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Abstract

We recover risk-neutral spot distributions of euro-area inflation from caps and floors using two non-normal 
models — the parametric SABR smile and a nonparametric estimator — benchmarked against a normal model. 
We construct forward distributions from the spot marginals using a copula. Both non-normal models 
imply skewed and fat-tailed distributions, while the normal benchmark assigns less probability to extreme 
outcomes. We summarise the distributions with a balance-of-risks index, which varies sharply over short 
horizons but shows more limited movement over longer horizons. On matched dates, the option-implied 
balance of risks is generally lower than the corresponding measure reported by professional forecasters.

Keywords: inflation options, risk-neutral density, SABR, balance of risks, tail risk, euro area.

JEL classification: E31, E44, G13, C58.



Resumen

Este documento obtiene distribuciones de probabilidad neutrales al riesgo de la inflación del área del euro 
a partir de los precios de opciones sobre inflación. Para ello, se comparan dos enfoques que permiten 
capturar las asimetrías y los riesgos extremos en la distribución de las expectativas de mercado, un modelo 
paramétrico basado en SABR y un método no paramétrico, frente a un modelo normal utilizado como 
referencia. A partir de estas distribuciones se construyen las distribuciones a plazo que permiten analizar 
cómo evolucionan las percepciones de riesgo a distintos horizontes temporales. Los resultados muestran 
que los enfoques no normales asignan una probabilidad significativamente mayor a los escenarios 
extremos de inflación. Asimismo, se propone un indicador sintético de balance de riesgos que resume la 
información contenida en las distribuciones y cuya evolución revela cambios importantes en la valoración 
de los riesgos inflacionistas, especialmente a corto plazo. En comparación con las previsiones de los 
analistas profesionales, las distribuciones implícitas en los mercados tienden a reflejar, de promedio, una 
valoración menos elevada de dichos riesgos.

Palabras clave: opciones de inflación, densidad neutral al riesgo, modelo SABR, balance de riesgos, riesgo 
de cola, área del euro.

Códigos JEL: E31, E44, G13, C58.
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1 Introduction
Assessments of the inflation outlook typically combine model forecasts, survey expectations,
and market-based indicators. These measures provide information about the expected path
of inflation, but describe the distribution around that path only imperfectly. Inflation options
add a different margin of information because prices across strikes reflect how markets value
upside and downside outcomes at different horizons. They can therefore be used to recover
risk-neutral spot distributions and to track changes in asymmetry, tail risk, and the balance
of risks over time.

This paper documents a framework for doing so with euro-area inflation options and
for constructing forward distributions from the estimated spot marginals. We recover risk-
neutral inflation distributions using two alternative approaches: a parametric SABR speci-
fication and a nonparametric estimator. The paper focuses on the measurement of inflation
risk, providing a systematic comparison of alternative extraction methods and assessing the
robustness of the resulting distributions and risk measures. We show that SABR-based esti-
mates provide a more stable representation of the inflation-option smile through time while
preserving the key features of the underlying distributions, making them especially suitable
for the construction and monitoring of continuous inflation-risk indicators.

The framework is intended to complement, rather than replace, existing measures of the
inflation outlook. Point forecasts and survey medians summarise central expectations, while
inflation-swap rates provide a market-based measure of inflation compensation. Neither de-
scribes how probability mass is distributed around the centre. Option prices do, although
the resulting distributions combine beliefs about future inflation with compensation for in-
flation risk. They should therefore be interpreted as measures of priced inflation risk rather
than as direct estimates of the physical distribution of inflation.

The recovery of risk-neutral distributions from option prices follows a well-established no-
arbitrage result. As shown by Breeden and Litzenberger (1978), the density can be obtained
from the second derivative of the option-price schedule with respect to the strike. Subsequent
work develops non- and semi-parametric implementations and shows that the quality of
the recovered density depends on the treatment of no-arbitrage restrictions, interpolation,
and the tails of the price schedule (Aït-Sahalia and Lo, 2000; Bliss and Panigirtzoglou,
2004; Jackwerth, 2000). In inflation markets, Kitsul and Wright (2013) show that caps and
floors contain information about the distribution of future inflation that is not captured by
surveys or swaps and that has predictive content for realised outcomes. Related studies
examine the pricing of deflation and other tail events in inflation derivatives (Fleckenstein,
Longstaff, and Lustig, 2014; Mercurio, 2005; Gimeno and Ibáñez, 2018; Ghaderi, Seo, and
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Shaliastovich, 2025), as well as the use of inflation-option-implied risk-neutral densities to
assess risks to price stability and their propagation across the term structure of inflation
expectations (Garcia, Gimeno, Hinds, Su, and Tretyakov, 2026a,b). While this paper is
closest to the latter literature in its use of inflation-option-implied distributions, it differs in
its primary objective. Rather than focusing on the information content of inflation risks and
their propagation across horizons, we focus on the measurement of those risks by comparing
alternative procedures for recovering spot and forward inflation distributions and assessing
how the choice of methodology affects the resulting risk measures.

This distributional perspective is closely related to the “inflation-at-risk” approach, which
considers the likelihood and severity of outcomes above and below the central projection
(López-Salido and Loria, 2024; Adrian, Boyarchenko, and Giannone, 2019). Tail probabili-
ties, skewness, and kurtosis describe different features of the distribution, while the balance
of risks provides a compact summary of the relative weight placed on upside and downside
outcomes. The horizon also matters. Near-term distributions respond to current inflation
developments and short-run uncertainty, whereas forward distributions such as two-years-in-
two-years (2y2y) and five-years-in-five-years (5y5y) provide information about risks priced
beyond the immediate outlook. These horizons are commonly used when assessing medium-
term inflation expectations and the extent to which they remain anchored (Grishchenko,
Mouabbi, and Renne, 2019).

