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Figure 9: Predictive intervals of four-quarter-ahead predictive densities of BVAR, PFE and CMM
models

(a) GDP growth, BVAR (b) In�ation, BVAR

(c) GDP growth, PFE (d) In�ation, PFE

(e) GDP growth, CMM (f) In�ation, CMM

Note: The �gure shows 90%, 70%, 50% bands, corresponding to the Bayesian VAR’s (or the PFE model’s or the CMM
model’s) 90%, 70% and 50% equal-tailed predictive intervals for GDP growth and in�ation. The dotted blue lines mark
the realized values of the variable of interest according to the �rst release. The forecast target dates on the horizontal
axis range from 1998:Q3 to 2018:Q1. Shaded areas denote NBER recession periods.
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Figures 7 to 9 communicate uncertainty in terms of quantile-based, equal-tailed forecast
intervals. When the predictive density is not unimodal and symmetric, these intervals could
mask some information. More particularly, given that in our case the mixture densities (shown in
Figure 6) could be skewed and, at times, multi-modal, other summary metrics could potentially
be more useful. For instance, as considered in Wallis (1999) and Mitchell and Weale (2019), the
Bank of England’s fan charts display the highest density regions (“HDR”), referred to as “best
critical regions,” instead of the equal-tailed prediction intervals. The highest density regions are
the intervals of shortest length with a given target coverage, say 90%. When the distributions are
unimodal and symmetric, these two measures overlap. To demonstrate how important asymmetry
and multi-modality are for the predictive densities we consider, we show the 50%, 70% and 90%
highest density regions in Figures 10 to 12.27 We use the density quantile approach outlined in
Hyndman (1996) to calculate these regions.

When we compare Figures 7 and 8 to Figures 10 and 11, respectively, there are some noticeable
differences. For instance, in the case of the GDP growth forecasts, right after the Great Recession
(at the end of 2009 and in early 2010), the highest density region communicates tighter and, at
times, disjoint intervals relative to the equal-tailed intervals with the same coverage. On the other
hand, for inflation, the 50% HDR region displays a few disjoint intervals in the first half of the
2000s, including values such as 2% inflation as well as roughly twice as much. As discussed
in Wallis (1999), HDR regions would be more informative relative to equal-tailed intervals for
an agent with an all-or-nothing loss function (which is typically minimized by the mode of
the distribution). When comparing Figure 9 to Figure 12, on the other hand, we find no major
differences between the equal-tailed intervals and HDRs.

4.1 A formal comparison of fixed-horizon predictive densities

Which fixed-horizon predictive density should researchers use in practice? We compare them
by using Rossi and Sekhposyan’s (2019) test on the uniformity of the PITs, using both the
Kolmogorov–Smirnov (KS) and the Cramér–von Mises (CvM) test statistics with bootstrapped
critical values.28 Table 1 shows the results. In each cell, the test statistic is displayed first, followed
by the p-value of testing the null hypothesis of the uniformity of the PIT. The cases in which
uniformity cannot be rejected at the 10% level are in bold. We can see that, for GDP growth,
uniformity cannot be rejected for the mixtures of both the normal and the skew t distributions
when the weights are estimated using our proposed method, while the ad-hoc combination
delivers uniform PITs only for GDP growth but not for inflation. Moreover, the BVAR, PFE and
CMM models show evidence of incorrect specification for GDP growth according to at least one
of the test statistics.

To gain a better understanding of the absolute performance of the various density forecast
approaches, we report the empirical coverage rates at the 50% and 70% nominal rates. In practice,
for each variable and each forecasting method, we determined the 25th and 75th percentiles (50%
nominal rate), and the 15th and 85th percentiles (70% nominal rate) of the predictive distributions
in each quarter (as displayed in Figures 7 to 9), and calculated the ratio of cases when the
realization of a particular variable fell inside these intervals. Then, we performed a two-sided

27By definition, the equal-tailed intervals and the HDRs are the same for the PFE forecasts, hence omitted.
28Bootstrapped critical values take into account the serial correlation associated with multi-step-ahead PITs.

Figure 10: Highest density regions of four-quarter-ahead combined predictive densities, using
estimated weights

(a) GDP growth, normals (b) Inflation, normals

(c) GDP growth, skew t (d) Inflation, skew t

Note: The figure shows 90%, 70%, 50% highest density regions for GDP growth and inflation. The dotted blue lines
mark the realized values of the variable of interest. The forecast target dates on the horizontal axis range from 1998:Q3
to 2018:Q1. Shaded areas denote NBER recession periods.
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Figure 11: Highest density regions of four-quarter-ahead combined predictive densities, using
ad-hoc weights

(a) GDP growth, normals (b) Inflation, normals

(c) GDP growth, skew t (d) Inflation, skew t

Note: The figure shows 90%, 70%, 50% highest density regions for GDP growth and inflation. The dotted blue lines
mark the realized values of the variable of interest. The forecast target dates on the horizontal axis range from 1998:Q3
to 2018:Q1. Shaded areas denote NBER recession periods.
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Figure 12: Highest density regions of four-quarter-ahead predictive densities of BVAR and CMM
models

(a) GDP growth, BVAR (b) Inflation, BVAR

(c) GDP growth, CMM (d) Inflation, CMM

Note: The figure shows 90%, 70%, 50% highest density regions for GDP growth and inflation. The dotted blue lines
mark the realized values of the variable of interest. The forecast target dates on the horizontal axis range from 1998:Q3
to 2018:Q1. Shaded areas denote NBER recession periods.
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Table 1: Absolute forecast evaluation: uniformity of PIT

GDP growth Inflation

KS CvM KS CvM

N 0.93(0.51) 0.19(0.60) 1.16(0.27) 0.40(0.23)
STJF 0.94(0.52) 0.25(0.48) 0.91(0.48) 0.30(0.32)

N (ah) 0.96(0.47) 0.26(0.46) 1.68(0.06) 0.90(0.05)
STJF(ah) 1.03(0.40) 0.29(0.42) 1.71(0.05) 0.82(0.06)

BVAR 2.29(0.00) 1.87(0.00) 1.27(0.28) 0.28(0.50)
PFE 1.72(0.05) 0.62(0.12) 1.45(0.18) 0.53(0.18)

CMM 1.72(0.05) 0.73(0.12) 1.44(0.17) 0.46(0.25)

Note: The table displays the Kolmogorov–Smirnov (KS) and Cramér–von Mises
(CvM) test statistics and p-values of the null hypothesis of uniformity of PITs (in
parentheses) for different target variables (in the column headers) and models (in
rows). For an explanation of the different abbreviations, see the main text. The
p-values are calculated using the block weighted bootstrap proposed by Rossi and
Sekhposyan (2019), with block length � = 4 and 10,000 bootstrap replications. The
cases in which uniformity cannot be rejected at the 10% level are reported in bold.
The survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations
between 1998:Q3 and 2018:Q1.

t test to test the null hypothesis that a given coverage rate equals its nominal counterpart. The
asymptotic variance is calculated using the Newey and West (1987) HAC estimator with one
lag.29 The results in Table 2 show interesting patterns. For both GDP growth and inflation, the
mixture densities with estimated weights deliver correct coverage rates at both the 50% and the
70% nominal levels (at the 10% significance level). However, the ad-hoc mixtures for GDP growth
(at 70% nominal coverage), and particularly for inflation (both at 50% and 70% nominal coverage)
display incorrect coverage — undercoverage for the former variable and overcoverage for the
latter. This is in line with our earlier discussion of Figure 8. For GDP growth, both the BVAR and
the CMM model deliver correct coverage, while the PFE model significantly overcovers at the
50% rate. On the other hand, for inflation, only the CMM model, but not the BVAR or the PFE
model, displays correct coverage at both rates.

The Continuous Ranked Probability Score (CRPS) has been used in several studies to evaluate
competing forecasts (e.g. Clark et al., forthcoming). Formally, for the h-quarter-ahead density
forecast made in year t and quarter q using model m, it is defined as

CRPS(m)
t,q+h ≡

∫ ∞

−∞

(
F̂q+h (m)

t,q (y)− 1
[
yq+h

t,q ≤ y
])2

dy , (19)

where F̂q+h (m)
t,q (y) is the corresponding predictive CDF. The average full-sample CRPS is given by

CRPS(m) ≡ |T |−1 ∑
t∈T

CRPS(m)
t,q+h . (20)

Lower values of the CRPS correspond to better models. For the mixture densities, we numerically
calculate the integral in Equation (19), while for the MCMC-based densities, such as those
obtained from a BVAR and CMM, we used the empirical CDF-based approximation proposed

29The data display low serial correlation.
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Figures 7 to 9 communicate uncertainty in terms of quantile-based, equal-tailed forecast
intervals. When the predictive density is not unimodal and symmetric, these intervals could
mask some information. More particularly, given that in our case the mixture densities (shown in
Figure 6) could be skewed and, at times, multi-modal, other summary metrics could potentially
be more useful. For instance, as considered in Wallis (1999) and Mitchell and Weale (2019), the
Bank of England’s fan charts display the highest density regions (“HDR”), referred to as “best
critical regions,” instead of the equal-tailed prediction intervals. The highest density regions are
the intervals of shortest length with a given target coverage, say 90%. When the distributions are
unimodal and symmetric, these two measures overlap. To demonstrate how important asymmetry
and multi-modality are for the predictive densities we consider, we show the 50%, 70% and 90%
highest density regions in Figures 10 to 12.27 We use the density quantile approach outlined in
Hyndman (1996) to calculate these regions.

