the gross

i R . .
nominal return R;_;. We refer to the gross real return on bonds as r; = ==, which divides

R;_1 by gross inflation m, = Pi - where P, is the price of the final good.‘ The borrowing

constraint implies that the exogenous bound b limits households’ bond positions.

Labor market: The labor market features a representative perfectly competitive labor
recruiter and a representative perfectly competitive labor union. The labor union purchases
the different varieties of labor services from the households, and sells them to the labor
recruiter. The nominal rigidities in the model arise because the labor union faces wage
adjustment costs in the spirit of Erceg et al. (2000).

The labor recruiter purchases labor services s; h;; at the nominal wage W;, from the

labor union and bundles them into an aggregate effective labor input, Hy,

1 e—1 5571
H, = / sichi di|
0 9

where ¢ is the elasticity of substitution across labor varieties. The aggregate labor input is

then sold to the firm at the nominal wage W;:

1

1 1-¢
Wt = [/ Si’tmlt_sdi‘| .
0 k)

The optimal demand of labor services of household ¢ from the labor recruiter is:

Wii\

The labor union sets the nominal wage W;; at which it sells each effective unit of labor

sithiy, but it faces wage adjustment costs a la Rotemberg (1982). In addition, we follow
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Hagedorn et al. (2019) by assuming that the wage adjustment costs are virtual. While the
adjustment costs affect labor unions’ optimal pricing decisions, they do not result in any
transfer of real resources (e.g., they are effort costs), simplifying the interpretation of the
results as we change other model parameters. Accordingly, the labor union decides the
nominal wage of each differentiated labor service by maximizing expected profits subject to

the labor recruiter’s optimal demand:

Y[ sikhi g Wi v (i, 0 e 1)
max Etzﬁk / SikhinWir ( k>—2[log <W’“~> hk] dily, (3)
0

Wirter, k=t Py u' (Cy) Wik 17
Wi\
bl = (i)

where v’ (C}) is the marginal utility of aggregate consumption and 7 is the inflation rate
targeted by the central bank. We follow Bayer et al. (2019) in the specification of the
adjustment costs, except that we extend their setting to the case of trend inflation, possibly
different from zero.

The parameter 6 controls wage stickiness. We choose Rotemberg costs adjusted for trend
inflation instead of Calvo pricing because we will be conducting exercises where we modify
the inflation target or the level of nominal rigidities. In these experiments, we want to
exclude any effects caused by varying levels of wage dispersion, a mechanism unrelated to
the main focus of our paper.

Appendix B shows that in a symmetric equilibrium in which the labor union sets the
same nominal wage, W;, = W, and hires the same amount of working hours, h,; = H;,

across the differentiated labor services, the wage Phillips curve is

T T\ H, e |V (H) e—1
1 Tt E. |1 t+1 t+1 < . 4
where 71}’ = va; is gross wage inflation, v’ (H;) is the marginal disutility of working, and
wy = M is the real wage.

Firm: A good is produced by a representative firm and sold in a perfectly competitive final
good market. The firm manufactures the good Y; using a linear technology in labor, Y; = L;.

Since the real wage is constant, price inflation coincides with wage inflation, m, = 7).

Central bank: The central bank sets the gross nominal interest rate R; according to the

b Oy
Rt_max{l R(Wt> <Yt> } )
T Y

where R is the gross nominal rate and Y denotes the level of output, both at the DSS of

Taylor rule:

the economy. The central bank sets R; by reacting to changes in the inflation rate from its

BANCO DE ESPANA 12 DOCUMENTO DE TRABAJO N.° 2407



target—the parameter ¢, determines the strength with which this happens—and in output
from its DSS level—the parameter ¢, pins down the strength of this second channel, unless
the ZLB constraint, R; > 1 is binding, in which case it sets R; = 1.

Fiscal authority: The fiscal authority raises lump-sum taxes 7; on the households to
finance a fixed amount of outstanding debt B, such that the government budget constraint
is satisfied 7, = (ry — 1)B . Given B and the equilibrium interest rate, the lump-sum taxes 7

are set to clear the budget constraint.

Market clearing: Since the definition of a competitive equilibrium for this economy is
standard, we omit it for space considerations. Nonetheless, this competitive equilibrium
implies three market-clearing conditions. First, the labor market clears so that the total effi-
ciency units of hours provided by households equal the labor services demanded by the firm:
H; = L;. Second, the bond market clears so that the overall bond positions of households
equal the outstanding government bonds issued by the fiscal authority: B = fol b;di. Fi-
nally, the aggregate resource constraint posits that total value added equals the total output

of the firm and households’ total consumption: Y; = L; = fol cipdi.

3 Calibration

We calibrate the model to U.S. quarterly data. Table 1 summarizes the parameterization of
the model and the chosen targets.

We set the gross inflation target of the central bank to 7 = exp (0.02/4), so that the
annual inflation target is 2%. For the Taylor rule, we set the sensitivity of the nominal rate
to output deviations from the DSS to ¢, = 0.1, and that of changes in inflation to ¢, = 2.5.
We set = 0.99577 such that the real interest rate in the DSS of the model equals 1.5%, a
value in the ballpark of the estimates provided by Del Negro et al. (2017) and Fiorentini et al.
(2018) and consistent with the FOMC’s November 2018 Summary of Economic Projections.
In our quantitative results, we will show that different values of 7 imply a large variation in
the level of real interest rates in the SSS. This happens even if all the economies share the
same value of real interest rates in the DSS.

We calibrate the preference shifter by making our model consistent with the 10% fre-
quency of ZLB episodes observed in the U.S. economy in the post-war period (Coibion et al.,
2016) by first setting pe = 0.6, in line with the parameterization of Bianchi et al. (2021),
and then fixing we = 0.01225.

On the labor market, we set the elasticity across differentiated labor services to € = 11,
such that the wage markup is 10%. The wage adjustment parameter, # = 100, implies an
equivalent Calvo-type protocol with a 12-month average wage duration, the conventional
value used in the literature.

