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Abstract

Recently, Aruoba et al. (2016) provided several estimates of historical U.S.
GDP growth (GDPplus), adopting a measurement-error perspective. By
distinguishing news and noise measurements errors and allowing for data re-
visions, we propose a new measure for U.S. GDP growth based on releases
of expenditure-side estimates of GDP (GDE) and income-side estimates of
GDP (GDI). Our measure is more persistent than GDE and GDI and has
smaller residual variance. It has a similar autoregressive coefficient but smal-
ler residual variance than GDPplus. Historical decompositions of GDE and
GDI measurement errors reveal a larger news share in GDE than in GDI.
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1 Introduction

Unlike most developed nations, U.S. national accounts feature distinct estimates of

real output based on the expenditure approach (GDE) and the income approach

(GDI), see Figure 1. While these should be identical in theory, measurement errors

result in discrepancies between the two estimates, as is well-known from the data

reconciliation literature initiated by Stone, Champernowne and Meade (1942).1

Figure 1: U.S. GDP growth: Expenditure side vs. income side

2000 2002 2004 2006 2008 2010 2012 2014
-10

-8

-6

-4

-2

0

2

4

6

8

10

GDP
I

GDP
E

A series of recent articles has examined the extent to which future revisions in

one series may be predicted by the other, as well as whether a weighted combin-

ation of the two series gives an improved estimate of real output. Key papers in

this literature include Fixler and Nalewaik (2009), Nalewaik (2010, 2011a, 2011b,

2012), Greenaway-McGrevy (2011), and Aruoba et al. (2012, 2016). Underlining

1The same applies to the production-based estimate of output. See e.g. the study of Rees,
Lancaster and Finlay (2015) on Australian GDP.
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the perceived importance of this issue for forecasting and current analysis, the Fed-

eral Reserve Bank of Philadelphia draws on the above work to show estimates of a

combined indicator (GDPplus), which they feature as an indicator of recent eco-

nomic performance.2 Yet, GDPplus is subject to important revision, as shown in

Figure 2.

Figure 2: GDPplus in real-time

2011 2012 2013 2014
0

1

2

3

4

5

6

GDPplusNov.2014

GDPplusMay2015

GDPplusJan.2016

GDPplusOct.2016

Various vintages of GDPplus according to the estimates of the Federal Reserve Bank of Phil-

adelphia.

In this paper we reconcile GDE and GDI in a real-time data environment using

a multivariate extension of Jacobs and van Norden (2011, henceforth JvN), to de-

compose measurement errors into news and noise. We discuss identification through

real-time data and news-noise assumptions. No additional variables or assumptions

are needed like in Aruoba et al. (2016). We compute a new GDP series, GDP++,

2See http://www.philadelphiafed.org/research-and-data/real-time-center/gdpplus/
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that takes data revisions into account, and compare the new GDP++ series to GDE,

GDI and GDPplus. In addition we provide a historical decomposition of GDE and

GDI into news and noise shocks.

Much of this work has been motivated by a desire to improve forecasts of GDP

growth or turning points.3 However, it also poses serious questions about the extent

to which fluctuations in output growth have been mis-measured. One approach to

assessing the severity of the measurement error has been to compare GDE growth

estimates with those from a dynamic factor model which also incorporates GDI

and perhaps other variables as well, see for example Aruoba et al. (2016). However,

standard factor models applied in this setting typically assume that measurements

are noise. This forces the estimated growth factor to be less volatile than the series

upon which it is based.4 In contrast, our framework allows for both news and noise

errors, where noise implies that measurement errors are uncorrelated with the unob-

served “true” value, and “news” implies that measurement errors are uncorrelated

with available information. This in turn allows the latent growth factor to be more

volatile or less volatile than the observed series.

The paper is structured as follows. In Section 2 we present our econometric

framework, including identification. We show that our system is identified using

real-time data and news-noise assumptions. In Section 3 we describe our data and

estimation method. Results are shown in Section 4. Section 5 concludes.