When we compare Figures 7 and 8 to Figures 10 and 11, respectively, there are some noticeable
differences. For instance, in the case of the GDP growth forecasts, right after the Great Recession
(at the end of 2009 and in early 2010), the highest density region communicates tighter and, at
times, disjoint intervals relative to the equal-tailed intervals with the same coverage. On the other
hand, for inflation, the 50% HDR region displays a few disjoint intervals in the first half of the
2000s, including values such as 2% inflation as well as roughly twice as much. As discussed
in Wallis (1999), HDR regions would be more informative relative to equal-tailed intervals for
an agent with an all-or-nothing loss function (which is typically minimized by the mode of
the distribution). When comparing Figure 9 to Figure 12, on the other hand, we find no major
differences between the equal-tailed intervals and HDRs.

4.1 A formal comparison of fixed-horizon predictive densities

Which fixed-horizon predictive density should researchers use in practice? We compare them
by using Rossi and Sekhposyan’s (2019) test on the uniformity of the PITs, using both the
Kolmogorov–Smirnov (KS) and the Cramér–von Mises (CvM) test statistics with bootstrapped
critical values.28 Table 1 shows the results. In each cell, the test statistic is displayed first, followed
by the p-value of testing the null hypothesis of the uniformity of the PIT. The cases in which
uniformity cannot be rejected at the 10% level are in bold. We can see that, for GDP growth,
uniformity cannot be rejected for the mixtures of both the normal and the skew t distributions
when the weights are estimated using our proposed method, while the ad-hoc combination
delivers uniform PITs only for GDP growth but not for inflation. Moreover, the BVAR, PFE and
CMM models show evidence of incorrect specification for GDP growth according to at least one
of the test statistics.

To gain a better understanding of the absolute performance of the various density forecast
approaches, we report the empirical coverage rates at the 50% and 70% nominal rates. In practice,
for each variable and each forecasting method, we determined the 25th and 75th percentiles (50%
nominal rate), and the 15th and 85th percentiles (70% nominal rate) of the predictive distributions
in each quarter (as displayed in Figures 7 to 9), and calculated the ratio of cases when the
realization of a particular variable fell inside these intervals. Then, we performed a two-sided

27By definition, the equal-tailed intervals and the HDRs are the same for the PFE forecasts, hence omitted.
28Bootstrapped critical values take into account the serial correlation associated with multi-step-ahead PITs.
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Kolmogorov–Smirnov (KS) and the Cramér–von Mises (CvM) test statistics with bootstrapped
critical values.28 Table 1 shows the results. In each cell, the test statistic is displayed first, followed
by the p-value of testing the null hypothesis of the uniformity of the PIT. The cases in which
uniformity cannot be rejected at the 10% level are in bold. We can see that, for GDP growth,
uniformity cannot be rejected for the mixtures of both the normal and the skew t distributions
when the weights are estimated using our proposed method, while the ad-hoc combination
delivers uniform PITs only for GDP growth but not for inflation. Moreover, the BVAR, PFE and
CMM models show evidence of incorrect specification for GDP growth according to at least one
of the test statistics.

To gain a better understanding of the absolute performance of the various density forecast
approaches, we report the empirical coverage rates at the 50% and 70% nominal rates. In practice,
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27By definition, the equal-tailed intervals and the HDRs are the same for the PFE forecasts, hence omitted.
28Bootstrapped critical values take into account the serial correlation associated with multi-step-ahead PITs.

Table 1: Absolute forecast evaluation: uniformity of PIT

GDP growth Inflation

KS CvM KS CvM

N 0.93(0.51) 0.19(0.60) 1.16(0.27) 0.40(0.23)
STJF 0.94(0.52) 0.25(0.48) 0.91(0.48) 0.30(0.32)

N (ah) 0.96(0.47) 0.26(0.46) 1.68(0.06) 0.90(0.05)
STJF(ah) 1.03(0.40) 0.29(0.42) 1.71(0.05) 0.82(0.06)

BVAR 2.29(0.00) 1.87(0.00) 1.27(0.28) 0.28(0.50)
PFE 1.72(0.05) 0.62(0.12) 1.45(0.18) 0.53(0.18)

CMM 1.72(0.05) 0.73(0.12) 1.44(0.17) 0.46(0.25)

Note: The table displays the Kolmogorov–Smirnov (KS) and Cramér–von Mises
(CvM) test statistics and p-values of the null hypothesis of uniformity of PITs (in
parentheses) for different target variables (in the column headers) and models (in
rows). For an explanation of the different abbreviations, see the main text. The
p-values are calculated using the block weighted bootstrap proposed by Rossi and
Sekhposyan (2019), with block length � = 4 and 10,000 bootstrap replications. The
cases in which uniformity cannot be rejected at the 10% level are reported in bold.
The survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations
between 1998:Q3 and 2018:Q1.

t test to test the null hypothesis that a given coverage rate equals its nominal counterpart. The
asymptotic variance is calculated using the Newey and West (1987) HAC estimator with one
lag.29 The results in Table 2 show interesting patterns. For both GDP growth and inflation, the
mixture densities with estimated weights deliver correct coverage rates at both the 50% and the
70% nominal levels (at the 10% significance level). However, the ad-hoc mixtures for GDP growth
(at 70% nominal coverage), and particularly for inflation (both at 50% and 70% nominal coverage)
display incorrect coverage — undercoverage for the former variable and overcoverage for the
latter. This is in line with our earlier discussion of Figure 8. For GDP growth, both the BVAR and
the CMM model deliver correct coverage, while the PFE model significantly overcovers at the
50% rate. On the other hand, for inflation, only the CMM model, but not the BVAR or the PFE
model, displays correct coverage at both rates.

The Continuous Ranked Probability Score (CRPS) has been used in several studies to evaluate
competing forecasts (e.g. Clark et al., forthcoming). Formally, for the h-quarter-ahead density
forecast made in year t and quarter q using model m, it is defined as

CRPS(m)
t,q+h ≡

∫ ∞

−∞

(
F̂q+h (m)

t,q (y)− 1
[
yq+h

t,q ≤ y
])2

dy , (19)

where F̂q+h (m)
t,q (y) is the corresponding predictive CDF. The average full-sample CRPS is given by

CRPS(m) ≡ |T |−1 ∑
t∈T

CRPS(m)
t,q+h . (20)

Lower values of the CRPS correspond to better models. For the mixture densities, we numerically
calculate the integral in Equation (19), while for the MCMC-based densities, such as those
obtained from a BVAR and CMM, we used the empirical CDF-based approximation proposed

29The data display low serial correlation.
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Table 2: Absolute forecast evaluation: coverage

GDP growth Inflation

50% 70% 50% 70%

N 49.4(0.92) 67.1(0.66) 55.7(0.36) 73.4(0.54)
STJF 48.1(0.77) 63.3(0.31) 53.2(0.61) 73.4(0.52)

N (ah) 41.8(0.19) 57.0(0.06) 63.3(0.04) 81.0(0.03)
STJF(ah) 41.8(0.19) 57.0(0.06) 60.8(0.09) 81.0(0.03)

BVAR 46.8(0.62) 69.6(0.95) 40.5(0.14) 55.7(0.03)
PFE 65.8(0.02) 77.2(0.22) 63.3(0.04) 77.2(0.20)

CMM 49.4(0.93) 59.5(0.12) 51.9(0.77) 69.6(0.95)

Note: The table displays empirical coverage rates and the two-sided p-values of the null
hypothesis that a given coverage rate equals its nominal counterpart (in parentheses) for
different target variables at different nominal coverage rates (in the column headers) and
models (in rows). For an explanation of the different abbreviations, see the main text. The test
statistics were calculated using the Newey and West (1987) HAC estimator with one lag. The
cases in which the null hypothesis cannot be rejected at the 10% level are reported in bold. The
survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations between 1998:Q3
and 2018:Q1.

by Krüger et al. (2017). Due to normality, for the PFE model we could analytically calculate the
CRPS, following Gneiting and Raftery (2007).

The top panel in Table 3 shows the CRPS of the proposed density combination, along with its
competitors’. The bottom panel in Table 3 reports the Diebold and Mariano (1995) test statistics
and the corresponding p-values (in parentheses) when equal predictive ability is measured by the
CRPS. Negative values mean that the first model is better than the second one. The test statistics
were calculated using the Newey and West (1987) HAC variance estimator with one lag (due to
low serial correlation). The p-values were calculated based on the standard normal approximation
to the asymptotic distribution of the test statistic, with rejection region in the left tail.

As we can see, for GDP growth, our proposed combination scheme achieves the second best
CRPS value, after the CMM model. For inflation, the CRPS values are much less dispersed, and
the CMM model is the best, very closely followed by the PFE model and the mixture distributions.
Furthermore, for GDP growth, our mixture densities are better (although not significantly) than
their ad-hoc counterparts, and they significantly outperform the BVAR at the 5% significance
level. When predicting inflation, our method beats the BVAR, while the ad-hoc combination and
the PFE model are marginally, but not significantly, better than our proposal. The CMM model,
while providing the lowest CRPS statistics, is not significantly better than our method. In sum,
the mixture densities are sometimes significantly better than their benchmark competitors, and
never significantly worse.