Regarding the idiosyncratic risk, we first set b = —0.58, which equals about two months’
average wages. Then, we calibrate p; = 0.94 and w; = 0.075 so that the model reproduces a
share of borrowers of 33% (Kaplan et al., 2014), and an average MPC of around 10%, which
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Table 1: Baseline Parameterization

Parameter Value Target /Source
Panel A. Preferences
I5) Discount factor 0.99577 1.5% real interest rate in the DSS
o Risk aversion 1 Standard value
1/v  Frisch elasticity of labor supply 1 Standard value
X Disutility of labor 0.8696 Labor supply equals 1 in the DSS

Panel B. Aggregate Risk

pe AR coefficient of process for £ 0.6 Bianchi et al. (2021)
we  Standard deviation of € shock 0.01225 10% ZLB frequency
Panel C. Idiosyncratic Risk
ps AR coefficient of process for s; 0.94 10% Average MPC
ws  Standard deviation of s; shock 0.075 33% Borrowers
b Borrowing limit -0.58 Two-month average labor income

Panel D. Labor Market
€ Elasticity across differentiated labor services 11 10% wage markup
0 Rotemberg wage adjustment cost 100 12-month duration of wages

Panel E. Central Bank

T Inflation Target exp (0.02/4) 2% Annual inflation target
¢r  Taylor rule coefficient on inflation 2.5 Standard value
¢y,  Taylor rule coefficient on output 0.1 Standard value

Panel F. Fiscal Authority
B Government outstanding bonds 1 Total liquid assets = 25% annual GDP

is at the lower end of the estimates provided by the literature (Johnson et al., 2006, Parker
et al., 2013, and Broda and Parker, 2014). In such a way, we deliver quantitative results that
are cautious regarding the importance of heterogeneity. We then convert the AR(1) process
for labor earnings into a three-point Markov chain using Rouwenhorst’s (1995) method.

We calibrate the remaining parameters of the households as follows. We fix ¢ = 1 and
the Frisch elasticity to 1/v = 1. This value is slightly higher than that proposed by Chetty
et al. (2013) based on the elasticity of labor supply estimated at the micro level, but it
is nonetheless at the lower end of the values typically considered by the literature on the
transmission of monetary policy. Finally, we normalize the disutility of labor to x = 0.8696
such that the aggregate value of the efficiency units of hours equals one in the DSS.

Regarding the fiscal authority, we follow the one-asset calibration strategy of McKay
et al. (2016) and fix B = 25% of annual GDP, in line with the estimate of liquid wealth in
the U.S. economy derived by Kaplan et al. (2018).*

4McKay et al. (2016) compute that aggregate liquid assets equal 140% of annual GDP, since they consider
net liquid assets as the sum of all deposits in financial institutions, government bonds, corporate bonds net
of revolving consumer credit, and corporate equity. Instead, our target is based on Kaplan et al. (2018), who
categorize corporate equity as illiquid assets (corporate equity equals 102% of GDP). As discussed in Kaplan
et al. (2018), a larger amount of liquid assets in the economy reduces households’ marginal propensity to
consume, downplaying the role of households’ heterogeneity in driving aggregate dynamics.
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All in all, our calibration choices make our economy consistent with both the average
amount of household wealth inequality and the cyclicality of income inequality in the U.S.
economy. First, the Gini index of wealth in the model is 0.81, which replicates the value of
the Gini index that Kuhn and Rios-Rull (2016) find for the U.S. economy in the early 2000s.
Second, the income of wealth-poor (and high-MPC) households is more pro-cyclical than
that of wealth-rich (and low-MPC) households. Specifically, while the total income for the
bottom 90th of the wealth distribution has a correlation of 0.94 with GDP, the analogous
correlation for the total income of the top 10th is just 0.40. This implies that high-MPC
households become relatively poorer in recessions, which is consistent with the empirical
evidence of Patterson (2023).°

Crucial to this result is the fact that the source of nominal rigidity is wage stickiness
rather than price stickiness. In this way, there are no profits to be redistributed across
households, which tends to substantially curtail the counter-cyclicality of income inequality
(Bilbiie et al., 2022).5 As emphasized by Bilbiie (2008, 2020, 2021b) and Auclert (2019),
both the level and the cyclicality of inequality in HANK economies are key to assessing how

household heterogeneity shapes macroeconomic dynamics.

4 Solution Algorithm

One of the key contributions of this paper is the solution of a non-linear HANK model,
which enables us to evaluate the stochastic dynamics of an economy with wage rigidities,
heterogeneous agents, and a ZLB.

Solving for the competitive equilibrium of a HANK model is conceptually similar to
estimating a DGP in econometrics. In both situations, we look for a function that maps
variables into endogenous objects of interest. In our case, the variables are the states of the
model and the endogenous objects of interest are the moments of the distribution of asset
holdings by the households. The key difference between a standard econometric estimation
and solving our model is that, in econometrics, the variables and the object of interest are
empirical observations (e.g., education and wages from a micro panel), while, for us, they
are the outcomes of the decisions of the agents within the model. However, formally, the
problem is the same. In both situations, we face a functional approximation problem (e.g.,
finding the expectation of wages conditional on education vs. finding inflation as a function
of the states of the model).

Fernandez-Villaverde et al. (2023) have argued that neural networks are an effective way
to tackle this functional approximation problem. Neural networks satisfy two important
theoretical conditions. First, they are universal non-linear approximators: neural networks
can approximate arbitrarily well any Borel-measurable finite-dimensional function, thus en-

compassing a large class of DGPs. Second, neural networks break the curse of dimension-

5For further evidence on the counter-cyclicality of income inequality conditional on demand shocks, see
Coibion et al. (2017) and Mumtaz and Theophilopoulou (2017).

6Auclert et al. (2023) show how nominal wage stickiness allows HANK models to be simultaneously
consistent with estimates of MPCs, the marginal propensity to earn, and the fiscal multiplier.
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ality of high-dimensional functional approximations by switching from the original space of
the problem to a more convenient geometrical representation. These two properties make
neural networks superior to other conventional approximations in economics (such as Cheby-
shev polynomials or non-parametric regressions) in many applications of interest. Moreover,
neural networks are easy to code thanks to the availability of state-of-the-art open-source
libraries, particularly suitable to parallel processing, and require less domain knowledge (i.e.,
a priori understanding of the salient numerical features of the function to approximate) than
other alternatives.