Recovering these measures requires a choice of how to represent the option-price sched-
ule. A normal benchmark with one volatility parameter per maturity is straightforward to
estimate and maintain, but it imposes symmetry and thin tails. Because a single volatility
must account for prices at all strikes, it cannot reproduce the skew and curvature observed in
an implied-volatility smile. The resulting density may therefore not fully capture the balance
between upside and downside outcomes, particularly in the tails of the distribution.

We consider two alternatives that allow for non-normality. The first is the SABR model
of Hagan, Kumar, Lesniewski, and Woodward (2014), which introduces stochastic volatility
and parameters governing the skew and curvature of the smile. SABR is widely used in fixed-
income and inflation markets because it can fit non-flat smiles while remaining tractable for
regular recalibration. The second is a nonparametric estimator that imposes monotonicity
and convexity restrictions directly on the option-price schedule and recovers the density from
its curvature, following Aït-Sahalia and Duarte (2003) and, for inflation options, Ghaderi
et al. (2025). The two approaches differ in how much structure they impose: SABR restricts
the smile to a parametric form, whereas the nonparametric estimator allows the data to
determine its shape subject to these restrictions. Comparing them helps assess whether
the main features of the recovered distribution are common across methods or depend on a

2



BANCO DE ESPAÑA 10 DOCUMENTO OCASIONAL N.º 2625

particular specification.
We apply these methods to daily euro-area inflation cap and floor quotes. At spot

horizons, we estimate risk-neutral densities using SABR, the nonparametric estimator, and
a normal benchmark fitted to the same quotes. At the forward horizons, we construct
distributions from the corresponding spot marginals using a common copula approach in
the spirit of Nelsen (2006). The forward distributions combine option-implied marginals
with an estimated dependence structure and should therefore be interpreted as option-based
constructions rather than as joint risk-neutral distributions identified directly from option
prices. Using the same underlying quotes and forward construction across models keeps the
comparison focused on the treatment of the option smile rather than on differences in data
or implementation.

For each distribution, we calculate standard shape measures and a balance-of-risks indi-
cator. The latter is defined as the probability that inflation exceeds the 2% target minus the
probability that it falls below it. The measure is positive when the priced distribution places
more weight above the target and negative when it places more weight below. It does not
distinguish whether an imbalance reflects the location, dispersion, or higher-order shape of
the distribution, but it provides a consistent summary that can be compared across dates,
horizons, and extraction methods.

The results point to three broad findings. First, the option-implied distributions depart
from normality under both non-normal methods. Excess kurtosis is positive at all horizons,
while several medium-term horizons are right-skewed. Relative to the two non-normal esti-
mates, the normal benchmark assigns less probability to upper-tail outcomes in the sample,
with larger differences at forward horizons and during periods of elevated volatility. The
parametric and nonparametric estimates are close in their main distributional features: the
mean absolute difference in excess kurtosis across horizons is 0.54. Their similarity sug-
gests that the departures from normality are present in the option-price data rather than
being generated by one particular method. The methods differ more markedly in their de-
gree of fit and smoothness. In sparse and illiquid cross-sections, the additional flexibility of
nonparametric estimators may amplify idiosyncratic quote noise into apparently meaningful
distributional features.

Second, the balance of risks is more responsive at short horizons than at longer forward
horizons. At the one-year horizon, it moves from -60.8 percentage points during 2009–2020 to
40.1 during the 2021–22 inflation surge, a change of roughly one hundred percentage points.
At the 5y5y horizon, it moves from -15.3 to 2.4. The smaller shift at the longer horizon
indicates that the priced distribution of inflation beyond the near term changed less over
this period. This pattern is consistent with more limited repricing of longer-horizon inflation

3
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risk, although the option-based nature of the measure prevents a separate identification of
expectations and risk premia.

Third, on matched dates, the option-implied balance of risks is generally lower than
the corresponding measure reported by professional forecasters. This difference may arise
because market prices include risk compensation, because market participants and forecasters
use different information sets, because the survey and option horizons are not matched
exactly, or because the two measures assign different probabilities to tail outcomes. The
comparison does not distinguish among these channels, but it shows that survey- and option-
based measures describe different aspects of the inflation outlook.

The paper focuses on measurement, documenting the construction, properties, and in-
terpretation of the indicators rather than offering a structural or causal explanation of their
movements. In the spirit of Coibion and Gorodnichenko (2015), it treats expectations data
as objects that require careful measurement and interpretation. The resulting indicators
provide an additional market-based view of the distribution of inflation risks and can be
used alongside survey- and model-based measures. Section 2 describes the data; Section 3
presents the models and estimation methods; Section 4 reports the results; Section 5 presents
the robustness checks; and Section 6 concludes.

2 Data and Empirical Design
Instruments. The raw data consist of daily mid-market premium quotes for euro-area
zero-coupon inflation caps and floors from Bloomberg. The contracts are written on the
Eurostat HICP excluding tobacco and are quoted at annual maturities from one to twenty
years, with strikes ranging approximately from 0% to 6%. We report distributions at the
1-, 2-, 5-, and 10-year spot horizons, while retaining the intermediate maturities required for
the forward construction in Section 3.4. The 2y2y forward, for example, is constructed from
the two- and four-year marginals.

A zero-coupon inflation cap of maturity T is a European option on cumulative inflation,
measured by the price-index ratio GT = I(T )/I(0), rather than on inflation realised in any
single year. Its payoff depends on the difference between realised cumulative inflation and
the annualised strike compounded to maturity. At each maturity, the cross-section of cap
and floor prices therefore provides call and put schedules on cumulative inflation from which
the risk-neutral density can be recovered.

The forward inflation rate at each maturity is proxied by the corresponding zero-coupon
inflation-linked swap (ILS) rate from Bloomberg, and cash flows are discounted using the
overnight-index-swap (OIS) curve. The sample runs from 5 October 2009 to 30 June 2026
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and contains 4367 trading days.