4.2 Predicting extreme events

Density forecasts can be used to predict the probability of extreme events, which are of special
interests to policymakers. To evaluate how each model performs in forecasting extreme events,
we did the following exercise. Using each model, we calculate the probability of two events:
GDP growth being lower than (or equal to) 1% and inflation being lower than (or equal to) 1%.
The former is an indicator of weak economic activity, while the latter signals “dangerously” low
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N 0.93(0.51) 0.19(0.60) 1.16(0.27) 0.40(0.23)
STJF 0.94(0.52) 0.25(0.48) 0.91(0.48) 0.30(0.32)

N (ah) 0.96(0.47) 0.26(0.46) 1.68(0.06) 0.90(0.05)
STJF(ah) 1.03(0.40) 0.29(0.42) 1.71(0.05) 0.82(0.06)

BVAR 2.29(0.00) 1.87(0.00) 1.27(0.28) 0.28(0.50)
PFE 1.72(0.05) 0.62(0.12) 1.45(0.18) 0.53(0.18)

CMM 1.72(0.05) 0.73(0.12) 1.44(0.17) 0.46(0.25)

Note: The table displays the Kolmogorov–Smirnov (KS) and Cramér–von Mises
(CvM) test statistics and p-values of the null hypothesis of uniformity of PITs (in
parentheses) for different target variables (in the column headers) and models (in
rows). For an explanation of the different abbreviations, see the main text. The
p-values are calculated using the block weighted bootstrap proposed by Rossi and
Sekhposyan (2019), with block length � = 4 and 10,000 bootstrap replications. The
cases in which uniformity cannot be rejected at the 10% level are reported in bold.
The survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations
between 1998:Q3 and 2018:Q1.

t test to test the null hypothesis that a given coverage rate equals its nominal counterpart. The
asymptotic variance is calculated using the Newey and West (1987) HAC estimator with one
lag.29 The results in Table 2 show interesting patterns. For both GDP growth and inflation, the
mixture densities with estimated weights deliver correct coverage rates at both the 50% and the
70% nominal levels (at the 10% significance level). However, the ad-hoc mixtures for GDP growth
(at 70% nominal coverage), and particularly for inflation (both at 50% and 70% nominal coverage)
display incorrect coverage — undercoverage for the former variable and overcoverage for the
latter. This is in line with our earlier discussion of Figure 8. For GDP growth, both the BVAR and
the CMM model deliver correct coverage, while the PFE model significantly overcovers at the
50% rate. On the other hand, for inflation, only the CMM model, but not the BVAR or the PFE
model, displays correct coverage at both rates.

The Continuous Ranked Probability Score (CRPS) has been used in several studies to evaluate
competing forecasts (e.g. Clark et al., forthcoming). Formally, for the h-quarter-ahead density
forecast made in year t and quarter q using model m, it is defined as

CRPS(m)
t,q+h ≡

∫ ∞

−∞

(
F̂q+h (m)

t,q (y)− 1
[
yq+h

t,q ≤ y
])2

dy , (19)

where F̂q+h (m)
t,q (y) is the corresponding predictive CDF. The average full-sample CRPS is given by

CRPS(m) ≡ |T |−1 ∑
t∈T

CRPS(m)
t,q+h . (20)

Lower values of the CRPS correspond to better models. For the mixture densities, we numerically
calculate the integral in Equation (19), while for the MCMC-based densities, such as those
obtained from a BVAR and CMM, we used the empirical CDF-based approximation proposed

29The data display low serial correlation.
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Table 3: Relative forecast evaluation: CRPS

GDP growth Inflation

N 0.75 0.34
STJF 0.75 0.34

N (ah) 0.79 0.33
STJF(ah) 0.79 0.33

BVAR 0.90 0.45
PFE 0.76 0.32

CMM 0.72 0.32

N vs N (ah) −0.99(0.16) 0.98(0.84)
STJF vs STJF(ah) −1.35(0.09)∗ 1.19(0.88)

N vs BVAR −1.93(0.03)∗∗ −3.22(0.00)∗∗∗

STJF vs BVAR −2.04(0.02)∗∗ −3.14(0.00)∗∗∗

N vs PFE −0.16(0.44) 0.74(0.77)
STJF vs PFE −0.32(0.37) 0.94(0.83)
N vs CMM 0.84(0.80) 0.92(0.82)

STJF vs CMM 0.55(0.71) 1.12(0.87)

Note: The target variable used for both estimation and forecast evaluation is shown
in the column headers. The top panel displays the Continuous Ranked Probability
Score (CRPS) of various density combination methods in the rows. For each variable,
the lowest value is in bold. For an explanation of the different abbreviations, please
see the main text. The bottom panel displays the Diebold and Mariano (1995) test
statistics and p-values (in parentheses, with rejection region in the left tail) comparing
predictive accuracy measured by the CRPS. Negative values indicate that the first
method outperforms the second one, ∗, ∗∗ and ∗∗∗ denote rejection at the 10%, 5% and
1% significance level, respectively. The test statistics were calculated using the Newey
and West (1987) HAC estimator with one lag. The survey dates range from 1997:Q4 to
2017:Q2, with corresponding realizations between 1998:Q3 and 2018:Q1.

inflation. Figure 13 shows the probabilities for each variable (scaling on the left axis), along
with the actual realizations of the variable (scaling on the right axis).30 The shaded grey areas
highlight the periods when the predicted event did in fact occur. For GDP growth, Panel a
demonstrates that the PFE model consistently signaled a relatively high probability, in line with
their overly dispersed predictive distributions, while the density combination models displayed
a considerably lower “baseline” probability in tranquil times. Interestingly, the CMM model’s
implied probability moves very closely together with that of the mixture using estimated weights.
Furthermore, all models react with a lag – and the BVAR did not detect the transitory economic
downturn in the early 2000s. When forecasting low inflation instead, we can see that the spikes
in Panel b in Figure 13 (and especially the BVAR model’s predictions) actually correspond to
episodes of low inflation, although the BVAR’s predictions show considerable persistence. On the
other hand, the density combinations’ and even the PFE model’s forecasts adapt fairly quickly
both before and after low inflation periods. We can see that the CMM model’s predictions are
very similar to those of the combination methods.

We formally evaluated each model’s predictions for the aforementioned extreme events using
the Brier (or quadratic) score (Gneiting and Raftery, 2007). For the h-quarter-ahead density
forecast made in year t and quarter q using model m and at threshold k (in our case, k = 1%), it is
defined as

30The probabilities implied by the mixtures of normal distributions are available upon request.
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a considerably lower “baseline” probability in tranquil times. Interestingly, the CMM model’s
implied probability moves very closely together with that of the mixture using estimated weights.
Furthermore, all models react with a lag – and the BVAR did not detect the transitory economic
downturn in the early 2000s. When forecasting low inflation instead, we can see that the spikes
in Panel b in Figure 13 (and especially the BVAR model’s predictions) actually correspond to
episodes of low inflation, although the BVAR’s predictions show considerable persistence. On the
other hand, the density combinations’ and even the PFE model’s forecasts adapt fairly quickly
both before and after low inflation periods. We can see that the CMM model’s predictions are
very similar to those of the combination methods.

We formally evaluated each model’s predictions for the aforementioned extreme events using
the Brier (or quadratic) score (Gneiting and Raftery, 2007). For the h-quarter-ahead density
forecast made in year t and quarter q using model m and at threshold k (in our case, k = 1%), it is
defined as

30The probabilities implied by the mixtures of normal distributions are available upon request.

Table 2: Absolute forecast evaluation: coverage

GDP growth Inflation

50% 70% 50% 70%

N 49.4(0.92) 67.1(0.66) 55.7(0.36) 73.4(0.54)
STJF 48.1(0.77) 63.3(0.31) 53.2(0.61) 73.4(0.52)

N (ah) 41.8(0.19) 57.0(0.06) 63.3(0.04) 81.0(0.03)
STJF(ah) 41.8(0.19) 57.0(0.06) 60.8(0.09) 81.0(0.03)

BVAR 46.8(0.62) 69.6(0.95) 40.5(0.14) 55.7(0.03)
PFE 65.8(0.02) 77.2(0.22) 63.3(0.04) 77.2(0.20)

CMM 49.4(0.93) 59.5(0.12) 51.9(0.77) 69.6(0.95)

Note: The table displays empirical coverage rates and the two-sided p-values of the null
hypothesis that a given coverage rate equals its nominal counterpart (in parentheses) for
different target variables at different nominal coverage rates (in the column headers) and
models (in rows). For an explanation of the different abbreviations, see the main text. The test
statistics were calculated using the Newey and West (1987) HAC estimator with one lag. The
cases in which the null hypothesis cannot be rejected at the 10% level are reported in bold. The
survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations between 1998:Q3
and 2018:Q1.

by Krüger et al. (2017). Due to normality, for the PFE model we could analytically calculate the
CRPS, following Gneiting and Raftery (2007).