Neural networks are particularly useful for HANK models with the ZLB because they
can capture the full non-linear dynamics of the economy without having to select an ex-ante
structure for the perceived law of motion (PLM) of the distribution of agents. This selection
is a challenging task when the ZLB is present because the saving decisions become much
more non-linear on aggregate shocks.

More concretely, we build perceived laws of motion (PLM) that predict logm” and
log % Hlfl—tl, given the aggregate states (R;_1,&;) using neural networks and moments of
the household distribution in the spirit of Krusell and Smith (1998).” Our solution method
is extremely accurate when households keep track of the level of the nominal interest rate
(recall that the mean of the bond distribution is constant and, hence, cannot be used for
that purpose). The nominal interest rate level summarizes the distribution’s shape, since it
encodes the market clearing condition given the households’ savings decisions. The nominal
rate in HANK is also required to determine the interest rate income of households and, thus,
becomes a state variable. In comparison, in RANK models, the nominal rate is not a state
variable because the interest rate income is equal to the taxes paid by the representative
agent and, therefore, drops from the decision rules.

In Appendix A, we provide a detailed description of our algorithm, but some important
results are highlighted here. Figure 1 illustrates how our algorithm uncovers a significant
non-linearity in both the perceived and the simulated inflation rate for low values of the

preference shifter &. When the & is sufficiently low, the nominal rate hits the ZLB, and we

have deflation (see Section 5).

Figure 1: Non-Linearity due to the ZLB.

(a) Perceived Inflation (&, Ri—1) (b) Simulated Inflation 7(&, R—1)

Inflation m (%)
Inflation m; (%)

1.00

098 (o6 00

Preference Shock & Nominal Rate Ry_; (%) Preference Shock & Nominal Rate Ry,_1 (%)

"The word “perceived” captures the idea that these are the law of motions actually used by the agents.
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Figure 2 compares the nowcast errors on the inflation dynamics generated by our neural
network approach with those implied by a naive application of the Krusell and Smith (1998)
method, in which we predict the inflation rate as a log-linear function of the state variables
(see Appendix A for the corresponding formulae). Panel (a) reports the errors for all simu-
lated periods: the neural network approach increases the fit of households’ expectations by
raising the R? from 98.54% to 99.94%. This improvement is particularly noteworthy in the
right-hand part of the distribution of errors, which corresponds to periods in which inflation
tends to be lower than expected due to the deflationary spirals triggered by a ZLB event.
Panel (b) proves that our approach correctly captures the non-linear dynamics at the ZLB.
While the linear approach provides an inferior fit for inflation dynamics when the ZLB con-
straint binds, with an R? of 74.81%, the neural network algorithm yields an R? of 99.59%,

a much more satisfactory fit.

Figure 2: Nowcast Errors for Inflation.
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5 Results

This section reports how the presence of the ZLB affects household and aggregate variables
in a HANK economy. We will uncover how the differences in the dynamics between our
ZLB-HANK and the standard HANK model without the ZLB depend on both the inflation
target and the level of wealth inequality. To begin, we compare the responses of aggregate
variables and household decisions to aggregate demand shocks in both economies. We then
examine how the ZLB alters the SSS of our model. Finally, we gauge the effects of varying

the central bank’s inflation target and the level of wealth inequality on aggregate variables.

5.1 The Macroeconomics of the ZLB
As our paper is the first to explicitly consider the non-linearity generated by the ZLB con-

straint when studying the stochastic dynamics of a HANK model, it is important to under-
stand the implications of this non-linearity for the model’s dynamics. An intuitive way to
appreciate this point is by comparing the ergodic distribution of the aggregate variables in
our ZLB-HANK model with those of a HANK economy with the same parameterization as
in Section 3 except that the ZLB is absent from the Taylor rule that the central bank follows.
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Figure 3: Ergodic Distributions.
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Figure 3 reports the ergodic distribution of inflation, the nominal interest rate, the real
interest rate, and aggregate consumption in the ZLB-HANK and HANK economies. The

graph shows how the presence of the ZLB skews the dynamics of the model to the left, except
for the real rate, where the left tail gets truncated. These are the cases in which the ZLB
constrains the nominal interest rate, and the economy experiences a sharp drop in aggregate
consumption amidst a deflationary spiral and real rates that are too high. These dynamics
are absent in the HANK economy.

Figure 4 evaluates the effect of the non-linearity of the ZLB on the dynamics of inflation
and output by plotting the impulse response functions (IRFs) at the SSS to small and large
demand shocks in the ZLB-HANK and the HANK economies.® Specifically, we consider
a small demand shock (a one-standard-deviation innovation) and a large demand shock (a
three-standard-deviation innovation). When the shock is small, the ZLB is not binding in
either economy, and the IRFs roughly coincide.” However, when the shock is large, the
ZLB generates stark differences in the responses of the two economies. In the ZLB-HANK
economy, the nominal interest rate drops to zero, while in the HANK economy, it drops
below —1.5%.1° As a result, the ZLB-HANK economy experiences a much sharper decline

in both inflation and output.

80ur model is non-linear. Hence, the IRFs are state-dependent and the size and sign of the shock matter
for their shape.
9Agents in the ZLB-HANK economy understand that the ZLB might bind in the future and, therefore,

their current behavior is slightly different from that of agents in the HANK economy even outside of the
ZLB. We will revisit this point below.

10T he initial point is the SSS of each model. In the ZLB-HANK, it is 3.32%, and this is why the impulse
response is bounded at -3.32 pp. In the HANK, it is 3.48%, and this is why a decline of more than 5 pp
implies a fall below —1.5%.
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Figure 4: Impulse Response Functions.
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Figure 4 emphasizes the crucial role played by the ZLB in amplifying the negative effects
of large negative demand shocks on the economy when the shocks are too severe to be
accommodated by a sufficiently large reduction in the nominal interest rate. While real
wages are constant by construction, the real interest rate increases upon a shock, especially
when at the ZLB (as we have deflation, but the nominal rate is stuck at zero). Since interest
payments on government debt are financed via taxation, lump-sum taxes also rise upon a
shock, especially at the ZLB. We discuss next how these changes in real prices have important

redistributive consequences.