Estimation design. We estimate each specification separately for every date–maturity
pair. The resulting spot distributions are therefore daily objects and do not use information
from adjacent dates. For each cross-section, we calibrate the SABR model, estimate the
nonparametric specification, and fit the normal benchmark using the same underlying quotes.
The resulting spot marginals are then passed through a common copula construction at the
forward horizons and evaluated using the same set of distributional summaries. This design
keeps the comparison focused on the treatment of the option-price cross-section rather than
on differences in the data or forward-horizon construction.

Before estimation, we remove quotes recorded as missing or as placeholders and impose
monotonicity and convexity restrictions on the call-price schedule. We retain a date–maturity
cross-section when it contains enough quoted strikes to identify the smile and produces a well-
behaved density. After these filters, the sample contains a broad daily panel of fitted spot
distributions across the reported maturities, together with the three option-based forward
distributions constructed from them.

Surveys. For the descriptive comparison between market- and survey-based distributions
in Section 4, we use the euro-area forecasts collected in the ECB Survey of Professional
Forecasters (SPF). The SPF reports aggregate probabilities over a set of inflation intervals.
For the 1- and 2-year comparisons, we use the fixed-calendar-year distribution whose effective
horizon is closest to the relevant option horizon. For the 5-year comparison, we use the SPF
long-term distribution.

We calculate the survey balance of risks as the probability of inflation above 2% minus
the probability below 2%. When an SPF interval contains the 2% threshold, which occurs
because the survey grid changes over the sample, we allocate probability uniformly within
that interval and split its mass at the threshold. This adjustment uses only the reported
bucket probability and does not smooth across intervals. Each survey release is matched to
the nearest trading day and compared with the option-implied distribution at the closest
available horizon.

The horizon match is approximate rather than exact. The one- and two-year survey
distributions refer to fixed calendar years, so their effective horizons can differ from the
corresponding option horizons by up to about one year. The five-year comparison also pairs
different objects: the SPF long-term distribution refers to inflation around five years ahead,
whereas the option-implied distribution refers to average inflation over the coming five years.
The comparison is therefore descriptive, and differences in reference periods may contribute

5
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to the gap between the two measures.

3 From Option Prices to Inflation Distributions
This section describes how observed cap and floor quotes are converted into estimated infla-
tion distributions. We first define the inflation variables and the displacement used to keep
the inputs to the SABR and Black formulas positive. We then present the three spot specifi-
cations: the SABR smile and a nonparametric estimator, which allow for non-normality, and
a normal benchmark. Finally, we recover risk-neutral spot densities from the fitted price
schedules and construct forward distributions using a copula. Comparing the parametric
and nonparametric models allows us to assess which features of the priced distribution are
common across extraction methods.

Inflation variables and strikes. Work on a filtered probability space and let QT denote
the forward pricing measure associated with maturity T . Let I(t) be the price index and
define the gross cumulative inflation factor as

GT =
I(T )

I(0)
.

The corresponding T -year annualised inflation rate π0,T , expressed in percent, satisfies

GT =
(
1 +

π0,T

100

)T

.

We express the option payoff in terms of cumulative inflation,

XT ≡ 100 (GT − 1), (1)

measured in percentage points. An annualised market strike k therefore corresponds to the
unshifted cumulative strike

K0
T (k) = 100

[(
1 +

k

100

)T

− 1

]
. (2)

Let F0,T = EQT
[XT ] denote the time-zero forward value of cumulative inflation. To keep

the quantities entering the SABR and Black formulas positive, we apply the same constant
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displacement s to the cumulative payoff, forward, and strike:

X̃T = XT + s, F̃0,T = F0,T + s, K̃T (k) = K0
T (k) + s. (3)

Because the displacement is applied equally to the payoff and the strike,

(
XT −K0

T (k)
)+

=
(
X̃T − K̃T (k)

)+
,

so it does not change the economic payoff. The map k �→ K̃T (k) is strictly increasing.
Conservation of probability mass,

fπ0,T
(k) dk = fX̃T

(
K̃T (k)

)
dK̃T ,

therefore gives

fπ0,T
(k) = fX̃T

(
K̃T (k)

)dK̃T

dk
,

dK̃T

dk
= T

(
1 +

k

100

)T−1

. (4)

We use this transformation to express all reported densities in annualised-inflation space.

3.1 Spot models: the SABR smile and the normal benchmark

SABR. To retain the information contained in prices across strikes, we use the SABR
model of Hagan et al. (2014). Under the model, the displaced forward F̃t,T and its volatility
αt evolve as

dF̃t,T = αtF̃
β
t,T dWt, dαt = ναt dZt, dWt dZt = ρ dt, (5)

where W and Z are Brownian motions under QT . The exponent β ∈ [0, 1] governs how
volatility varies with the level of the displaced forward, ν > 0 controls volatility of volatility
and hence the curvature of the smile, and ρ ∈ [−1, 1] governs its skew.

Rather than pricing directly under (5), we use the SABR approximation to Black implied
volatility. For compactness, let F̃ ≡ F̃0,T and K̃ ≡ K̃T (k). The approximation is

σ(F̃ , K̃) =
α

(F̃ K̃)(1−β)/2
[
1 + (1−β)2

24
log2

(
F̃

K̃

)
+ (1−β)4

1920
log4

(
F̃

K̃

)] z

χ(z)

×

[
1 +

(
(1− β)2α2

24(F̃ K̃)1−β
+

ρβνα

4(F̃ K̃)(1−β)/2
+

(2− 3ρ2)ν2

24

)
T

]
,

(6)
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where

z =
ν

α
(F̃ K̃)(1−β)/2 log

(
F̃

K̃

)
, χ(z) = log

(√
1− 2ρz + z2 + z − ρ

1− ρ

)
. (7)

The ratio z/χ(z) introduces the dependence of implied volatility on moneyness and converges
to one at the money, where F̃ = K̃.

We fix the backbone at β = 0.5 and estimate the remaining three parameters. In daily
cross-sections containing six to ten strikes, β and ρ are weakly identified separately because
both affect the fitted skew. Allowing the backbone to vary therefore creates a trade-off with ρ

without materially improving the fit. The distributional features considered in the paper —
dispersion, skewness, and the tails — are governed mainly by α, ρ, and ν, while alternative
fixed values of β change the parameterisation but have limited effects on the fitted smile.