The top panel in Table 3 shows the CRPS of the proposed density combination, along with its
competitors’. The bottom panel in Table 3 reports the Diebold and Mariano (1995) test statistics
and the corresponding p-values (in parentheses) when equal predictive ability is measured by the
CRPS. Negative values mean that the first model is better than the second one. The test statistics
were calculated using the Newey and West (1987) HAC variance estimator with one lag (due to
low serial correlation). The p-values were calculated based on the standard normal approximation
to the asymptotic distribution of the test statistic, with rejection region in the left tail.

As we can see, for GDP growth, our proposed combination scheme achieves the second best
CRPS value, after the CMM model. For inflation, the CRPS values are much less dispersed, and
the CMM model is the best, very closely followed by the PFE model and the mixture distributions.
Furthermore, for GDP growth, our mixture densities are better (although not significantly) than
their ad-hoc counterparts, and they significantly outperform the BVAR at the 5% significance
level. When predicting inflation, our method beats the BVAR, while the ad-hoc combination and
the PFE model are marginally, but not significantly, better than our proposal. The CMM model,
while providing the lowest CRPS statistics, is not significantly better than our method. In sum,
the mixture densities are sometimes significantly better than their benchmark competitors, and
never significantly worse.

4.2 Predicting extreme events

Density forecasts can be used to predict the probability of extreme events, which are of special
interests to policymakers. To evaluate how each model performs in forecasting extreme events,
we did the following exercise. Using each model, we calculate the probability of two events:
GDP growth being lower than (or equal to) 1% and inflation being lower than (or equal to) 1%.
The former is an indicator of weak economic activity, while the latter signals “dangerously” low
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Table 3: Relative forecast evaluation: CRPS

GDP growth Inflation

N 0.75 0.34
STJF 0.75 0.34

N (ah) 0.79 0.33
STJF(ah) 0.79 0.33

BVAR 0.90 0.45
PFE 0.76 0.32

CMM 0.72 0.32

N vs N (ah) −0.99(0.16) 0.98(0.84)
STJF vs STJF(ah) −1.35(0.09)∗ 1.19(0.88)

N vs BVAR −1.93(0.03)∗∗ −3.22(0.00)∗∗∗

STJF vs BVAR −2.04(0.02)∗∗ −3.14(0.00)∗∗∗

N vs PFE −0.16(0.44) 0.74(0.77)
STJF vs PFE −0.32(0.37) 0.94(0.83)
N vs CMM 0.84(0.80) 0.92(0.82)

STJF vs CMM 0.55(0.71) 1.12(0.87)

Note: The target variable used for both estimation and forecast evaluation is shown
in the column headers. The top panel displays the Continuous Ranked Probability
Score (CRPS) of various density combination methods in the rows. For each variable,
the lowest value is in bold. For an explanation of the different abbreviations, please
see the main text. The bottom panel displays the Diebold and Mariano (1995) test
statistics and p-values (in parentheses, with rejection region in the left tail) comparing
predictive accuracy measured by the CRPS. Negative values indicate that the first
method outperforms the second one, ∗, ∗∗ and ∗∗∗ denote rejection at the 10%, 5% and
1% significance level, respectively. The test statistics were calculated using the Newey
and West (1987) HAC estimator with one lag. The survey dates range from 1997:Q4 to
2017:Q2, with corresponding realizations between 1998:Q3 and 2018:Q1.

inflation. Figure 13 shows the probabilities for each variable (scaling on the left axis), along
with the actual realizations of the variable (scaling on the right axis).30 The shaded grey areas
highlight the periods when the predicted event did in fact occur. For GDP growth, Panel a
demonstrates that the PFE model consistently signaled a relatively high probability, in line with
their overly dispersed predictive distributions, while the density combination models displayed
a considerably lower “baseline” probability in tranquil times. Interestingly, the CMM model’s
implied probability moves very closely together with that of the mixture using estimated weights.
Furthermore, all models react with a lag – and the BVAR did not detect the transitory economic
downturn in the early 2000s. When forecasting low inflation instead, we can see that the spikes
in Panel b in Figure 13 (and especially the BVAR model’s predictions) actually correspond to
episodes of low inflation, although the BVAR’s predictions show considerable persistence. On the
other hand, the density combinations’ and even the PFE model’s forecasts adapt fairly quickly
both before and after low inflation periods. We can see that the CMM model’s predictions are
very similar to those of the combination methods.

We formally evaluated each model’s predictions for the aforementioned extreme events using
the Brier (or quadratic) score (Gneiting and Raftery, 2007). For the h-quarter-ahead density
forecast made in year t and quarter q using model m and at threshold k (in our case, k = 1%), it is
defined as

30The probabilities implied by the mixtures of normal distributions are available upon request.
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to the asymptotic distribution of the test statistic, with rejection region in the left tail.

As we can see, for GDP growth, our proposed combination scheme achieves the second best
CRPS value, after the CMM model. For inflation, the CRPS values are much less dispersed, and
the CMM model is the best, very closely followed by the PFE model and the mixture distributions.
Furthermore, for GDP growth, our mixture densities are better (although not significantly) than
their ad-hoc counterparts, and they significantly outperform the BVAR at the 5% significance
level. When predicting inflation, our method beats the BVAR, while the ad-hoc combination and
the PFE model are marginally, but not significantly, better than our proposal. The CMM model,
while providing the lowest CRPS statistics, is not significantly better than our method. In sum,
the mixture densities are sometimes significantly better than their benchmark competitors, and
never significantly worse.

4.2 Predicting extreme events

Density forecasts can be used to predict the probability of extreme events, which are of special
interests to policymakers. To evaluate how each model performs in forecasting extreme events,
we did the following exercise. Using each model, we calculate the probability of two events:
GDP growth being lower than (or equal to) 1% and inflation being lower than (or equal to) 1%.
The former is an indicator of weak economic activity, while the latter signals “dangerously” low

Figure 13: Predicted probabilities of low growth and low inflation

(a) Pr(GDP growth ≤ 1%) (b) Pr(Inflation ≤ 1%)

Note: The figure shows according to each model the probabilities of either GDP growth or inflation being less than or
equal to 1% (left axis), along with the actual realization of the respective variable (solid blue line, right axis). For an
explanation of the different abbreviations, see the main text. The forecast target dates on the horizontal axis range
from 1998:Q3 to 2018:Q1. Shaded grey areas denote the periods when the predicted event (e.g. GDP growth ≤ 1%)
did in fact occur.
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which is precisely the integrand in Equation (19). Lower values of the Brier score correspond to
better predictions. The full-sample Brier score is defined analogously as

BS(m)(k) ≡ |T |−1 ∑
t∈T

BS(m)
t,q+h(k) . (22)

In the upper panel of Table 4 we can see the Brier scores of each model for predicting economic
downturns and low inflation. For both events, the CMM model is the most precise (in bold),
closely followed by the model based on past forecast errors. The lower panel of Table 4 displays
the Diebold and Mariano (1995) test statistics for equal predictive ability based on the Brier score
and the corresponding p-values (in parentheses). The p-values are calculated analogously to the
forecast comparison based on the CRPS earlier. When forecasting GDP growth, the combination
schemes with estimated weights outperform the BVAR, significantly so when combining normals,
while the rest of the comparisons are not significant (although the CMM model would be
significantly better than the combinations with estimated weights, based on a two-sided test).
When predicting low inflation, we can see again that most of the differences are not significant
at the 5% level (although the ad-hoc weighting scheme, the PFE and the CMM models would
outperform our proposed method). On the other hand, our proposed weight estimation scheme
significantly outperforms the BVAR. However, these results should be interpreted with caution,
as Figure 13 shows that these were indeed very rare events. We expect that the predictability of
tail events to improve if weights are selected to obtain correct calibration in the tails.
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Table 4: Relative forecast evaluation: Brier score

GDP growth ≤ 1% Inflation ≤ 1%

N 0.072 0.124
STJF 0.073 0.122

N (ah) 0.076 0.115
STJF(ah) 0.076 0.113

BVAR 0.096 0.140
PFE 0.070 0.108

CMM 0.063 0.108

N vs N (ah) −0.59(0.28) 2.63(1.00)
STJF vs STJF(ah) −0.55(0.29) 2.70(1.00)

N vs BVAR −1.33(0.09)∗ −1.62(0.05)∗

STJF vs BVAR −1.26(0.10) −1.78(0.04)∗∗

N vs PFE 0.21(0.58) 2.37(0.99)
STJF vs PFE 0.36(0.64) 2.30(0.99)
N vs CMM 2.13(0.98) 3.26(1.00)

STJF vs CMM 2.14(0.98) 2.92(1.00)

Note: The target variable used for both estimation and forecast evaluation and the corre-
sponding extreme event are shown in the column headers. The top panel displays the Brier
score of various density combination methods in the rows. For each variable, the lowest
value is in bold. For an explanation of the different abbreviations, please see the main text.
The bottom panel displays the Diebold and Mariano (1995) test statistics and p-values (in
parentheses, with rejection region in the left tail) comparing predictive accuracy measured
by the Brier score. Negative values indicate that the first method outperforms the second
one, ∗, ∗∗ and ∗∗∗ denote rejection at the 10%, 5% and 1% significance level, respectively.
The test statistics were calculated using the Newey and West (1987) HAC estimator with
one lag. The survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations
between 1998:Q3 and 2018:Q1.