5.2 The Microeconomics of the ZLB

This subsection demonstrates that the ZLB significantly impacts the distributional conse-
quences of negative demand shocks over the business cycle. Specifically, we analyze the
differential impact response of total income to a three-standard-deviation negative demand
shock that arrives when the economy is at the SSS in the ZLB-HANK and HANK economies
(the same aggregate shock as in the previous subsection). Figure 5 displays the changes in
total income at impact (represented by diamonds) and decomposes them into contributions
from changes in interest earnings, labor income, and taxes for households in the 10th and
99th percentile of the wealth distribution, across the three realizations of the labor shock
(ordered from the lowest to the highest realization). We also report the aggregate relative

response of income.!!

1 Appendix C reports separately the responses of individual income in the ZLB-HANK and HANK
economies.
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Figure 5: Individual Income Responses - ZLB-HANK vs. HANK.
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Note: The graph reports the income response at impact to a three-standard-deviation negative
demand shock for each of the three labor-carnings realizations at the 10th wealth percentile and
the 99th wealth percentile, and then each bar decomposes the total income response to changes in

taxes, interest revenues, wages, and profits. For each group, the bars are ordered from the lowest
realization of the labor-earnings shock up to the highest one.

Figure 5 provides two valuable insights. First, in the ZLB-HANK economy, aggregate in-
come falls more sharply than in the HANK economy on average. This is a direct consequence
of the central bank’s inability to accommodate the negative demand shock fully. Second, the
ZLB constraint leads to a relative decline in total income for wealth-poor households com-
pared to the counterfactual HANK without ZLB but to a relative increase for wealth-rich
individuals. This is because working hours experience a sharp decline. Poorer households
have either low or negative bond holdings (in our calibration, households at the 10th per-
centile have negative bond holdings) and rely more on labor income. Since the real rates
are higher because the ZLB prevents nominal rates from falling below zero despite deflation,
wealth-rich households earn significantly more from their bonds. In contrast, borrowers face
relatively higher real interest payments.!?

The ZLB also significantly affects the distributional consequences of negative demand
shocks in terms of consumption. Figure 6 reports the differences in the impact response of
consumption between the ZLB-HANK and HANK economies to the same shock as above,
for households in the 10th and 99th percentiles of the wealth distribution across the three
realizations of the labor shock, as well as the differential response of aggregate consumption.
Consumption drops more in the ZLB-HANK economy than in the HANK economy, a drop
that is amplified for households at the lower end of the wealth distribution. More concretely,
the presence of the ZLB amplifies the drop in consumption of low-income wealth-poor indi-

viduals by about 1.4 pp, roughly twice the drop for wealthy households.

12This result implies that the income of wealth-poor high-MPC households is much more cyclical than
that of wealth-rich low-MPC households in the ZLB-HANK economy relative to the standard HANK model.
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Figure 6: Consumption Responses - ZLB-HANK vs. HANK.
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Note: The graph reports the consumption response at impact to a three-standard-deviation negative
demand shock for each of the three labor-earnings realizations at the 10th wealth percentile and

the 99th wealth percentile. For each group, the bars are ordered from the lowest realization of the
labor-earnings shock up to the highest one.

This drop is due to two different effects. For wealthy households, the relative consumption

drop is driven by the intertemporal substitution effect, as households save relatively more

due to the higher path for real rates in the ZLB-HANK compared to the HANK. This
explains why the drop is similar across labor income levels. For poor households, which lack
the assets to smooth consumption (8% of households are at the borrowing constraint at the
SSS), the income effect dominates. As low-income “hand-to-mouth” agents display much
larger MPCs, this explains why the relative drop in consumption is much larger for these
households compared to high-income “hand-to-mouth” ones.

Our results highlight the importance of considering the ZLB in analyzing the distribu-
tional consequences of business cycle fluctuations in a HANK economy. At the aggregate
level, recessions become more severe after a large negative demand shock due to the de-
flationary spiral that arises when the central bank cannot fully accommodate the shock.
At the individual level, the burden of recessions is even greater for low-income wealth-poor
households, resulting in increased consumption, income, and wealth inequality during severe

downturns.

5.3 Why Does Heterogeneity Matter for Monetary Policy?

Standard models tend to predict that structural parameters pin down the real interest rate in
the DSS, so there is no role for monetary policy to influence it. Although our model features
a similar result in the DSS, it generates a relationship between changes in the inflation target
and changes in real interest rates in the SSS.
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For instance, in the DSS of our model, the inflation rate is 2%, which coincides with the
central bank’s inflation target. Instead, at the SSS, the level of inflation is lower, 1.90%. This
happens because households internalize the possible occurrence of sizable negative demand
shocks that may bring the economy to the ZLB constraint, triggering deflationary episodes.
In the following paragraphs, we will highlight how our model implies that changes in the
level of the central bank’s inflation target move the real interest rates in the SSS even if they
do not do so in the DSS.

To show how heterogeneity matters for monetary policy, we start by comparing the DSS
and SSS in the ZLB-HANK and HANK economies we used before, as well as two versions of
our model with the same calibration as in Section 3 except that we shut down idiosyncratic
labor risk to get a representative household, the ZLB-RANK (where the ZLB still exists)
and RANK (no ZLB) economies.

Table 2: Comparison of DSS and SSS in ZLB-HANK, HANK, ZLB-RANK, and RANK.

ZLB-HANK HANK ZLB-RANK RANK
Variable DSS SSS DSS SSS DSS SSS DSS SSS
Inflation 2.00% 1.92% 2.00% 1.99% 2.00% 1.93% 2.00% 1.99%
Nominal Rate 3.50% 3.32% 3.50% 3.48% 3.69% 3.52% 3.69% 3.68%
Real Rate 1.50% 1.40% 1.50% 1.48% 1.69% 1.60% 1.69% 1.68%
(Shadow) ZLB Frequency - 9.62% - (5.70%) - 8.90% - (5.37%)

Table 2 reports the results of our comparison exercise, showing the DSS and SSS values
for inflation, the nominal interest rate, and the real interest rate, along with the frequency of
ZLB events in the ergodic distribution of each model. For the HANK and RANK economies,
we report the shadow frequency and duration of ZLB events, defined as any period where
the nominal interest rate equals or falls below zero.