We estimate (α, ρ, ν) by minimising a weighted sum of squared implied-volatility residu-
als, with a light penalty on volatility of volatility:

(α̂, ρ̂, ν̂) = arg min
α,ρ,ν

{∑
j

wj

[
σ(F̃ , K̃j;α, ρ, ν)− σobs

j

]2
+ λνν

2

}
, λν = 0.01. (8)

The penalty regularises ν when the smile is sparsely quoted while retaining curvature sup-
ported by the cross-section. The weights wj combine a vega component, a near-the-money
proximity profile, and a base component that assigns less influence to synthetic strikes added
to stabilise sparsely quoted smiles, as described in Appendix A.

We convert the fitted implied volatilities into a smooth call-price schedule using the Black
formula:

C(K̃, T ) = D(0, T )
[
F̃ Φ(d1)− K̃ Φ(d2)

]
, d1 =

log(F̃/K̃) + 1
2
σ̂2T

σ̂
√
T

, d2 = d1 − σ̂
√
T ,

(9)
where D(0, T ) is the OIS discount factor and

σ̂ = σ(F̃ , K̃; α̂, ρ̂, ν̂).

The fitted price schedule is evaluated on a dense strike grid before the density is recovered.

Normal benchmark. As a reference, we also estimate a normal model in which the
displaced cumulative payoff is Gaussian under QT :

X̃T = F̃0,T + σB

√
T Z, Z ∼ N (0, 1), (10)

8
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where F̃0,T = EQT
[X̃T ] and σB is a single volatility parameter for each maturity. We estimate

σB separately for each date and maturity by minimising squared pricing errors across the
quoted strikes. Because one parameter must account for the entire cross-section, the normal
model can match the overall level of dispersion but cannot reproduce skewness or excess
kurtosis. It therefore imposes a symmetric, thin-tailed density. Comparing this benchmark
with the two non-normal specifications shows how the treatment of the volatility smile affects
the estimated asymmetry and tail probabilities.

3.2 Risk-neutral densities

The fitted spot models produce call-price schedules from which the risk-neutral density can
be recovered. A European call on X̃T with strike K̃ has price

C(K̃, T ) = D(0, T )EQT
[
(X̃T − K̃)+

]
.

Differentiating twice with respect to the strike gives the Breeden and Litzenberger (1978)
identity

fQT

X̃T
(K̃) =

1

D(0, T )

∂2C(K̃, T )

∂K̃2
, (11)

which follows from no-arbitrage and does not require a particular process for inflation.
In implementation, we impose the shape restrictions

∂C

∂K̃
≤ 0,

∂2C

∂K̃2
≥ 0,

so that the call-price schedule is non-increasing and convex in the strike. For the normal
benchmark, we apply finite differences directly to the fitted price schedule. For SABR, where
second derivatives can be numerically sensitive, we first approximate the CDF:

FQT

X̃T
(K̃i−1/2) ≈ 1 +

1

D(0, T )

C(K̃i, T )− C(K̃i−1, T )

K̃i − K̃i−1

, (12)

where K̃i−1/2 denotes a point between the two adjacent strikes. We then difference the
resulting CDF to recover the density. This two-step procedure reduces numerical noise
relative to differentiating the price schedule twice directly.

The density in displaced cumulative space is mapped into annualised-inflation space using
(4):

fQT

π0,T
(k) = fQT

X̃T

(
K̃T (k)

)
T

(
1 +

k

100

)T−1

. (13)

9
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The resulting density is normalised to integrate to one.
For reporting, we then align its mean with the corresponding inflation swap. The annu-

alised density is translated rigidly so that its implied mean coincides with the swap-implied
mean and is renormalised over the numerical grid. This adjustment corrects a small nu-
merical discrepancy between the mean of the finite-difference density and the swap-implied
forward. It changes the location of the distribution but, away from the grid boundaries,
leaves centred moments such as skewness and excess kurtosis unchanged. It does, however,
affect tail probabilities and the balance of risks defined relative to fixed thresholds. Since
the translation is applied after extraction, the mean-aligned density is not constrained to
reprice the original option quotes exactly.

3.3 A nonparametric alternative

SABR imposes a three-parameter functional form on the implied-volatility smile. As an alter-
native representation of the same option prices, we estimate the density nonparametrically,
following Aït-Sahalia and Duarte (2003) and its application to inflation options by Ghaderi
et al. (2025). The estimator does not impose a parametric functional form on the smile, al-
though it retains shape restrictions that improve numerical stability and keep the recovered
density non-negative. Agreement between the two methods therefore provides evidence that
the estimated departures from normality are present in the option-price cross-section rather
than arising solely from the SABR parameterisation.

The estimator proceeds in two steps. First, we project the observed call prices {C(K̃j)}
onto the set of price schedules that are non-increasing and convex in the strike. Convexity
ensures that discrete butterfly spreads are non-negative. The projection solves

min
{cj}

∑
j

[
cj − C(K̃j)

]2
s.t. cj+1 ≤ cj,

cj+1 − cj

K̃j+1 − K̃j

≥ cj − cj−1

K̃j − K̃j−1

. (14)

We solve this constrained least-squares problem as a quadratic program using a Dykstra-type
projection onto the intersection of the monotonicity and convexity cones.

Second, we convert the projected prices into implied volatilities, smooth the resulting
volatility smile using a local-linear kernel estimator (Bliss and Panigirtzoglou, 2004), and
reprice the options on a dense strike grid. Smoothing the implied-volatility schedule before
repricing is more stable than differentiating the raw option prices twice. Since repricing may
reintroduce small local violations of convexity in the wings, we impose monotonicity and
convexity again on the dense price schedule using isotonic regression on its slopes.