5 Conclusion

This paper proposes a methodology to construct fixed-horizon density forecasts by combining
fixed-event ones. Survey density forecasts are an important application for this methodology; in
particular the US Survey of Professional Forecasters, for which fixed-horizon predictive densities
are not available. We show that, by estimating the weights according to our criterion, the fixed-
horizon combined predictive density appears to be correctly calibrated out-of-sample. In relative
terms, our combination scheme is fairly competitive and on par with the historical distribution of
point forecast errors or a stochastic volatility model fitted to forecast errors, and outperforms a
small Bayesian VAR with stochastic volatility. The improved performance is more pronounced for
GDP growth — but, when measured against the BVAR, also for inflation. Hence, our approach
makes the SPF densities more useful for policy analysis and communication.
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explanation of the different abbreviations, see the main text. The forecast target dates on the horizontal axis range
from 1998:Q3 to 2018:Q1. Shaded grey areas denote the periods when the predicted event (e.g. GDP growth ≤ 1%)
did in fact occur.

BS(m)
t,q+h(k) ≡

(
F̂q+h (m)

t,q (k)− 1
[
yq+h

t,q ≤ k
])2

, (21)

which is precisely the integrand in Equation (19). Lower values of the Brier score correspond to
better predictions. The full-sample Brier score is defined analogously as

BS(m)(k) ≡ |T |−1 ∑
t∈T

BS(m)
t,q+h(k) . (22)

In the upper panel of Table 4 we can see the Brier scores of each model for predicting economic
downturns and low inflation. For both events, the CMM model is the most precise (in bold),
closely followed by the model based on past forecast errors. The lower panel of Table 4 displays
the Diebold and Mariano (1995) test statistics for equal predictive ability based on the Brier score
and the corresponding p-values (in parentheses). The p-values are calculated analogously to the
forecast comparison based on the CRPS earlier. When forecasting GDP growth, the combination
schemes with estimated weights outperform the BVAR, significantly so when combining normals,
while the rest of the comparisons are not significant (although the CMM model would be
significantly better than the combinations with estimated weights, based on a two-sided test).
When predicting low inflation, we can see again that most of the differences are not significant
at the 5% level (although the ad-hoc weighting scheme, the PFE and the CMM models would
outperform our proposed method). On the other hand, our proposed weight estimation scheme
significantly outperforms the BVAR. However, these results should be interpreted with caution,
as Figure 13 shows that these were indeed very rare events. We expect that the predictability of
tail events to improve if weights are selected to obtain correct calibration in the tails.

Table 3: Relative forecast evaluation: CRPS

GDP growth Inflation

N 0.75 0.34
STJF 0.75 0.34

N (ah) 0.79 0.33
STJF(ah) 0.79 0.33

BVAR 0.90 0.45
PFE 0.76 0.32

CMM 0.72 0.32

N vs N (ah) −0.99(0.16) 0.98(0.84)
STJF vs STJF(ah) −1.35(0.09)∗ 1.19(0.88)

N vs BVAR −1.93(0.03)∗∗ −3.22(0.00)∗∗∗

STJF vs BVAR −2.04(0.02)∗∗ −3.14(0.00)∗∗∗

N vs PFE −0.16(0.44) 0.74(0.77)
STJF vs PFE −0.32(0.37) 0.94(0.83)
N vs CMM 0.84(0.80) 0.92(0.82)

STJF vs CMM 0.55(0.71) 1.12(0.87)

Note: The target variable used for both estimation and forecast evaluation is shown
in the column headers. The top panel displays the Continuous Ranked Probability
Score (CRPS) of various density combination methods in the rows. For each variable,
the lowest value is in bold. For an explanation of the different abbreviations, please
see the main text. The bottom panel displays the Diebold and Mariano (1995) test
statistics and p-values (in parentheses, with rejection region in the left tail) comparing
predictive accuracy measured by the CRPS. Negative values indicate that the first
method outperforms the second one, ∗, ∗∗ and ∗∗∗ denote rejection at the 10%, 5% and
1% significance level, respectively. The test statistics were calculated using the Newey
and West (1987) HAC estimator with one lag. The survey dates range from 1997:Q4 to
2017:Q2, with corresponding realizations between 1998:Q3 and 2018:Q1.

inflation. Figure 13 shows the probabilities for each variable (scaling on the left axis), along
with the actual realizations of the variable (scaling on the right axis).30 The shaded grey areas
highlight the periods when the predicted event did in fact occur. For GDP growth, Panel a
demonstrates that the PFE model consistently signaled a relatively high probability, in line with
their overly dispersed predictive distributions, while the density combination models displayed
a considerably lower “baseline” probability in tranquil times. Interestingly, the CMM model’s
implied probability moves very closely together with that of the mixture using estimated weights.
Furthermore, all models react with a lag – and the BVAR did not detect the transitory economic
downturn in the early 2000s. When forecasting low inflation instead, we can see that the spikes
in Panel b in Figure 13 (and especially the BVAR model’s predictions) actually correspond to
episodes of low inflation, although the BVAR’s predictions show considerable persistence. On the
other hand, the density combinations’ and even the PFE model’s forecasts adapt fairly quickly
both before and after low inflation periods. We can see that the CMM model’s predictions are
very similar to those of the combination methods.

We formally evaluated each model’s predictions for the aforementioned extreme events using
the Brier (or quadratic) score (Gneiting and Raftery, 2007). For the h-quarter-ahead density
forecast made in year t and quarter q using model m and at threshold k (in our case, k = 1%), it is
defined as

30The probabilities implied by the mixtures of normal distributions are available upon request.
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Table 4: Relative forecast evaluation: Brier score

GDP growth ≤ 1% Inflation ≤ 1%

N 0.072 0.124
STJF 0.073 0.122

N (ah) 0.076 0.115
STJF(ah) 0.076 0.113

BVAR 0.096 0.140
PFE 0.070 0.108

CMM 0.063 0.108

N vs N (ah) −0.59(0.28) 2.63(1.00)
STJF vs STJF(ah) −0.55(0.29) 2.70(1.00)

N vs BVAR −1.33(0.09)∗ −1.62(0.05)∗

STJF vs BVAR −1.26(0.10) −1.78(0.04)∗∗

N vs PFE 0.21(0.58) 2.37(0.99)
STJF vs PFE 0.36(0.64) 2.30(0.99)
N vs CMM 2.13(0.98) 3.26(1.00)

STJF vs CMM 2.14(0.98) 2.92(1.00)

Note: The target variable used for both estimation and forecast evaluation and the corre-
sponding extreme event are shown in the column headers. The top panel displays the Brier
score of various density combination methods in the rows. For each variable, the lowest
value is in bold. For an explanation of the different abbreviations, please see the main text.
The bottom panel displays the Diebold and Mariano (1995) test statistics and p-values (in
parentheses, with rejection region in the left tail) comparing predictive accuracy measured
by the Brier score. Negative values indicate that the first method outperforms the second
one, ∗, ∗∗ and ∗∗∗ denote rejection at the 10%, 5% and 1% significance level, respectively.
The test statistics were calculated using the Newey and West (1987) HAC estimator with
one lag. The survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations
between 1998:Q3 and 2018:Q1.

5 Conclusion

This paper proposes a methodology to construct fixed-horizon density forecasts by combining
fixed-event ones. Survey density forecasts are an important application for this methodology; in
particular the US Survey of Professional Forecasters, for which fixed-horizon predictive densities
are not available. We show that, by estimating the weights according to our criterion, the fixed-
horizon combined predictive density appears to be correctly calibrated out-of-sample. In relative
terms, our combination scheme is fairly competitive and on par with the historical distribution of
point forecast errors or a stochastic volatility model fitted to forecast errors, and outperforms a
small Bayesian VAR with stochastic volatility. The improved performance is more pronounced for
GDP growth — but, when measured against the BVAR, also for inflation. Hence, our approach
makes the SPF densities more useful for policy analysis and communication.