Both the ZLB-HANK and the HANK economies exhibit identical values for all macroe-
conomic variables at the DSS since the ZLB is not binding at that point. However, the SSS
values of the two economies diverge. Specifically, the HANK economy displays SSS values
for inflation, the nominal rate, and the real rate that are virtually identical to those at the
DSS, differing by only one bp, two bps, and two bps, respectively. In contrast, introducing
the ZLB into the ZLB-HANK economy reduces the SSS values for inflation, the nominal
rate, and the real rate by approximately 8 bps, 18 bps, and 10 bps, respectively.

How does the introduction of the ZLB explain these differences? The ZLB changes the
behavior of households and firms at the SSS, even if it is not binding at that point. Agents
understand that a demand shock could push the economy toward the ZLB in the future and
react preemptively to it. After all, the ZLB-HANK economy spends 9.62% of quarters at the
ZLB (our calibration target was 10%). In particular, households increase their precautionary
savings to ensure a buffer of savings (or reduce their borrowing amounts) to smooth their

consumption stream in those recessions where the nominal rate hits zero. This effect is
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particularly salient for wealth-poor households, which we saw above suffer disproportionally
more from spells at the ZLB. Higher precautionary savings exert downward pressure on the
real interest rate level, reducing the central bank’s room for maneuvering the nominal rates
and making the ex-post realization of the ZLB events even more likely.

In comparison, the shadow frequency of ZLB events in the HANK economy is lower at
5.70% since the central bank can accommodate negative demand shocks with aggressive
reductions of the nominal interest rate more effectively, and households have a smaller need
for precautionary behavior.

How does the variation between ZLB-HANK and HANK compare to that between ZLB-
RANK and RANK? Precautionary savings still mean that the SSS of the ZLB-RANK di-
verges from its DSS. However, the divergence is smaller than that between ZLB-HANK and
HANK. For instance, the frequency of ZLB spells goes from a (shadow) 5.37% in RANK to
8.90% in ZLB-RANK (a difference of 3.53%) while it goes from a (shadow) 5.70% in HANK
to 9.62% in ZLB-HANK (a difference of 3.92%). Furthermore, as we will document later,
this divergence will become more acute when we look at a situation with lower inflation

targets and higher wealth heterogeneity.

Table 3: Decomposition Exercise.

Real Rate Nominal Rate Inflation

ZLB-RANK DSS 1.69% 3.69% 2.00%
ZLB-HANK SSS 1.40% 3.32% 1.92%
(i) Total 0.29pp 0.37pp 0.08pp
ZLB-RANK DSS 1.69% 3.69% 2.00%
ZLB-HANK DSS 1.50% 3.50% 2.00%
(ii) Precautionary Savings 0.19pp 0.19pp 0.00pp

Idiosyncratic Risk

(i)-(ii) Deflationary Bias 0.10pp 0.18pp 0.08pp

Table 3 decomposes the differences in the real rate, the nominal rate, and inflation: the
effect of precautionary savings induced by idiosyncratic labor risk and a deflationary bias.

To explain this decomposition, let us concentrate on the difference in the real interest rate
between the ZLB-RANK DSS, 1.69%, and the ZLB-HANK SSS, 1.40%, which is 29 bps lower
in the latter economy (about a fifth of the level). Recall that, in the ZLB-RANK economy,

the real interest rate at the DSS is uniquely pinned down by the time discount factor (:

1 4
1.69% = | ——o | .
& <5:0.995477>
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Next, we compute the real interest rate at the ZLB-HANK DSS, 1.50%. Since there is
no aggregate risk at the DSS, the ZLB is never binding, and § is still 0.995477. The effect
on the real rate comes exclusively from the precautionary savings induced by idiosyncratic
labor risk (Aiyagari, 1994). Thus, this precautionary savings channel accounts for 19 of the
29 bps of the total difference.

Then, we can return to the difference between the ZLB-HANK DSS and SSS from Table
3, which is 10 bps. This additional difference is caused by the precautionary savings induced
by aggregate risk, in particular, the possibility of hitting the ZLB and its deflationary spiral
and the changes in the wage decisions of labor unions. We call this channel the “deflationary
bias.” Households save more to avoid the negative consequences of the ZLB for consumption
smoothing, which reduces the real and nominal interest rates in the ergodic distribution. It
also makes it more likely that a negative demand shock will push the economy to the ZLB
and trigger a deflationary spiral. Similarly, labor unions bias their wage changes downward
to avoid paying large wage adjustment costs when deflation hits the economy (see, for a
similar mechanism, Fernandez-Villaverde et al., 2015b). This deflationary bias also exists in
ZLB-RANK economies because the representative agent also wants to ensure consumption
against spells at the ZLB, and labor unions change their wage decisions. See the columns
for ZLB-HANK and HANK in Table 2, which confirm previous findings by Adam and Billi
(2007), Nakov (2008), and Bianchi et al. (2021).

What makes our exercise novel is to show how, by lowering the real and nominal in-
terest rates, household heterogeneity reduces the scope of central banks to accommodate
negative demand shocks when the ZLB is present more than what occurs in the ZLB-RANK
economy. Indeed, the ZLB-HANK economy has a frequency of ZLB events of 9.62%, while
this frequency is 8.90% in the ZLB-RANK case. Thus, our paper adds a new layer to the
insight into the relationship between real rates and household heterogeneity. This result
does not emerge in the standard HANK literature, in which the drop in the real rate due to
precautionary savings is immaterial for aggregate dynamics because the ZLB is not present.

More pointedly, our analysis shows that the real rate in the ZLB-HANK economy is en-
dogenously determined by the interaction of the ZLB and households’ heterogeneity. Thus,
factors affecting the probability of hitting the ZLB (e.g., the inflation target) or determin-
ing household heterogeneity (e.g., the variance of the idiosyncratic risk) will move the real

interest rates in the long run. We move to explore these possibilities now.

5.4 Inflation Target and Real Interest Rates
We just saw how, in the ZLB-HANK economy, the presence of spells at the ZLB changes

the real interest rate even when we are not at the ZLB. This observation raises an intriguing
possibility. Since the central bank can alter the frequency of the ZLB spells by modifying its
inflation target, it affects the level of real interest rates through the change in the households’
savings behavior. In other words, monetary policy is not neutral, even in the long run. More

specifically, the model features a long-run Fisher equation, i (7) = r (7) + 7 (7), in which
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the real rate in the SSS depends on the central bank’s inflation target 7. In this setting, a

higher inflation target raises the SSS level of the real rate, that is, dr/dx > 0.