We recover the density from the final price curve using (11) and map it into annualised-

10
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inflation space using (13). Since the final call-price schedule is convex, the resulting density
is non-negative before the final smoothing step. We then impose a single mode and apply
light smoothing to remove small numerical steps left by the convexification, as described in
Appendix B. The nonparametric results are reported only over the observed strike support;
any small numerical extension used during smoothing is not retained in the reported density.
SABR, by contrast, is evaluated on a wider grid and therefore includes extrapolated tail mass.
Section 4.3 compares the two non-normal specifications directly.

3.4 Forward distributions via copulas

Forward inflation rates such as 2y2y and 5y5y cannot be obtained directly from a single
spot option-price cross-section because they depend on inflation realised between two future
dates. We construct their distributions by coupling overlapping spot marginals.

For 0 < T1 < T2, let
R1 =

I(T1)

I(0)
, R2 =

I(T2)

I(0)

be the gross cumulative inflation factors. Their marginal distribution functions F1 and F2,
and densities f1 and f2, are obtained from the option-implied annualised-inflation distribu-
tions using

Ri =
(
1 +

π0,Ti

100

)Ti

.

Each marginal is recovered under the forward pricing measure associated with its own matu-
rity. We use the two extracted marginals as inputs to an option-based forward construction
rather than treating them as marginals of a joint risk-neutral distribution identified directly
from option prices.

The gross forward inflation factor over [T1, T2] is

Y =
R2

R1

=
I(T2)

I(T1)
. (15)

The distribution of Y depends on both spot marginals and their dependence. A chosen
copula C couples the two marginal distributions and defines the constructed joint CDF

FR1,R2(r1, r2) = C
(
F1(r1), F2(r2)

)
, (16)

with joint density
fR1,R2(r1, r2) = c

(
F1(r1), F2(r2)

)
f1(r1)f2(r2), (17)

where c is the copula density.
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Under the transformation

(r1, r2) �→ (r1, y), r2 = yr1,

the Jacobian is |r1|. Since gross inflation factors are positive, |r1| = r1, and the density of
the gross forward factor is

qY (y) =

∫ ∞

0

r1 c
(
F1(r1), F2(yr1)

)
f1(r1)f2(yr1) dr1. (18)

We evaluate this integral numerically on the R1 grid. The marginals f1 and f2 determine
the probability mass at each spot horizon, while the copula determines how outcomes at the
two horizons are associated.

We use a bivariate Student-t copula:

c(u1, u2; ρc, η) =
f
(2)
t (q1, q2; ρc, η)

f
(1)
t (q1; η)f

(1)
t (q2; η)

, qi = t−1
η (ui), (19)

with η = 4 degrees of freedom. Relative to a Gaussian copula, the Student-t specification
allows for dependence in the joint tails (Nelsen, 2006). 1

We use the rolling correlation of daily inflation-swap rate changes at the two relevant ma-
turities as a calibration proxy for the dependence parameter ρc. It should not be interpreted
as an estimate of a latent risk-neutral copula parameter. The resulting forward distribution
is therefore a hybrid object: its marginals are recovered from option prices under maturity-
specific pricing measures, whereas dependence across horizons is calibrated from historical
swap-rate movements. We interpret it as an option-based forward distribution rather than
as a joint risk-neutral distribution identified entirely from option prices.

Let
∆ = T2 − T1.

The annualised forward inflation rate over [T1, T2] is

πT1,T2 = 100
(
Y 1/∆ − 1

)
. (20)

Equivalently,
Y =

(
1 +

πT1,T2

100

)∆

.

1For numerical stability, we bound the copula arguments away from zero and one.

12



BANCO DE ESPAÑA 20 DOCUMENTO OCASIONAL N.º 2625

The density of annualised forward inflation is therefore

fπT1,T2
(p) = qY

[(
1 +

p

100

)∆
]

∆

100

(
1 +

p

100

)∆−1

. (21)

We construct the 1y1y forward from the 1Y and 2Y marginals, the 2y2y forward from
the 2Y and 4Y marginals, and the 5y5y forward from the 5Y and 10Y marginals. We then
align the mean of each annualised forward density with the corresponding forward inflation
swap.2

Distributional summaries. From each daily density ft,T (π), we compute the mean, stan-
dard deviation, skewness, and excess kurtosis by numerical integration. We also calculate
the tail probabilities

Pt,T (π < 1%), Pt,T (π > 3%),

and the balance of risks relative to the target:

BoRt,T = Pt,T (π > 2%)− Pt,T (π < 2%). (22)

The measure is positive when the distribution places more probability above 2% than below
it and negative when the reverse is true. We apply the same definitions to the SABR and
nonparametric densities, the normal benchmark, the option-based forward distributions, and
the survey distributions so that the comparisons use a common set of statistics.

4 The Market-Implied Distribution of Euro-Area In-
flation

4.1 Densities and moments

The two extraction methods fit the same option quotes while imposing different amounts of
structure on the volatility smile. Figure 1 illustrates the fitted smiles at the two- and five-year
horizons on a date with a relatively rich cross-section of quotes. SABR restricts the smile
to a smooth three-parameter form, whereas the nonparametric estimator follows the quoted
volatilities more closely subject to monotonicity and convexity restrictions. Both provide
a close representation of the observed cross-section but differ in the degree of smoothing

2This adjustment changes the location of the distribution but does not mechanically determine centred
shape statistics such as skewness or excess kurtosis. It does, however, affect tail probabilities and the balance
of risks defined relative to fixed thresholds.
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Figure 1: The euro-area inflation-option volatility smile and its fits on a richly quoted
date, at the 2Y and 5Y horizons: market quotes (points), the SABR parametric fit (blue),
and the nonparametric fit (red). The nonparametric model smooths the quoted volatilities
subject to monotonicity and convexity restrictions, whereas SABR imposes a three-parameter
functional form.