3See for example Nalewaik (2011b) or Diebold’s published discussion following Nalewaik (2010).
4As an example, consider the special case where GDI perfectly measures “true” output and

GDP captures only some of this variation and is less variable than GDI. A simple factor model
based only on GDI and GDP growth assumes that the additional volatility in GDI growth reflects
measurement error and will interpret the reduced variability of GDP growth estimate as a sign of
better accuracy. As a result, it will place more weight on GDP than GDI even though the optimal
weights would be (0, 1).
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2 Econometric Framework

Our point of departure is the dynamic-factor measurement error model of Aruoba

et al. (2016), in which GDE and GDI are measures of latent true GDP , GDP+.

Similar to Aruoba et al. we work with growth rates of GDE, GDI and GDP+ and

we assume that the true GDP growth rate follows AR(1) dynamics:

GDEt
GDIt

 =

1

1

GDP+
t +

εEt
εIt

 (1)

GDP+
t = µ(1− ρ) + ρGDP+

t−1 + εGt, (2)

where

[εEt, εIt, εGt, ]
′ ∼ N(0,Σ).

Moving to a real-time data environment, we have l releases on GDEt and GDIt,

and for each release of GDEt and GDIt news and noise measurement errors, denoted

as νjEt, ν
j
It and ζjEt, ζ

j
It (j = 1, . . . , l), respectively:

GDEL
t = [GDE1

t , . . . , GDE
l
t]
′, GDILt = [GDI1t , . . . , GDI

l
t ]
′,

νLEt = [ν1Et, . . . , ν
l
Et]
′, νLIt = [ν1It, . . . , ν

l
It]
′

ζLEt = [ζ1Et, . . . , ζ
l
Et]
′, ζLIt = [ζ1It, . . . , ζ

l
It]
′.

News errors are correlated with the true GDP growth rate: E[GDP++
t , νLt ] 6= 0,

while noise errors are orthogonal to the true GDP growth rate E[GDP++
t , ζLt ] = 0.

The measurement equation (1) can now be rewritten as

GDEL
t

GDILt

 =

ιl
ιl

GDP++
t +

νLEt
νLIt

+

ζLEt
ζLIt

 , (3)
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where ιl is a l × 1 vector of ones.

Following the state-space representation of Durbin and Koopman (2012), and

including the news and noise measurement errors into the state vector α, we get the

JvN model with two observed variables and one dynamic factor

measurement equation

GDEL
t

GDILt

 = Zαt (4)

state equation αt =

ρ 0

0 0

αt−1 +Rηt, (5)

where the state vector αt = [GDP++
t , νLEt

′
, νLIt

′
, ζLEt

′
, ζLIt

′
]′ ; Z = [ι2l, I2l, I2l], where I2l

is an (2l×2l)-identity matrix; R =



1 ι′l ι′l 0 0

0 −U 0 0 0

0 0 −U 0 0

0 0 0 Il 0

0 0 0 0 Il


, where U is an upper tri-

angular matrix of ones; and the errors ηt =
[
ηGt, η

L
Eνt
′
, ηLIνt

′
, ηLEζt

′
, ηLIζt

′
]′
∼ N(0, D).

Below, we decompose total revisions of GDE and GDI into news and noise. We

illustrate the decomposition for GDE. Suppose, we have l releases of GDEt

GDE1
t = ρGDP++

t−1 + ηGt + η1Eζt

GDE2
t = ρGDP++

t−1 + ηGt + η1Eνt + η2Eζt

... =
...

GDEl
t = ρGDP++

t−1 + ηGt + η1Eνt + ...+ ηl−1Eνt + ηlEζt.

Then the total revision of GDE can be written as

GDEl
t −GDE1

t = η1Eνt + ...+ ηl−1Eνt︸ ︷︷ ︸
News

+ ηlEζt − η1Eζt︸ ︷︷ ︸
Noise

. (6)

5



Identification

The system is identified using real-time data and news-noise assumptions. For details

see the Appendix.

3 Data and Estimation

Data

We use monthly vintages of quarterly series provided by the Bureau of Economic

Analysis (BEA). For GDE we employ the Advance, the Third, the 12th and the

24th releases, and Second/Third, 12th and the 24th releases for GDI. The sample

we cover is 2003Q1–2014Q3.

Estimation

We employ Markov Chain Monte Carlo (MCMC) methods to obtain posterior sim-

ulations for our model’s parameters (see, e.g., Kim and Nelson 1999). We use

conjugate and diffuse priors for the coefficients and the variance covariance matrix,

resulting into a multivariate normal posterior for the coefficients and an inverted

Wishart posterior for the variance covariance matrix. For the prior for the coeffi-

cients restricted to zero we assume the mean to be zero and variance to be close to

zero.