Figure 7: DSS/SSS in ZLB-RANK and ZLB-HANK as a Function of the Inflation Target.
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To establish this result, we compare the real interest rate levels in different model
economies, which differ only in their inflation target 7. Figure 7 plots the DSS and SSS
levels of inflation, the real rate, the nominal rate, and the frequency of the ZLB for 7 be-

tween 1.7% and 4% in both the ZLB-RANK and ZLB-HANK economies. First, the graph
shows that, in both economies, the central bank successfully achieves its inflation target at

the SSS when 7 falls within the range of 3% to 4%. For those high inflation targets, the
probability of experiencing a ZLB event is so low that the non-linearity of the model is not
quantitatively relevant. The economy behaves in practice as if there is no ZLB constraint,
and changes in the inflation target between 3% and 4% do not alter the level of real interest
rates.

However, when the inflation target goes below 3%, the non-linearity caused by the ZLB
kicks in, and the SSS and DSS diverge substantially. First, the central bank undershoots its
inflation target. When the target is 1.7%, the inflation rate in the SSS is 1.54%.'® This 16
bps undershooting comes together with the economy spending 15% of quarters at the ZLB,
compared with less than 1% of quarters when the inflation target is 4%. Importantly, the
ZLB-HANK economy is more sensitive with respect to the probability of hitting the ZLB as
a function of the inflation target than the ZLB-RANK economy. In the latter, the proportion

13This undershooting is happening at the SSS, where the economy is not at the ZLB. In other words,
the undershooting is caused by the agents reacting to the possibility of being at the ZLB in the future, not
because of the deflationary spiral triggered when we hit the ZLB.
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Figure 8: Differences between the SSS and DSS as a Function of the Inflation Target.
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of quarters spent at the ZLB goes from less than 1% when the inflation target is 4% to 13%
when the inflation target is 1.7%.

As we vary the inflation target, the real interest rate at the DSS does not change (dashed
lines in the bottom left panel of Figure 7) since idiosyncratic labor income risk is either
independent of the inflation target in the ZLB-HANK economy or non-existent in the ZLB-
RANK economy. In comparison, the real rate in the SSS increases with the inflation target
because we reduce the probability of hitting the ZLB (solid lines in the bottom left panel
of Figure 7). Notably, the sensitivity of the real rate in the SSS to changes in the inflation
target is greater in the ZLB-HANK economy compared to the ZLB-RANK economy (i.e.,
dr/dm in ZLB-HANK is larger than dr/d7 in ZLB-RANK). In other words, if we were to
look at the DSS, we would conclude erroneously that the monetary policy stance does not
affect the real interest rate level in the economy’s ergodic distribution. Moreover, even if we
were to look at the SSS of an economy without heterogeneity, we would miss the strength of
the relationship between the inflation target and the real rate.

These dynamics can be better appreciated in Figure 8, which reports the differences
between the SSS and DSS values of the ZLB-RANK and ZLB-HANK economies at each
value of the inflation target. For instance, the drop in the real rate in the ZLB-RANK going
from an inflation target of 4% to 1.7% is 16 bps vs. 19 bps in the ZLB-HANK economy.

What drives the relationship between the inflation target and the real and nominal inter-
est rates? To inspect this relationship, let us refer again to the Fisher equation. In the DSS
of standard models, the real rate is the inverse of the households’ time discount parameter,
whereas the level of inflation is a policy parameter. Given these two structural parameters,

standard models determine the level of the nominal interest rate.
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In the ZLB-HANK economy, in comparison, we have the deflationary bias we described
above triggered by the possibility of hitting the ZLB, which lowers both the real rate and
inflation below its target, with both forces lowering the nominal rate. While this deflationary
bias also exists in the ZLB-RANK economy, its importance is larger in the ZLB-HANK case
because idiosyncratic uncertainty also lowers the real rate and makes hitting the ZLB more
likely. While the non-neutrality of the inflation target in the ZLB-RANK economy is limited,
the following subsection shows that changes in 7 can lead to quantitatively relevant variations

in the real rate at a high level of wealth inequality in the ZLB-HANK economy.

5.5 The Role of Wealth Inequality

In our previous discussions, we established that household heterogeneity matters for the real
interest rate and, with it, for the long-run non-neutrality of monetary policy. Now, we show
that this importance grows with the level of wealth inequality. To prove this point, Figure 9
reports the SSS values for the inflation target, the nominal interest rate, the real rate, and
the ZLB frequency for ZLB-HANK, ZLB-RANK, and ZLB-HANK with high idiosyncratic
labor income risk. More specifically, we increase the standard deviation of the labor earnings
risk process, ws, so the Gini index grows from 0.81 in our baseline calibration in Section 3
to 0.84. This increase in the Gini index corresponds to the change observed in the U.S.
economy in the early 2000s (Kuhn and Rios-Rull, 2016).

We find that the non-neutrality of monetary policy depends substantially on the level of
wealth inequality. When we increase idiosyncratic labor income risk, the drop in the real
rate when the inflation target goes from 4% to 1.7% is 28 bps (in ZLB-RANK, since there
is no heterogeneity, the drop is still the 16 bps we reported in the previous subsection).!*

Why does higher wealth inequality result in a more pronounced decline in the real rate
at lower levels of the inflation target? Once again, the answer lies in the role of precaution-
ary savings. In the baseline economy with low idiosyncratic risk, the relatively infrequent
occurrence of the ZLB implies that households do not significantly increase their precaution-
ary savings with respect to the case without the ZLB, even when the inflation target is low.
However, in the high idiosyncratic risk economy, the frequency of encountering the ZLB rises
dramatically, reaching as high as 18% when the inflation target is set at 1.7%. The high
probability of a ZLB spell, coupled with a higher risk of encountering a ZLB spell when the
labor income shock is low, significantly increases households’ savings demand. This shift in
savings demand leads to a substantial decrease in the level of the real rate.