Figure 2 shows the corresponding SABR, nonparametric, and normal distributions at
four horizons. The two non-normal distributions are close at each horizon, indicating that
their main features are not specific to one extraction method. Both place more mass in
the tails than the normal benchmark, with the difference most visible at the five-year and
5y5y horizons, where the normal distribution is more concentrated around its centre. The
comparison therefore suggests that the normal specification provides a limited representation
of the shape implied by prices across strikes.

The moments obtained from the two non-normal methods are also similar. Both distri-
butions are right-skewed at the medium horizons and closer to symmetric at the shortest and
longest horizons, while excess kurtosis is positive throughout. Skewness has the same sign
under both methods at every horizon, and the mean absolute difference in excess kurtosis
across horizons is 0.54. The departures from normality therefore appear to reflect the option-
price cross-section rather than being specific to the SABR functional form. The probability
of inflation below 1% is larger at short horizons and declines with maturity, whereas the
probability above 3% remains between approximately one tenth and one fifth. The option-
based distributions thus assign non-negligible mass to high-inflation outcomes even when
their central tendency lies closer to the target.
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Figure 2: The three model-implied distributions of euro-area inflation, one panel per horizon,
on a representative richly quoted date: SABR (blue), the nonparametric estimator (red), and
the normal benchmark (grey, dashed). The 1Y, 2Y, and 5Y panels show risk-neutral spot
distributions, while the 5y5y panel shows the option-based forward distribution. The dashed
vertical line marks the 2% target. The date is the same as in Figure 1; the distributions are
obtained from the fitted smiles shown there and include the mean-alignment step described
in Section 3.2.
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Figure 2: The three model-implied distributions of euro-area inflation, one panel per horizon,
on a representative richly quoted date: SABR (blue), the nonparametric estimator (red), and
the normal benchmark (grey, dashed). The 1Y, 2Y, and 5Y panels show risk-neutral spot
distributions, while the 5y5y panel shows the option-based forward distribution. The dashed
vertical line marks the 2% target. The date is the same as in Figure 1; the distributions are
obtained from the fitted smiles shown there and include the mean-alignment step described
in Section 3.2.
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Figure 3 displays the evolution of the estimated distributions over the sample at the
5Y spot and 5y5y forward horizons. The SABR and nonparametric surfaces remain close
over time and both exhibit a right-hand shoulder that is absent from the symmetric normal
benchmark.
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Figure 3: Inflation distributions over time under the three models — SABR (blue), the
nonparametric estimator (red), and the normal benchmark (grey) — at the 5Y spot horizon
(top row) and the 5y5y forward horizon (bottom row). Each surface shows the daily density
over the inflation grid. The 5Y panels are risk-neutral spot distributions, while the 5y5y
panels are option-based forward distributions.

4.2 Location, shape, and the balance of risks

A symmetric distribution has a balance of risks equal to zero only when it is centred exactly
on the target. Because the normal benchmark is centred on the swap-implied mean, which
is generally away from the 2% target, its balance of risks is not zero and moves with the gap
between the priced mean and the target in much the same way as the non-normal measures.
The balance of risks at a fixed 2% threshold is therefore strongly influenced by the location
of the priced distribution, although dispersion and higher-order shape also matter. The
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measure,
P (π > 2%)− P (π < 2%),

varies widely over the sample.
Figure 4 shows the balance of risks by horizon. At short horizons, the measure moves

from close to −100 percentage points during the 2015–2020 disinflation period, when the
priced distribution was concentrated below the target, to close to +100 during the 2021–22
inflation surge. At the 5y5y horizon, it remains much closer to zero. The close correspondence
between the SABR and nonparametric series indicates that the measure is not driven by
either method alone.

Because the three models are aligned to the same swap-implied mean, differences between
the non-normal measures and the normal benchmark do not reflect differences in location.
They may, however, reflect both dispersion and higher-order shape. Empirically, the dif-
ference is small, at no more than about one and a half percentage points across horizons.
The balance of risks therefore mainly summarises where the priced distribution lies relative
to the target. Differences between the normal and non-normal models are more visible in
excess kurtosis and tail probabilities, for which the normal benchmark assigns less mass to
extreme outcomes in the sample.

4.3 Comparing the two non-normal models

The agreement between SABR and the nonparametric estimator on the broad shape of the
distribution does not imply that the two methods are interchangeable. Both methods pro-
duce skewness with the same sign and positive excess kurtosis, although the nonparametric
densities are generally less peaked. SABR, in turn, produces smoother densities with less
day-to-day variation. The comparison reflects the different roles of the two specifications:
the nonparametric estimator follows each daily cross-section more closely, whereas SABR
provides a more parsimonious and stable representation of the smile.

4.4 The term structure of the balance of risks

The balance of risks in (22) becomes less responsive as the horizon increases. At the one-
year horizon, it moves from approximately -60.8 percentage points during 2009–2020 to
40.1 points during the 2021–22 inflation surge, a change of roughly one hundred percentage
points. At the 5y5y forward horizon, it moves only from -15.3 to 2.4 points. The smaller
movement at the longer horizon indicates that the priced distribution of inflation beyond
the near term changed less over this episode. This pattern is consistent with more limited
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Figure 4: Option-based balance of risks, P (π > 2%) − P (π < 2%), in percentage points
over time at four horizons (1Y, 2Y, 5Y spot, and 5y5y forward) under the two non-normal
models — SABR (blue) and the nonparametric estimator (red). Positive values indicate
more probability above the target than below it, while negative values indicate the reverse;
the horizontal line at zero marks a neutral balance. The shaded band marks the 2021–2023
surge.
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surge.
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repricing of longer-horizon inflation risk, but it is not a direct test of the anchoring of physical
expectations.

Figure 5 shows the probability mass underlying the balance-of-risks measure. For each
horizon and model, it divides the distribution into four regions: below 1%, between 1% and
2%, between 2% and 3%, and above 3%. At the one-year horizon, probability shifts from the
lower-inflation regions during the 2015–2020 period to the higher-inflation regions during the
2021–22 surge. At the 5y5y horizon, the allocation changes less and remains concentrated
in the 1–3% range. The SABR and nonparametric estimates give a similar account of these
movements.
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Figure 5: Probability assigned to each inflation region over time (monthly), at four horizons
(1Y and 5Y spot, 2y2y and 5y5y forward, columns) under both non-normal models (SABR
top row, nonparametric bottom row). Each band is the probability that average inflation
falls below 1%, between 1% and 2%, between 2% and 3%, or above 3%.