Our Gibbs sampler has the following structure. We first initialize the sampler

with values for the coefficients and the variance covariance matrix. Conditional

on data, the most recent draw for the coefficients and for the variance covariance

matrix, we draw the latent state variables αt for t = 1, ..., T using the procedure

described in Carter and Kohn (1994). In the next step, we conditional on data, the

most recent draw for the latent variable αt and for the variance covariance matrix,

drawing the coefficients from a multivariate normal distribution. Finally, conditional
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on data, the most recent draw for the latent variables and the coefficients, we draw

the variance covariance matrix from an inverted Wishart distribution. We cycle

through 100K Gibbs iterations, discarding the first 90K as burn-in. Of those 10K

draws we save only every 10th draw, which gives us in total 1000 draws on which we

base our inference. Convergence of the sampler was checked by studying recursive

mean plots and by varying the starting values of the sampler and comparing results.

4 Results

Here we compare our measure of GDP to releases of GDE and GDI in four different

ways: (i) in graphs, (ii) looking at historical decompositions, (iii) by investigating

dynamics, and (iv) by calculating relative contributions.

Comparison of GDP++ and releases of GDE and GDI

In Figure 3 we compare our new GDP measure, GDP++, with shaded posterior

ranges (90% of probability mass) to the four releases of GDE we employed in the

estimation, the Advance, third, the 12th and the 24th release. There is some evid-

ence that the releases are more volatile than the true values GDP++. We observe

that the releases are outside the posterior bounds for some periods. This observation

holds especially for the Advanced release and the 24th release; in some periods, like

e.g. 2010Q1, the Advance release and the 24th release are on different sides of the

posterior range.
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Figure 3: GDP++ vs. GDE
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The blue line represents the posterior mean of GDP++, the “true” value, and the shaded area

around the blue line indicates 90% of posterior probability mass. The green line represents the

advance estimate, the purple line is the second estimate, the red line the 12th release and the

orange line the 24th release of expenditure side GDP growth.

Figure 4 shows our new GDP measure, GDP++, together with shaded posterior

ranges (90% of probability mass) and the three releases of GDI we employed in the

estimation, the Second/Third, the 12th and the 24th release. The releases fluctuate

around the posterior bounds of the true values. The GDI releases are more volatile

than the true values GDP++. The releases of GDI are also much more volatile than

the releases of GDE. Note that the sample paths of GDPM and GDE and GDI in

Aruoba et al. (2016, Figure 3) show a different picture than our Figures 3 and 4.

GDE differs more from their GDP measure than GDI.
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Figure 4: GDP++ vs. GDI
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The blue line represents the posterior mean of GDP++, the “true” value, and the shaded area

around the blue line indicates 90% of posterior probability mass. The purple line is the second/third

estimate, the red line the 12th release and the orange line the 24th release of income side GDP

growth.

Historical decomposition

Our econometric framework (4)-(5) allows the historical decomposition of GDE and

GDI in terms of news and noise measurement errors based on the decomposition

described in (6). The outcomes are shown in Figure 5. The top panel shows total

revisions in GDE with news and noise shares, the bottom panel total GDE revisions

with news and noise shares.
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Figure 5: Historical Decompositions

GDE

2004 2006 2008 2010 2012 2014
-4

-3

-2

-1

0

1

2

3

Total revision

News

Noise

GDI

2004 2006 2008 2010 2012 2014
-5

-4

-3

-2

-1

0

1

2

3

Total revision

News

Noise

Historical decomposition of the total revision (24th release minus second estimate) into news and

noise. The red bars depict the share of news and the green bars the share of noise in total revision

(grey line). The historical decomposition is based on the decomposition described in (6).
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We observe that total revisions in GDI, the bottom panel, are larger than total

revisions in GDE, a stylized fact which can also be distilled from the previous

two figures. Eye-balling the two panels suggests that the news share in total GDE

revisions is larger than the noise share. The opposite seems to hold for total revisions

in GDI. This observation is in line with Fixler and Nailewaik (2009), who reject

the pure noise assumption in GDI.