Figure 13: Predicted probabilities of low growth and low inflation

(a) Pr(GDP growth ≤ 1%) (b) Pr(Inflation ≤ 1%)

Note: The figure shows according to each model the probabilities of either GDP growth or inflation being less than or
equal to 1% (left axis), along with the actual realization of the respective variable (solid blue line, right axis). For an
explanation of the different abbreviations, see the main text. The forecast target dates on the horizontal axis range
from 1998:Q3 to 2018:Q1. Shaded grey areas denote the periods when the predicted event (e.g. GDP growth ≤ 1%)
did in fact occur.
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t,q+h(k) ≡

(
F̂q+h (m)

t,q (k)− 1
[
yq+h

t,q ≤ k
])2

, (21)

which is precisely the integrand in Equation (19). Lower values of the Brier score correspond to
better predictions. The full-sample Brier score is defined analogously as

BS(m)(k) ≡ |T |−1 ∑
t∈T

BS(m)
t,q+h(k) . (22)

In the upper panel of Table 4 we can see the Brier scores of each model for predicting economic
downturns and low inflation. For both events, the CMM model is the most precise (in bold),
closely followed by the model based on past forecast errors. The lower panel of Table 4 displays
the Diebold and Mariano (1995) test statistics for equal predictive ability based on the Brier score
and the corresponding p-values (in parentheses). The p-values are calculated analogously to the
forecast comparison based on the CRPS earlier. When forecasting GDP growth, the combination
schemes with estimated weights outperform the BVAR, significantly so when combining normals,
while the rest of the comparisons are not significant (although the CMM model would be
significantly better than the combinations with estimated weights, based on a two-sided test).
When predicting low inflation, we can see again that most of the differences are not significant
at the 5% level (although the ad-hoc weighting scheme, the PFE and the CMM models would
outperform our proposed method). On the other hand, our proposed weight estimation scheme
significantly outperforms the BVAR. However, these results should be interpreted with caution,
as Figure 13 shows that these were indeed very rare events. We expect that the predictability of
tail events to improve if weights are selected to obtain correct calibration in the tails.
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Appendix

Appendix A Robustness Checks

A.1 An alternative skew t distribution, and recursively estimated BVAR and CMM
models

As explained in Section 3, the probabilistic GDP growth and inflation forecasts in the US SPF are
recorded in the form of probabilities assigned to pre-specified bins. However, for our analysis it is
necessary to have continuous predictive distributions as mixture components. As we mentioned,
several distributions are used in the literature, with the normal being the simplest and most
popular choice. Given the importance of skewed predictive distributions, based on both a number
of visibly skewed SPF histograms and the recent paper by Adrian et al. (2019), we also performed
our analysis using Jones and Faddy’s (2003) skew t distribution. However, this is not the only
skewed variant of distributions related to Student’s t distribution. In the statistics literature, the
skew t distribution proposed by Azzalini and Capitanio (2003) is a popular choice. Therefore, we
examined the robustness of our results by performing the analysis in Section 3 using Azzalini
and Capitanio’s (2003) skew t distribution. In its general form with location parameter µ, scale
parameter σ > 0, skewness parameter α and degrees of freedom parameter ν > 0, its PDF at
x ∈ R is given by

f (x; µ, σ, α, ν) =
2
σ

tν

(
x − µ

σ

)
Tν+1


α

x − µ

σ

√√√√ ν + 1

ν +
(

x−µ
σ

)2


 , (23)

where tν(·) and Tν+1(·) are the PDF of Student’s t distribution with degrees of freedom parameter
ν, and the CDF of Student’s t distribution with degrees of freedom parameter ν + 1, respectively.

Let θ = (µ, σ, α, ν)′ collect the parameters of this distribution. Unfortunately, the CDF of this
skew t distribution cannot be expressed in such a simple form as the CDF of Jones and Faddy’s
(2003) skew t distribution. Therefore, we numerically calculated the integral of the PDF when
fitting the CDF of Azzalini and Capitanio’s (2003) skew t distribution to the empirical CDFs
of the SPF predictions. Furthermore, we restricted the degrees of freedom parameter ν to be
greater than or equal to 4 to ensure the existence and finiteness of the fourth moment of the fitted
distribution. Hence, we considered the parameter space ΘAC = R × R+ × R × (4, ∞). In the
following analysis, we used the abbreviation STAC to index models whose mixture components
are skew t distributions of this form.

First, the estimated weights associated with the Azzalini and Capitanio (2003) skew t distribu-
tion shown in Figure A.1 are very similar to their counterparts in Figure 3.

Figure A.1: Weights on current year’s density forecast with Azzalini and Capitanio’s (2003) skew
t distribution

(a) GDP growth (skew t)
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(b) Inflation (skew t)
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Note: The two panels in the figure depict the estimated combination weights on current year’s density forecast
corresponding to every quarter for each variable. Qj denotes the jth quarter in the year.

Figure A.2 shows that when using Azzalini and Capitanio’s (2003) skew t distribution, the
means and standard deviations of the mixture distribution are very similar to the case when
using Jones and Faddy’s (2003) skew t distribution in the main text, both for GDP growth and
inflation.

Figures A.3 and A.4 show the predictive intervals obtained as mixtures of Azzalini and
Capitanio’s (2003) skew t distribution, for both GDP growth and inflation. As we can see, the
predictive intervals are visually indistinguishable from the ones in the main text obtained using
mixtures of Jones and Faddy’s (2003) skew t distribution. The same is true about the predicted
probabilities in Figure A.5.

Figure A.6 shows the predictive bands of BVAR and CMM models, where the parameters
are estimated in a recursive fashion, where the first estimation window coincides with the first
rolling window.

Tables A.1 to A.4 display the same forecast evaluation statistics as in the main text, adding the
results with the Azzalini and Capitanio (2003) distribution. Furthermore, we show results for the
BVAR and CMM models, where the parameters are estimated based on a recursive estimation
scheme. As we can see, the main conclusions are unchanged.
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As explained in Section 3, the probabilistic GDP growth and inflation forecasts in the US SPF are
recorded in the form of probabilities assigned to pre-specified bins. However, for our analysis it is
necessary to have continuous predictive distributions as mixture components. As we mentioned,
several distributions are used in the literature, with the normal being the simplest and most
popular choice. Given the importance of skewed predictive distributions, based on both a number
of visibly skewed SPF histograms and the recent paper by Adrian et al. (2019), we also performed
our analysis using Jones and Faddy’s (2003) skew t distribution. However, this is not the only
skewed variant of distributions related to Student’s t distribution. In the statistics literature, the
skew t distribution proposed by Azzalini and Capitanio (2003) is a popular choice. Therefore, we
examined the robustness of our results by performing the analysis in Section 3 using Azzalini
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where tν(·) and Tν+1(·) are the PDF of Student’s t distribution with degrees of freedom parameter
ν, and the CDF of Student’s t distribution with degrees of freedom parameter ν + 1, respectively.

Let θ = (µ, σ, α, ν)′ collect the parameters of this distribution. Unfortunately, the CDF of this
skew t distribution cannot be expressed in such a simple form as the CDF of Jones and Faddy’s
(2003) skew t distribution. Therefore, we numerically calculated the integral of the PDF when
fitting the CDF of Azzalini and Capitanio’s (2003) skew t distribution to the empirical CDFs
of the SPF predictions. Furthermore, we restricted the degrees of freedom parameter ν to be
greater than or equal to 4 to ensure the existence and finiteness of the fourth moment of the fitted
distribution. Hence, we considered the parameter space ΘAC = R × R+ × R × (4, ∞). In the
following analysis, we used the abbreviation STAC to index models whose mixture components
are skew t distributions of this form.

First, the estimated weights associated with the Azzalini and Capitanio (2003) skew t distribu-
tion shown in Figure A.1 are very similar to their counterparts in Figure 3.
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skewed variant of distributions related to Student’s t distribution. In the statistics literature, the
skew t distribution proposed by Azzalini and Capitanio (2003) is a popular choice. Therefore, we
examined the robustness of our results by performing the analysis in Section 3 using Azzalini
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where tν(·) and Tν+1(·) are the PDF of Student’s t distribution with degrees of freedom parameter
ν, and the CDF of Student’s t distribution with degrees of freedom parameter ν + 1, respectively.

Let θ = (µ, σ, α, ν)′ collect the parameters of this distribution. Unfortunately, the CDF of this
skew t distribution cannot be expressed in such a simple form as the CDF of Jones and Faddy’s
(2003) skew t distribution. Therefore, we numerically calculated the integral of the PDF when
fitting the CDF of Azzalini and Capitanio’s (2003) skew t distribution to the empirical CDFs
of the SPF predictions. Furthermore, we restricted the degrees of freedom parameter ν to be
greater than or equal to 4 to ensure the existence and finiteness of the fourth moment of the fitted
distribution. Hence, we considered the parameter space ΘAC = R × R+ × R × (4, ∞). In the
following analysis, we used the abbreviation STAC to index models whose mixture components
are skew t distributions of this form.

First, the estimated weights associated with the Azzalini and Capitanio (2003) skew t distribu-
tion shown in Figure A.1 are very similar to their counterparts in Figure 3.
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Figure A.1: Weights on current year’s density forecast with Azzalini and Capitanio’s (2003) skew
t distribution

(a) GDP growth (skew t)
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(b) Inflation (skew t)
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Note: The two panels in the figure depict the estimated combination weights on current year’s density forecast
corresponding to every quarter for each variable. Qj denotes the jth quarter in the year.

Figure A.2 shows that when using Azzalini and Capitanio’s (2003) skew t distribution, the
means and standard deviations of the mixture distribution are very similar to the case when
using Jones and Faddy’s (2003) skew t distribution in the main text, both for GDP growth and
inflation.

Figures A.3 and A.4 show the predictive intervals obtained as mixtures of Azzalini and
Capitanio’s (2003) skew t distribution, for both GDP growth and inflation. As we can see, the
predictive intervals are visually indistinguishable from the ones in the main text obtained using
mixtures of Jones and Faddy’s (2003) skew t distribution. The same is true about the predicted
probabilities in Figure A.5.

Figure A.6 shows the predictive bands of BVAR and CMM models, where the parameters
are estimated in a recursive fashion, where the first estimation window coincides with the first
rolling window.