4.5 Market versus survey balance of risks

Table 1 and Figure 6 compare the option-implied balance of risks with the corresponding
measure from the ECB Survey of Professional Forecasters on matched dates. The survey
measure is calculated directly from the reported histogram probabilities, with the mass in
any bucket containing the 2% target divided uniformly at the threshold. The comparison
therefore does not require fitting a continuous density to the survey responses.
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At the matched horizons, both non-normal option models generally imply distributions
that are more tilted towards outcomes below the target than the survey distributions, and
the option-minus-survey difference increases with the horizon. This gap should be inter-
preted descriptively. The option-implied spot distributions are risk-neutral and therefore
combine beliefs about future inflation with compensation for inflation risk, whereas the sur-
vey distributions record reported probabilities under the forecasters’ own assessments. The
comparison does not identify the contribution of risk premia, differences in information sets,
differences in beliefs about the tails, or the residual mismatch between the survey and option
reference periods.

Table 1: Market versus survey balance of risks by horizon, on matched survey dates, in
percentage points. SABR and Nonparam. are the two non-normal models (SABR paramet-
ric and the nonparametric estimator); Survey is the ECB SPF, with the balance of risks
calculated from the histogram buckets (1Y and 2Y from the calendar-year distribution near-
est each horizon, and 5Y from the long-term distribution). Gap = SABR − Survey; N is
the number of matched releases. A negative entry means that the distribution places more
probability below the 2% target than above it.

Horizon N Survey SABR Nonparam. Gap
1Y 106 -28.3 -32.2 -36.8 -3.9
2Y 106 -26.1 -34.4 -32.9 -8.3
5Y 103 -15.3 -24.3 -22.0 -9.0

5 Robustness
The results for the tails and the balance of risks are generally insensitive to the main nu-
merical choices used in the extraction. Since the conclusions rely in part on the tails of
the estimated distributions, we first examine whether they are driven by the outer edges of
the density grid. Recomputing the balance of risks and the tail probabilities on progres-
sively trimmed supports, with the density renormalised after each trim, produces only small
changes. At the five-year and 5y5y horizons, the balance of risks changes by only hundredths
of a percentage point. The results therefore do not depend materially on probability mass
assigned near the grid boundaries.

We next vary the threshold used to define the balance of risks. The baseline measure is
centred on the 2% target, but its level necessarily depends on the chosen cutoff. Recomputing
the measure at 1.5% and 2.5% changes its level while preserving the ordering across regimes
at each threshold. In particular, the balance of risks during the inflation surge remains above
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Figure 6: Balance of risks over time by horizon on matched survey dates: SABR (blue) and
nonparametric (red) option-implied measures compared with the survey measure (gold). The
shaded band marks the 2021–2023 surge. Both non-normal models imply a lower balance of
risks than the survey, and the gap widens with the horizon.
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its value in the calm period regardless of the cutoff. The difference across regimes is therefore
not specific to a threshold of exactly 2%.

The extraction also requires choices for the SABR backbone and the copula specifica-
tion. We fix the SABR parameter at β = 0.5. As discussed in Section 3.1, β and ρ are
weakly identified separately within a single-date cross-section, while the reported features
of the density are governed mainly by α, ρ, and ν. Alternative fixed values of β change
the parameterisation but have little effect on the fitted smile or the resulting distributional
measures.

The forward distributions are constructed using a Student-t copula with η = 4 degrees
of freedom. The mean-alignment step fixes the location of each forward density and there-
fore affects statistics defined relative to fixed thresholds, including the balance of risks. The
following comparisons should consequently be interpreted conditional on the common an-
choring rule. Replacing the Student-t copula with a Gaussian copula, or varying its degrees
of freedom between four and eight, changes the mean 5y5y balance of risks by less than
one-tenth of a percentage point. Varying the rolling window used to calibrate the depen-
dence parameter between roughly six months and two years changes it by less than half a
percentage point. Conditional on the mean-alignment procedure, the 5y5y balance of risks
is therefore not sensitive to the main choices governing the copula construction.

Because the nonparametric estimator is reported only over the observed strike support
while SABR is evaluated on a wider grid, we also recompute the shape statistics for both
models on their common support. The mean absolute difference in excess kurtosis then falls
to about one-tenth, while their balance-of-risks estimates differ by only a few percentage
points. The agreement between the methods is therefore not an artefact of SABR’s wider
evaluation grid. If anything, the extrapolated SABR tails modestly raise its excess kurtosis
relative to the common-support estimate.

The comparison with the nonparametric estimator provides a broader robustness check.
The two methods impose different structures and follow different numerical procedures, yet
they produce similar estimates of skewness, excess kurtosis, and the balance of risks, as shown
in Section 4.3. The nonparametric procedure is also unaffected by one source of short-run
instability in the SABR implementation. The agreement between the two methods despite
these differences indicates that the estimated departures from normality are not driven solely
by a particular modelling or numerical choice.
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6 Conclusion
This paper documents a framework for extracting risk-neutral spot distributions of euro-area
inflation from inflation option prices. The framework recovers spot distributions using two
non-normal specifications — the parametric SABR smile and a nonparametric estimator —
through the Breeden–Litzenberger identity, constructs option-based forward distributions
using a Student-t copula, and compares both with a normal benchmark estimated from the
same quotes. It thereby extends the information available from central forecasts and market
measures of inflation compensation to the asymmetry and tails of the priced distribution.