Dynamics of GDP++ and other GDP measures

In Figure 6 we depict the (ρ, σ2) pairs summarizing the dynamics of our true GDP

estimate across all draws. We contrast the (ρ, σ2) pairs corresponding to ourGDP++

estimate to the (ρ, σ2) pairs obtained when fitting an AR(1) model to second releases

of GDE, and GDI, and the eight different models estimated in Aruoba et al. (2016).

Figure 6 reveals that our real-time data based estimate of GDP is somewhat less

persistent than the GDPplus measure of Aruoba et al. (2016), but exhibits a higher

persistence than the estimates for GDE and GDI. We also find that the posterior

mean of the innovation variance of our GDP++ is much smaller than the innovation

variances of GDE, GDI and the eight different models Aruoba et al. (2016). The

combination of a ρ that is close to those implied by the various models estimated

in Aruoba et al. (2016) and a σ2 that is much smaller than the ones implied by

Aruoba et al. (2016) leads to a higher forecastability of the GDP++ measure.
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Figure 6: GDP Dynamics
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The green shaded area consists of (ρ, σ2) pairs across draws, the light green dot is the posterior

mean of the (ρ, σ2) pairs across draws, the blue dots represent the posterior mean estimates of the

eight different models described in Aruoba et al. (2016, Figure 5) and the red dots are (ρ, σ2) pairs,

resulting from AR(1) models fitted to expenditure side GDP and income side GDP, respectively.

Relative contributions of GDE and GDI to GDP++

To assess the relative importance of GDI and GDE at different releases, we use the

Kalman gains. The outcomes are listed in Table 1.

Table 1: Kalman Gains

GDE GDI
Advance 0.0600 -
Third 0.0200 -
12th 0.2465 0.2578
24th Release 0.2178 0.0861
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Annual releases are most important. Kalman gains are fairly high for the 12th

releases of GDE and GDI—and the 24th release of GDE. We also find that GDE

releases are more important for explaining GDP than GDI releases, in contrast to

Aruoba et al. (2016).

5 Conclusion

In this paper we proposed a new measure of U.S. GDP growth using real-time data

on GDE and GDI. Our measure is shown to be more persistent than GDE and

GDI and has smaller residual variance. In addition it has a similar autoregressive

coefficient but smaller residual variance than the GDP measure GDPplus of Aruoba

et al. (2016). Historical decompositions of GDE and GDI measurement errors

reveal a larger news share in GDE than in GDI.
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Appendix

This appendix first analyzes the identification of the univariate state space system

in Jacobs and van Norden (2011), using the procedure described in Komunjer and

Ng (2011) and Aruoba et al. (2016). Thereafter, identification of the model of the

present paper in discussed.

Identification in the univariate, two vintage JvN

framework

The state space form of the Jacobs and van Norden (JvN) model with two vintages

and no spillovers can be expressed as

y1t
y2t

 =

1 1 0 1 0

1 0 1 0 1





ỹt

ν1t

ν2t

ζ1t

ζ2t


, (A.1)



ỹt

ν1t

ν2t

ζ1t

ζ2t


=



ρ 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0





ỹt−1

ν1t−1

ν2t−1

ζ1t−1

ζ2t−1


+



1 1 1 0 0

0 −1 −1 0 0

0 0 −1 0 0

0 0 0 1 0

0 0 0 0 1





ηt,ỹ

η1t,ν

η2t,ν

η1t,ζ

η2t,ζ


, (A.2)

where yit for i = 1, 2 denotes the different releases, ỹt is the “true” value of the

variable of interest, νit and ζ it for i = 1, 2 are the news and the noise components and

ηit,ν and ηit,ζ for i = 1, 2 are the news and the noise shocks, [ηt,ỹ η
1
t,ν η

2
t,ν η

1
t,ζ η

2
t,ζ ]
′ ∼

N(0, H) with H = diag(σ2
ỹ, σ

2
ν1, σ

2
ν2, σ

2
ζ1, σ

2
ζ2), where diag denotes a diagonal matrix.
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The system in (A.1) and (A.2) can also be written as

y1t
y2t

 =

1

1

 ỹt +

0 1 0 1 0

0 0 1 0 1





ωt,ỹ

ω1
t,ν

ω2
t,ν

ω1
t,ζ

ω2
t,ζ


, (A.3)

ỹt = ρỹt−1 +

[
1 0 0 0 0

]