Tables A.1 to A.4 display the same forecast evaluation statistics as in the main text, adding the
results with the Azzalini and Capitanio (2003) distribution. Furthermore, we show results for the
BVAR and CMM models, where the parameters are estimated based on a recursive estimation
scheme. As we can see, the main conclusions are unchanged.
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Figure A.2: Mean and standard deviation of four-quarter-ahead GDP growth and inflation
forecasts

(a) GDP growth, mean (b) GDP growth, standard deviation

(c) Inflation, mean (d) Inflation, standard deviation

Note: The figures show the mean and the standard deviation of the four-quarter-ahead GDP growth forecasts
(subfigures a and b) and inflation forecasts (subfigures c and d) of various methods at the corresponding target dates
ranging from 1998:Q3 to 2018:Q1. For an explanation of the different abbreviations, please see the main text. Shaded
areas are NBER recession periods.
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Figure A.3: Predictive intervals of four-quarter-ahead combined predictive densities, mixtures of
Azzalini and Capitanio’s (2003) skew t distribution using estimated weights

(a) GDP growth, skew t (b) Inflation, skew t

Note: The figure shows 90%, 70%, and 50% bands, corresponding to the 90%, 70%, and 50% equal-tailed predictive
intervals of the combined four-quarter-ahead predictive densities for GDP growth (left column) and inflation (right
column) based on the US SPF, using the proposed weight estimator. The dotted (blue) lines mark the realized values
of the variable of interest according to the first release. The forecast target dates on the horizontal axis range from
1998:Q3 to 2018:Q1. Shaded areas denote NBER recession periods.

Figure A.4: Predictive intervals of four-quarter-ahead combined predictive densities, mixtures of
Azzalini and Capitanio’s (2003) skew t distribution using ad-hoc weights

(a) GDP growth, skew t (b) Inflation, skew t

Note: The figure shows 90%, 70%, and 50% bands, corresponding to the 90%, 70%, and 50% equal-tailed predictive
intervals of the combined four-quarter-ahead predictive densities for GDP growth (left column) and inflation (right
column) based on the US SPF, using ad-hoc weights. The dotted (blue) lines mark the realized values of the variable of
interest according to the first release. The forecast target dates on the horizontal axis range from 1998:Q3 to 2018:Q1.
Shaded areas denote NBER recession periods.
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Figure A.4: Predictive intervals of four-quarter-ahead combined predictive densities, mixtures of
Azzalini and Capitanio’s (2003) skew t distribution using ad-hoc weights

(a) GDP growth, skew t (b) Inflation, skew t

Note: The figure shows 90%, 70%, and 50% bands, corresponding to the 90%, 70%, and 50% equal-tailed predictive
intervals of the combined four-quarter-ahead predictive densities for GDP growth (left column) and inflation (right
column) based on the US SPF, using ad-hoc weights. The dotted (blue) lines mark the realized values of the variable of
interest according to the first release. The forecast target dates on the horizontal axis range from 1998:Q3 to 2018:Q1.
Shaded areas denote NBER recession periods.
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Figure A.5: Predicted probabilities of low growth and low inflation with Azzalini and Capitanio’s
(2003) skew t distribution

(a) Pr(GDP growth ≤ 1%) (b) Pr(Inflation ≤ 1%)

Note: The figure shows according to each model the probabilities of either GDP growth or inflation being less than or
equal to 1% (left axis), along with the actual realization of the respective variable (solid blue line, right axis). For an
explanation of the different abbreviations, see the main text. The forecast target dates on the horizontal axis range
from 1998:Q3 to 2018:Q1. Shaded grey areas denote the periods when the predicted event (e.g. GDP growth ≤ 1%)
did in fact occur.
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Figure A.6: Predictive intervals of four-quarter-ahead predictive densities of recursively estimated
BVAR and CMM

(a) GDP growth, recursive BVAR (b) Inflation, recursive BVAR

(c) GDP growth, recursive CMM (d) Inflation, recursive CMM

Note: The figure shows 90%, 70%, 50% bands, corresponding to the recursively estimated Bayesian VAR’s (Panels
a and b) and recursively estimated CMM’s (Panels c and d) 90%, 70% and 50% equal-tailed predictive intervals for
GDP growth and inflation. The dotted blue lines mark the realized values of the variable of interest according to the
first release. The forecast target dates on the horizontal axis range from 1998:Q3 to 2018:Q1. Shaded areas are NBER
recession periods.
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Table A.1: Absolute forecast evaluation: uniformity of PIT

GDP growth Inflation

KS CvM KS CvM

N 0.93(0.51) 0.19(0.60) 1.16(0.27) 0.40(0.23)
STJF 0.94(0.52) 0.25(0.48) 0.91(0.48) 0.30(0.32)

STAC 0.96(0.49) 0.25(0.48) 1.02(0.36) 0.32(0.30)

N (ah) 0.96(0.47) 0.26(0.46) 1.68(0.06) 0.90(0.05)
STJF(ah) 1.03(0.40) 0.29(0.42) 1.71(0.05) 0.82(0.06)

STAC(ah) 1.03(0.40) 0.30(0.41) 1.71(0.05) 0.82(0.06)

BVAR (rolling) 2.29(0.00) 1.87(0.00) 1.27(0.28) 0.28(0.50)
BVAR (recursive) 1.47(0.12) 0.64(0.13) 1.01(0.41) 0.24(0.45)

PFE 1.72(0.05) 0.62(0.12) 1.45(0.18) 0.53(0.18)
CMM (rolling) 1.72(0.05) 0.73(0.12) 1.44(0.17) 0.46(0.25)

CMM (recursive) 1.69(0.06) 0.78(0.11) 1.40(0.19) 0.43(0.27)

Note: The table displays the Kolmogorov–Smirnov (KS) and Cramér–von Mises (CvM) test
statistics and p-values of the null hypothesis of uniformity of PITs (in parentheses) for different
target variables (in the column headers) and models (in rows). For an explanation of the
different abbreviations, see the main text. The p-values are calculated using the block weighted
bootstrap proposed by Rossi and Sekhposyan (2019), with block length � = 4 and 10,000
bootstrap replications. The cases in which uniformity cannot be rejected at the 10% level
are reported in bold. The survey dates range from 1997:Q4 to 2017:Q2, with corresponding
realizations between 1998:Q3 and 2018:Q1.

Table A.2: Absolute forecast evaluation: coverage

GDP growth Inflation

50% 70% 50% 70%

N 49.4(0.92) 67.1(0.66) 55.7(0.36) 73.4(0.54)
STJF 48.1(0.77) 63.3(0.31) 53.2(0.61) 73.4(0.52)

STAC 48.1(0.77) 63.3(0.31) 53.2(0.61) 73.4(0.52)

N (ah) 41.8(0.19) 57.0(0.06) 63.3(0.04) 81.0(0.03)
STJF(ah) 41.8(0.19) 57.0(0.06) 60.8(0.09) 81.0(0.03)

STAC(ah) 41.8(0.19) 57.0(0.06) 60.8(0.09) 81.0(0.03)

BVAR (rolling) 46.8(0.62) 69.6(0.95) 40.5(0.14) 55.7(0.03)
BVAR (recursive) 49.4(0.93) 67.1(0.66) 51.9(0.78) 68.4(0.78)

PFE 65.8(0.02) 77.2(0.22) 63.3(0.04) 77.2(0.20)
CMM (rolling) 49.4(0.93) 59.5(0.12) 51.9(0.77) 69.6(0.95)

CMM (recursive) 48.1(0.78) 59.5(0.11) 51.9(0.77) 73.4(0.56)

Note: The table displays empirical coverage rates and the two-sided p-values of the null
hypothesis that a given coverage rate equals its nominal counterpart (in parentheses) for
different target variables at different nominal coverage rates (in the column headers) and
models (in rows). For an explanation of the different abbreviations, see the main text. The test
statistics were calculated using the Newey and West (1987) HAC estimator with one lag. The
cases in which the null hypothesis cannot be rejected at the 10% level are reported in bold. The
survey dates range from 1997:Q4 to 2017:Q2, with corresponding realizations between 1998:Q3
and 2018:Q1.
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Table A.3: Relative forecast evaluation: CRPS

GDP growth Inflation

N 0.75 0.34
STJF 0.75 0.34

STAC 0.75 0.54
N (ah) 0.79 0.33

STJF(ah) 0.79 0.33
STAC(ah) 0.79 0.34

BVAR (rolling) 0.90 0.45
BVAR (recursive) 0.88 0.39

PFE 0.76 0.32
CMM (rolling) 0.72 0.32

CMM (recursive) 0.72 0.32

N vs N (ah) −0.99(0.16) 0.98(0.84)
STJF vs STJF(ah) −1.35(0.09)∗ 1.19(0.88)

STAC vs STAC(ah) −1.37(0.09)∗ 1.08(0.86)
N vs BVAR (rolling) −1.93(0.03)∗∗ −3.22(0.00)∗∗∗

N vs BVAR (recursive) −1.90(0.03)∗∗ −1.76(0.04)∗∗

STJF vs BVAR (rolling) −2.04(0.02)∗∗ −3.14(0.00)∗∗∗

STAC vs BVAR (rolling) −1.94(0.03)∗∗ 0.47(0.68)
STJF vs BVAR (recursive) −1.96(0.03)∗∗ −1.63(0.05)∗