The results show that the normal benchmark provides an incomplete description of the in-
flation risks contained in option prices. Under both non-normal specifications, the estimated
distributions are skewed at several horizons and exhibit positive excess kurtosis throughout.
Relative to these estimates, the normal model assigns less probability to extreme outcomes
in the sample, with larger differences at forward horizons and during periods of elevated
volatility. The close agreement between the SABR and nonparametric estimates indicates
that these features are present in the option-price cross-section rather than being specific to
a particular extraction method. The two approaches differ mainly in their fit and smooth-
ness: the nonparametric estimator follows the daily smile more closely subject to its shape
restrictions, whereas SABR provides a more parsimonious and stable representation.

The balance of risks summarises these distributions as the difference between the prob-
abilities of inflation above and below the 2% target. At the one-year horizon, the measure
moves from -60.8 to 40.1 percentage points over the 2009–2026 sample, reflecting the shift
from the low-inflation period to the 2021–22 surge. At the 5y5y horizon, it moves only
from -15.3 to 2.4, indicating more limited changes in the priced distribution beyond the near
term. On matched dates, the option-implied balance of risks is also generally lower than the
corresponding measure reported by professional forecasters.

These results require three qualifications. First, the spot distributions are risk-neutral,
while the forward distributions combine option-implied marginals with a dependence struc-
ture calibrated from historical swap-rate movements. Differences from survey distributions
may therefore reflect risk compensation, differences in information sets, and differences in the
construction of the measures. Second, the comparison across regimes is based largely on one
inflation cycle and remains in-sample. Third, the survey comparison is descriptive, involves
imperfectly matched horizons, and does not assess relative forecasting performance. Subject
to these qualifications, the balance-of-risks measure provides a compact market-based sum-
mary of the distribution around the inflation outlook and can complement existing survey-
and model-based indicators.
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A SABR Calibration and Density Extraction: Details
Objective weights. The calibration objective (8) assigns each strike the weight

wj = wbase
j · watm

j · wvega
j .

The vega component wvega
j is proportional to Black vega, normalised by its maximum within

each cross-section, with a floor of 0.25 so that far-out-of-the-money strikes with small but
non-zero vega retain some influence on the fit. The at-the-money component

watm
j = 0.15 + exp



−



∣∣∣log(K̃j/F̃ )

∣∣∣
0.18




2



places greater weight near the money, where the analytical approximation is most accurate.
The base component wbase

j equals one for quoted strikes and takes smaller values for synthetic
strikes added to stabilise sparsely quoted smiles. The volatility-of-volatility penalty λνν

2,
with λν = 0.01, regularises the estimate of ν on days with sparse strike coverage. The
penalty is kept small because a stronger restriction would suppress the smile curvature that
the model is intended to capture.

Optimisation and retention. We initialise the parameters from the most recent previous-
day estimate at the same maturity, or from a default when none is available, and optimise
with a derivative-free simplex method (Subplex) subject to the bounds α > 0, |ρ| ≤ 0.90,
and 0 < ν ≤ νmax, with νmax = 2.5. The optimisation uses at most 1200 function evaluations
and a relative tolerance of 10−5. The objective includes the penalty λνν

2, with λν = 0.01.
We retain a date–maturity cross-section when the calibration succeeds on the quoted

strikes and the extracted density is non-degenerate. Specifically, we require a standard
deviation of at least 0.10 percentage points, which removes rare near-spike solutions. We
do not impose an additional screen based on the calibration fit error. Before extracting the
density, we apply a shape filter that enforces non-negativity, monotonicity, and convexity of
the call-price schedule.

Numerical grid and forwards. We compute the densities on the compounded-strike
grid and map them into annualised-inflation space using (4). The resulting densities are
evaluated on a uniform grid over [−3%, 10%] with a 0.1-percentage-point step. Halving
the step to 0.05 percentage points leaves the reported tail probabilities and balance-of-risks
values unchanged to within 10−4 of probability mass, indicating that the grid is sufficiently
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fine for the reported quantities.
The option-based forward densities in (18) combine the spot marginals using the Student-

t copula in (19), with η = 4. The dependence input is the correlation of daily inflation-
swap rate changes at the two relevant maturities over a rolling window of 252 trading days.
For numerical stability, the copula arguments are bounded away from zero and one. We
apply mild Gaussian kernel binning to the mapped forward mass to reduce numerical ridge
artefacts.

The mean of each forward density is then aligned with the corresponding forward inflation
swap, subject to a small numerical tolerance. This adjustment changes the location of the
density and therefore affects tail probabilities and the balance of risks defined relative to fixed
thresholds. Away from the grid boundaries, it leaves centred moments such as skewness and
excess kurtosis unchanged.

B The Nonparametric Estimator: Details
We solve the shape-constrained projection in (14) as a quadratic program in the observed
call prices. The projection finds the closest price vector in least-squares distance subject to
consecutive prices being non-increasing and discrete second differences, or butterfly spreads,
being non-negative. We then convert the projected prices into Black implied volatilities and
smooth the resulting volatility smile with a local-linear degree-one kernel estimator. The
bandwidth is set equal to the larger of twice the median strike spacing and one-sixth of the
quoted strike range.

The smoothed smile is repriced on a dense strike grid spanning the observed support,
with a small volatility-flat extension used for numerical smoothing. Because repricing can
reintroduce local non-convexity in the wings, we re-impose monotonicity and convexity on
the dense price curve using isotonic regression on its slopes before differencing. The density
obtained from the second difference of the convexified price curve is therefore non-negative
at the extraction stage.

We then impose a single mode and apply light triangular smoothing to remove small
steps left by the convexification. The density is mapped into annualised-inflation space
using (4), evaluated only over the observed strike support, and renormalised there. The
numerical extension used during smoothing is therefore not retained in the reported density.
The SABR density, by contrast, is evaluated over the full grid and carries some extrapolated
tail mass that the nonparametric estimator does not. This difference should be borne in
mind when comparing tail probabilities and kurtosis across the two methods.

Forward densities are constructed from the nonparametric spot marginals using the same

27
Student-t copula and mean-alignment procedure as for the SABR distributions.
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