Our results are consistent with the observed dynamics of the U.S. economy over recent
decades. As the average inflation rate has shrunk from around 4% in the 1980s and 1990s
to below 2% in the 2000s—and these changes have happened contemporaneously with a
secular rise in the amount of wealth inequality—the economy has started experiencing ZLB

events. Consequently, until the recent burst of inflation, the inflation rate has constantly

1Since the bulk of our mechanism depends on the way in which the risk of hitting the ZLB alters house-
holds’ desire to accumulate precautionary savings, a TANK economy is ill-equipped to quantitatively account
for how changes in the level of the inflation target and wealth inequality impact real rates.
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been below the 2% target, and the level of real interest rates has dropped substantially. Our
results provide a novel rationale that jointly accounts (at least partially) for all these events.
Importantly, insofar as trends in population aging and inequality are key drivers of real
rates of advanced economies and are expected to accelerate in the post-COVID economy,
the channels emphasized in this paper in curtailing real rates and boosting the probability of

hitting the ZLB could be even more relevant once the current inflationary pressures abate.

5.6 The Role of Nominal Rigidities

We explained above that the deflationary bias is caused by households’ desire to self-insure
against low wages at the ZLB by saving more, and labor unions biasing their wage changes

downward to avoid being forced to pay high wage adjustment costs at the ZLB.

Figure 9: The Interaction Between the Inflation Target and Wealth Inequality.
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To disentangle both mechanisms, we increase the value of 8, the Rotemberg wage adjust-
ment cost, from 100 (equivalent to a 12-month average wage duration) to 200 (equivalent
to about a 24-month average wage duration). This way, labor unions become even more
concerned about paying high adjustment costs when a large negative demand shock hits the
economy. Interestingly, higher adjustment costs reduce the deflationary bias in the ZLB-
HANK model from 10 bps to 2 bps. A similar result appears in the ZLB-RANK economy.

The result is not surprising. It has been known since Long and Summers (1986) that
higher nominal rigidities ameliorate deflationary spirals. Our model replicates this finding.
Thus, we can interpret the deflationary bias as arising from households’ precautionary savings
against negative demand shocks. Nominal wage rigidities make the deflationary bias smaller

by stabilizing the economy (except in the limit case of full price flexibility when the ZLB is
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inconsequential), thus confirming the primary role of households’ precautionary savings in

driving the deflationary bias.

6 Conclusion

In this paper, we have shown how to solve a ZLB-HANK model non-linearly using neural
networks and document how this approach significantly affects the model’s quantitative
implications.

In terms of findings, we make five observations. First, the ZLB exacerbates the effects of
large negative demand shocks in a HANK economy by preventing the central bank from fully
accommodating them. Second, we show that the ZLB disproportionately impacts wealth-
poor households, which experience larger drops in consumption due to the recession’s impact
on wages.

Third, as in Aiyagari (1994), in our model, household heterogeneity is linked to the
real interest rate, even without aggregate shocks. Thus, we demonstrate that heterogeneity
makes the economy more vulnerable to the ZLB than an economy with a representative
household, as smaller negative shocks can push it into ZLB territory. This effect is driven
by precautionary saving, which paradoxically makes the ZLB more likely.

Fourth, we prove that monetary policy is not neutral in the long run, as the inflation
target chosen by the central bank affects the level of precautionary savings and, consequently,
the real interest rate. This mechanism is absent from standard HANK models or models
that assume the ZLB is only an initial state but not a recurrent one.

Fifth, the non-neutrality of monetary policy is amplified when wealth inequality is high.
Our calibrated ZLB-HANK model predicts that a drop in the inflation target from 4% to
1.7% combined with a 3 pp increase in the Gini index of wealth inequality (which corresponds
to the observed rise in wealth inequality in the U.S. in the early 2000s) reduces the level of
the real interest rate by around 28 bps. Although other factors, such as the aging of the
population, are also likely to play a role in the fall of the real rate, we prove the role of

monetary policy and wealth inequality in this phenomenon.
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A Computational Algorithm

Our novel algorithm for solving a fully nonlinear HANK economy is based on the stochastic
simulation algorithm in Maliar et al. (2010), except that the bond distribution is represented
as a histogram following Young (2010). Switching to a recursive notation, we start with the

Euler equation of the individual household problem:
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where p is the Lagrange multiplier associated with the borrowing constraint of the house-
holds.

Using the budget constraint, we can rewrite this condition as:
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where = pu(b, R_1,5,€), 0 =V(b, R_1,5,&), and b/'(/) = /(' (b, R_1, 5,£)).

We construct grids of points for b € [buin, bmaz] and R € [Ruin, Rmaz|, in addition to
the grids for the idiosyncratic state s € {s,,}}_, and the aggregate state & € {¢; }]:1- We
use the polynomial rule from Maliar et al. (2010) for b to place more grid points near the
borrowing constraint. The grid for R is evenly spaced, however. In economies with a ZLB,
we can set R, = 1.

The individual problem is then solved on this grid according to:

Algorithm 1 (Individual Problem)
1. Make a guess for the bond policy function b'(b, R_1, s,€) on the grid. We set the initial
bond policy function to the DSS bond policy function for all aggregate states (R_1,§).

2. For each grid point (b, R_1,s,&), plug the assumed bond policy function b'(b, R_1, s,§)
in the right-hand side of equation (A.1), set the Lagrange multiplier equal to zero,
and compute the new bond policy function in the left-hand side of equation (A.1).
The required labor policy h = H is arising from the labor unions’ problem. For each
point that does not belong to [biin, bmaz), St 5’(6, R_4, 5,€) equal to the corresponding

boundary value.
/

3. Compute the bond function for the next iteration b (b, R_1,s,€) using:

=~/

b (b,R_y,5,€&) = Mb (b, R_y,5,€) + (1= \)V(b, Ry, 5,€), (A.2)

where \, € (0, 1] is an updating parameter.
=~/ ~
Iterate on steps 2 and 3 until the sup difference between b (b, R_1,s,£) and V' (b, R_1, s,€)

is less than a given degree of precision.
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As discussed in Maliar et al. (2010), the algorithm satisfies the Euler equation, the budget
constraint, and the complementary slackness condition by construction.