STAC vs BVAR (recursive) −1.82(0.04)∗∗ 0.79(0.78)
N vs PFE −0.16(0.44) 0.74(0.77)

STJF vs PFE −0.32(0.37) 0.94(0.83)
STAC vs PFE −0.24(0.41) 1.12(0.87)

N vs CMM (rolling) 0.84(0.80) 0.92(0.82)
N vs CMM (recursive) 1.07(0.86) 0.88(0.81)
STJF vs CMM (rolling) 0.55(0.71) 1.12(0.87)

STAC vs CMM (rolling) 0.60(0.73) 1.14(0.87)
STJF vs CMM (recursive) 0.76(0.78) 1.07(0.86)

STAC vs CMM (recursive) 0.80(0.79) 1.13(0.87)

Note: The target variable used for both estimation and forecast evaluation is
shown in the column headers. The top panel displays the Continuous Ranked
Probability Score (CRPS) of various density combination methods in the rows.
For each variable, the lowest value is in bold. For an explanation of the different
abbreviations, please see the main text. The bottom panel displays the Diebold
and Mariano (1995) test statistics and p-values (in parentheses, with rejection
region in the left tail) comparing predictive accuracy measured by the CRPS.
Negative values indicate that the first method outperforms the second one, ∗, ∗∗

and ∗∗∗ denote rejection at the 10%, 5% and 1% significance level, respectively.
The test statistics were calculated using the Newey and West (1987) HAC es-
timator with one lag. The survey dates range from 1997:Q4 to 2017:Q2, with
corresponding realizations between 1998:Q3 and 2018:Q1.
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Note: The target variable used for both estimation and forecast evaluation is
shown in the column headers. The top panel displays the Continuous Ranked
Probability Score (CRPS) of various density combination methods in the rows.
For each variable, the lowest value is in bold. For an explanation of the different
abbreviations, please see the main text. The bottom panel displays the Diebold
and Mariano (1995) test statistics and p-values (in parentheses, with rejection
region in the left tail) comparing predictive accuracy measured by the CRPS.
Negative values indicate that the first method outperforms the second one, ∗, ∗∗

and ∗∗∗ denote rejection at the 10%, 5% and 1% significance level, respectively.
The test statistics were calculated using the Newey and West (1987) HAC es-
timator with one lag. The survey dates range from 1997:Q4 to 2017:Q2, with
corresponding realizations between 1998:Q3 and 2018:Q1.
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Table A.4: Relative forecast evaluation: Brier score

GDP growth ≤ 1% Inflation ≤ 1%

N 0.072 0.124
STJF 0.073 0.122

STAC 0.072 0.121
N (ah) 0.076 0.115

STJF(ah) 0.076 0.113
STAC(ah) 0.076 0.113

BVAR (rolling) 0.096 0.140
BVAR (recursive) 0.092 0.128

PFE 0.070 0.108
CMM (rolling) 0.063 0.108

CMM (recursive) 0.062 0.107

N vs N (ah) −0.59(0.28) 2.63(1.00)
STJF vs STJF(ah) −0.55(0.29) 2.70(1.00)

STAC vs STAC(ah) −0.64(0.26) 2.67(1.00)
N vs BVAR (rolling) −1.33(0.09)∗ −1.62(0.05)∗

N vs BVAR (recursive) −1.30(0.09)∗ −0.75(0.23)
STJF vs BVAR (rolling) −1.26(0.10) −1.78(0.04)∗∗

STAC vs BVAR (rolling) −1.30(0.10)∗ −1.81(0.04)∗∗

STJF vs BVAR (recursive) −1.22(0.11) −1.04(0.15)
STAC vs BVAR (recursive) −1.27(0.10) −1.09(0.14)

N vs PFE 0.21(0.58) 2.37(0.99)
STJF vs PFE 0.36(0.64) 2.30(0.99)

STAC vs PFE 0.28(0.61) 2.29(0.99)
N vs CMM (rolling) 2.13(0.98) 3.26(1.00)

STJF vs CMM (rolling) 2.14(0.98) 2.92(1.00)
STAC vs CMM (rolling) 2.10(0.98) 2.89(1.00)
N vs CMM (recursive) 2.28(0.99) 3.19(1.00)

STJF vs CMM (recursive) 2.30(0.99) 2.93(1.00)
STAC vs CMM (recursive) 2.26(0.99) 2.91(1.00)

Note: The target variable used for both estimation and forecast evaluation and the
corresponding extreme event are shown in the column headers. The top panel
displays the Brier score of various density combination methods in the rows. For each
variable, the lowest value is in bold. For an explanation of the different abbreviations,
please see the main text. The bottom panel displays the Diebold and Mariano (1995)
test statistics and p-values (in parentheses, with rejection region in the left tail)
comparing predictive accuracy measured by the Brier score. Negative values indicate
that the first method outperforms the second one, ∗, ∗∗ and ∗∗∗ denote rejection at
the 10%, 5% and 1% significance level, respectively. The test statistics were calculated
using the Newey and West (1987) HAC estimator with one lag. The survey dates
range from 1997:Q4 to 2017:Q2, with corresponding realizations between 1998:Q3
and 2018:Q1.

Table A.4: Relative forecast evaluation: Brier score

GDP growth ≤ 1% Inflation ≤ 1%

N 0.072 0.124
STJF 0.073 0.122

STAC 0.072 0.121
N (ah) 0.076 0.115

STJF(ah) 0.076 0.113
STAC(ah) 0.076 0.113

BVAR (rolling) 0.096 0.140
BVAR (recursive) 0.092 0.128

PFE 0.070 0.108
CMM (rolling) 0.063 0.108

CMM (recursive) 0.062 0.107

N vs N (ah) −0.59(0.28) 2.63(1.00)
STJF vs STJF(ah) −0.55(0.29) 2.70(1.00)

STAC vs STAC(ah) −0.64(0.26) 2.67(1.00)
N vs BVAR (rolling) −1.33(0.09)∗ −1.62(0.05)∗

N vs BVAR (recursive) −1.30(0.09)∗ −0.75(0.23)
STJF vs BVAR (rolling) −1.26(0.10) −1.78(0.04)∗∗

STAC vs BVAR (rolling) −1.30(0.10)∗ −1.81(0.04)∗∗

STJF vs BVAR (recursive) −1.22(0.11) −1.04(0.15)
STAC vs BVAR (recursive) −1.27(0.10) −1.09(0.14)

N vs PFE 0.21(0.58) 2.37(0.99)
STJF vs PFE 0.36(0.64) 2.30(0.99)

STAC vs PFE 0.28(0.61) 2.29(0.99)
N vs CMM (rolling) 2.13(0.98) 3.26(1.00)

STJF vs CMM (rolling) 2.14(0.98) 2.92(1.00)
STAC vs CMM (rolling) 2.10(0.98) 2.89(1.00)
N vs CMM (recursive) 2.28(0.99) 3.19(1.00)

STJF vs CMM (recursive) 2.30(0.99) 2.93(1.00)
STAC vs CMM (recursive) 2.26(0.99) 2.91(1.00)

Note: The target variable used for both estimation and forecast evaluation and the
corresponding extreme event are shown in the column headers. The top panel
displays the Brier score of various density combination methods in the rows. For each
variable, the lowest value is in bold. For an explanation of the different abbreviations,
please see the main text. The bottom panel displays the Diebold and Mariano (1995)
test statistics and p-values (in parentheses, with rejection region in the left tail)
comparing predictive accuracy measured by the Brier score. Negative values indicate
that the first method outperforms the second one, ∗, ∗∗ and ∗∗∗ denote rejection at
the 10%, 5% and 1% significance level, respectively. The test statistics were calculated
using the Newey and West (1987) HAC estimator with one lag. The survey dates
range from 1997:Q4 to 2017:Q2, with corresponding realizations between 1998:Q3
and 2018:Q1.
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Appendix B Further Robustness Results

This section shows further robustness studies, where we assess the correct calibration of the
component densities in Figure B.1, and an example of local identification of the combination
weights in Figure B.2.

Figure B.1: Calibration of component distributions

(a) GDP growth, current year
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(b) GDP, next year
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(c) Inflation, current year
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(d) Inflation, next year

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Empirical

Theoretical

5% Critical Value

Note: The figure shows the empirical CDFs of the current year and next year densities for GDP growth and inflation
from the Survey of Professional Forecasters (after fitting the Jones and Faddy, 2003 skew t distribution), the CDF of
the PITs under the null hypothesis of correct calibration (the 45 degree line) and the 5% critical values bands based on
the Kolmogorov-Smirnov test in Rossi and Sekhposyan (2019), using their bootstrapped critical values.
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Figure B.2: Local identification of parameter vector in the 1997:Q4 SPF round, inflation

Note: The figure shows the value of the objective function in Equation (12) (vertical axis) as a function of the parameter
vector (θ1, θ2) when combining Jones and Faddy (2003) skew t distributions of inflation in the 1997:Q4 SPF round. The
vertical spike at (0.0015,−0.0015) marks the optimum.
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