ωt,ỹ

ω1
t,ν

ω2
t,ν

ω1
t,ζ

ω2
t,ζ


, (A.4)

where ωt,ỹ = ηt,ỹ + η1t,ν + η2t,ν , ω
1
t,ν = −η1t,ν − η2t,ν , ω2

t,ν = −η2t,ν , ω1
t,ζ = η1t,ζ , ω

2
t,ζ = η2t,ζ

and [ωt,ỹ ω
1
t,ν ω

2
t,ν ω

1
t,ζ ω

2
t,ζ ]
′ ∼ N(0,Σ) with variance-covariance matrix Σ defined as

Σ =



Σỹỹ Σỹν1 Σỹν2 0 0

Σν1ỹ Σν1ν1 Σν1ν2 0 0

Σν2ỹ Σν2ν1 Σν2ν2 0 0

0 0 0 Σζ1ζ1 0

0 0 0 0 Σζ2ζ2


, (A.5)

where

Σỹỹ = σ2
ỹ + σ2

ν1 + σ2
ν2, Σỹν1 = −σ2

ν1 − σ2
ν2,

Σỹν2 = −σ2
ν2, Σν1ν1 = σ2

ν1 + σ2
ν2, Σν1ν2 = σ2

ν2, (A.6)

Σν2ν2 = σ2
ν2, Σζ1ζ1 = σ2

ζ1, Σζ2ζ2 = σ2
ζ2,
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which implies

Σỹν1 = −Σν1ν1,

Σỹν2 = −Σν2ν2, (A.7)

Σν2ν2 = Σν1ν2.

Moreover, consider the following restriction

σ2
ν2 = 0, (A.8)

which is justified due to the fact that the second release news shock corresponds to

information outside the sample and is thus not needed.

Aruoba et al. (2016) show that a state space system described in Equations

(A.3) and (A.4) is not identified with Σ unrestricted and identified under certain

restrictions on elements of Σ. We now study whether the restrictions implied by

JvN lead to an identified system following the procedure described in Aruoba et al.

(2016).

Theorem 1. Suppose that Assumptions 1, 2, 4-NS and 5-NS of Komunjer and Ng

(2011) hold. Then according to Proposition 1-NS of Komunjer and Ng (2011), the

state space model described in (A.1) and (A.2) is identified given the restrictions

implied by (A.1), (A.2) and (A.8).

Proof of Theorem 1. We begin by rewriting the state space model in (A.3) and (A.4)

to match the notation used in Komunjer and Ng (2011)

xt+1 = A(θ)xt +B(θ)εt+1 (A.9)

zt+1 = C(θ)xt +D(θ)εt+1, (A.10)

where xt = ỹt, zt = [y1t y
2
t ]
′ ,εt = [ωt,ỹ ω

1
t,ν ω

2
t,ν ω

1
t,ζ ω

2
t,ζ ]
′, A(θ) = ρ, B(θ) = [1 0 0 0 0],
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C(θ) = [ρ ρ]′,

D(θ) =

1 1 0 1 0

1 0 1 0 1


and θ = [ρ σ2

ỹ σ
2
ν1 σ

2
ν2 σ

2
ζ1 σ

2
ζ2]
′.

Given that Σ is positive definite and 0 ≤ ρ < 1, Assumption 1 and 2 of Komunjer

and Ng (2011) are satisfied. Given that D(θ)ΣD(θ)′ is nonsingular also Assumption

4-NS of Komunjer and Ng (2011) is satisfied. Rewriting the state space model in

(A.9) and (A.10) into its innovation representation gives

x̂t+1|t+1 = A(θ)x̂t|t +K(θ)at+1 (A.11)

zt+1 = C(θ)x̂t|t + at+1, (A.12)

where K(θ) is the Kalman gain and at+1 is the one-step ahead forecast error of

zt+1 with variance Σa(θ). The Kalman gain and the variance of the one-step ahead

forecast error for this system can be expressed as

K(θ) = (pρC ′ + ΣBD)(pCC ′ + ΣDD)−1 (A.13)

Σa(θ) = pCC ′ + ΣDD, (A.14)

where p is the variance of the state vector, solving the following Riccati equation

p = pρ2 + ΣBB − (pρC ′ + ΣBD)(pCC ′ + ΣDD)−1(pρC + ΣDB). (A.15)

and ΣBB = BΣB′, ΣBD = BΣD′, ΣDD = DΣD′ with
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ΣBB = Σỹỹ,

ΣBD =

[
Σỹỹ + Σỹν1 Σỹỹ + Σỹν2

]
, (A.16)

ΣDD =

Σỹỹ + 2Σỹν1 + Σν1ν1 + Σζ1ζ1 .