When solving the individual problem, one also needs several “aggregate” variables, such
as my, Hy, and 7. We follow Krusell and Smith (1998) and Fernandez-Villaverde et al. (2023)
to build PLMs that predict log 7" and log (7%1 H;{—tl, given the aggregate states (R;_1,&;)
using neural networks and moments of the household distribution. Given this, we can back
out H; from the wage inflation equation and all other “aggregate” variables required for
solving the individual problem.!?

The initial guesses for our PLMs are such that initially inflation is at its target and
the inflation expectation term is such that the implied marginal costs in the labor union’s

problem are always at their DSS value. Given this, the whole model can be solved as follows:

Algorithm 2 (Stochastic Simulation)

1. Generate and fix a time series of length T' for the aggregate shocks.

2. Set initial matrices D; (i € {m*,En"}) for the PLMs and initial distribution of bonds.
We use the distribution of bonds in the DSS and represent this distribution as a his-
togram as in Young (2010).%6

3. Given the PLMs as represented by D;, compute a solution to the individual problem
as described in Algorithm 1. Off-grid values of D; are linearly interpolated.

4. Use the individual policy functions, the PLMs, and the aggregate shocks from step 1. to
simulate the economy forward as in Young (2010) and calculate average bond holdings
By If By # E, use a nonlinear solver to find w}" that implies B, = B. This requires
updating individual policies where we take the PLM for inflation expectations and all

t + 1 policies as given.
5. Train the neural networks on the simulated data.
6. Evaluate the neural network on a dense grid of points. Let D; be the resulting matrices.

7. Compute the PLMs for the next iteration using the updating formula:

D; = ApuD; + (1= Apra)D;

where Apryr € (0, 1] is an updating parameter.

15For comparison, we also found PLMs by computing linear regressions:
log 7" = Bio,x) + B1,m log Ri—1 + B(2,x) log & + B3 x) log Ry 1 log &;

i H,
log <;,1> %tl = B0,ex) T B1Ex) log Ri—1 + B2,ex) log &t + B(3,Ex) log &1

+ Ba,er) log Ri—1log &t + B(s,5x) log Re—11og &1 + Be,r) log §e log §i41.

These are similar to the specification in Bayer et al. (2019) but adapted to the fact that the aggregate state
& follows an AR(1) process and not a Markov chain.

16D, and Dg, are matrices that represent the predictions of the neural network (evaluated on dense grids
for Ry_1, &, and &.41). We do not use the prediction of the neural network directly so that we can update
the PLMs slowly.
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Iterate on steps 3-7 until the average squared difference between D, and D; is less than

a given degree of precision.

B The Wage Phillips Curve

This section provides additional details on the derivation of the wage Phillips curve in equa-
tion (4) of Section 2.
Let us start by plugging the optimal labor demand of the labor recruiter for each differ-

entiated labor service, h;; = (%;t>_€ H;, into equation (3), which yields the following labor

union’s maximization problem:

00 1 s W
max EtZBk / ’P ’
k

{Wi’k}:;t k=t 0

Since [ sitdi = 1, in a symmetric equilibrium in which W;, = W, for all i € [0, 1], the

maximization problem can be written as:

oo 2
max EtZBk %Hk — v(Hy) —Q [log( Wi 1) Hk] . (B.2)
k=t

Wikt Py u' (C) 2
The first-order condition of this problem is:
L (Wi - v (Ht) Wi e H;
1—¢)—= : H : —t
=95 ( w, ) RTIAR T w,

Wie 1\ H; Wisr1 1\ Hip
— 01 — OFE,; |1 s — = 0. B.3
o6 (Wi,t1%> W, O Og( Wit %) Wis (B3)

In a symmetric equilibrium in which W;, = W, for all ¢ € [0, 1], the first-order condition
reads:

1 U/ (Ht) Ht 7T2U Ht
1—¢)—H, — — 01 — | — oK
=& 5+ ey, Og(% W, TP

os () | <0 m

Rearranging equation (B.4) yields the wage Phillips curve in equation (4).

C More on Individual Income Responses
Figure 5 in Section 5.2 reports the response of individual income in the ZLB-HANK econ-

omy expressed in relative terms with respect to those implied by the HANK economy to a
three-standard-deviation negative demand shock that hits either economy at its SSS. The

figure indicates that while aggregate income falls more sharply in the ZLB-HANK economy
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than in the HANK model on average, there is substantial heterogeneity across the wealth
distribution: the individual income of the wealth-poor drops relatively more in the ZLB-
HANK economy, whereas the wealth-rich are relatively better off, since they gain from the
relative surge in real rates at the ZLB, which boosts the return on savings in bonds.

Here, we report the individual income responses to a three-standard-deviation negative
demand shock separately for the HANK economy and the ZLB-HANK economy. Figure
C.1 displays the response of total income at impact in the HANK economy (represented by
diamonds) and decomposes them into contributions from changes in interest earnings, labor
income, and taxes for households in the 10th and 99th percentile of the wealth distribution,
across the three realizations of the labor shock (ordered from the lowest to the highest
realization), as well as the aggregate response of income. Figure C.2 displays similar moments
as implied by the ZLB-HANK economy.

Consistent with the relative responses of Figure 5, we find that aggregate income drops by
roughly 3 pp in the ZLB-HANK economy, which almost doubles the reduction in aggregate
income experienced in the HANK economy. This result masks substantial heterogeneity
across the wealth distribution. While the income of wealth-poor households drops relatively
more in the ZLB-HANK economy due to the relatively larger reduction in labor income, the
income of wealth-poor households surges relatively more in the ZLB-HANK economy as the

hikes in interest income more than offset the drop in labor income.

Figure C.1: Individual Income Responses - HANK.
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Note: The graph reports the income response in the HANK economy for each of the three labor-
earnings realizations at the 10th wealth percentile and the 99th wealth percentile, and then each
bar decomposes the total income response to changes in taxes, interest revenues, wages, and profits.
For each group, the bars are ordered from the lowest realization of the labor-earnings shock up to
the highest one.
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Figure C.2: Individual Income Responses - ZLB-HANK.
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Note: The graph reports the income response in the ZLB-HANK economy for each of the three
labor-earnings realizations at the 10th wealth percentile and the 99th wealth percentile, and then
each bar decomposes the total income response to changes in taxes, interest revenues, wages, and
profits. For each group, the bars are ordered from the lowest realization of the labor-earnings shock
up to the highest one.
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