Σỹỹ + Σỹν1 + Σν2ỹ + Σν2ν1 Σỹỹ + 2Σỹν2 + Σν2ν2 + Σζ2ζ2

 .
By using the definitions in (A.6), the expressions in (A.16) can also be written as

ΣBB = σ2
ỹ + σ2

ν1 + σ2
ν2, ΣBD =

[
σ2
ỹ σ2

ỹ + σ2
ν1

]
,

ΣDD =

σ2
ỹ + σ2

ζ1 .

σ2
ỹ σ2

ỹ + σ2
ν1 + σ2

ζ2

 . (A.17)

Assumption 5-NS of Komunjer and Ng (2011) relates to the controllability and

observability of state space systems. The state space system in (A.3) and (A.4) is

controllable if the matrix [K(θ) A(θ)K(θ)] has full row rank and it is observable if

the matrix [C(θ)′ A(θ)′C(θ)′] has full column rank and is thus said to be minimal.

To show that Assumption 5-NS is satisfied, first note that ΣBB−ΣBDΣ−1DDΣDB is

the Schur complement of Ω, the variance covariance matrix of the joint distribution

of xt+1 and zt+1, with respect to ΣDD where

Ω =

ΣBB ΣBD

ΣDB ΣDD

 .
Because Ω is a positive definite matrix, also its Schur complement is positive definite

thus leading to ΣBB −ΣBDΣ−1DDΣDB > 0. Now to show that this inequality leads to

p > 0, we use the following lemma
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Lemma 1. Assume A and (A+B) are invertible and that rank(B) = 1, then

(A+B)−1 = A−1 − 1

1 + tr(BA−1)
A−1BA−1.

We can now use Lemma 1 to rewrite Equation (A.15) as

p = pρ2 + ΣBB − (pρC ′ + ΣBD)Σ−1DD(pρC + ΣDB)

+
p

g
(pρC ′ + ΣBD)Σ−1DDCC

′Σ−1DD(pρC + ΣDB), (A.18)

where g = 1 + ptr(CC ′Σ−1DD). After some manipulations we find the following quad-

ratic equation

ap2 + bp+ c = 0, (A.19)

with

a = −tr(CC ′Σ−1DD),

b = (ρ− ΣBDΣ−1DDΣDB)2 + tr(CC ′Σ−1DD)(ΣBB − ΣBDΣ−1DDΣDB)− 1,

c = ΣBB − ΣBDΣ−1DDΣDB.

The necessary and sufficient conditions for p > 0 are
√
b2 − 4ac > 0 and −b−

√
b2−4ac
2a

>

0. The first condition leads to b2 + 4tr(C ′Σ−1DDC)(ΣBB − ΣBDΣ−1DDΣDB) > 0 and

the second to tr(C ′Σ−1DDC)(ΣBB −ΣBDΣ−1DDΣDB) > 0 Since ΣDD is positive definite

(thus tr(C ′Σ−1DDC) > 0) both conditions are satisfied if ΣBB − ΣBDΣ−1DDΣDB > 0.

Given also that A(θ) = ρ ≥ 0 and C(θ) ≥ 0, we obtain K(θ) 6= 0 and thus

Assumption 5-NS is satisfied.
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Now Proposition 1-NS of Komunjer and Ng (2011) can be applied, which implies

that two vectors

θ0 = [ρ σ2
ỹ,0 σ

2
ν1,0 σ

2
ν2,0 σ

2
ζ1,0 σ

2
ζ2,0]

′

and

θ1 = [ρ σ2
ỹ,1 σ

2
ν1,1 σ

2
ν2,1 σ

2
ζ1,1 σ

2
ζ2,1]

′

are observationally equivalent iff there exists a scalar τ 6= 0 such that

A(θ1) = τA(θ0)τ
−1 (A.20)

K(θ1) = τK(θ0) (A.21)

C(θ1) = C(θ0)τ
−1 (A.22)

Σa(θ1) = Σa(θ0). (A.23)

Given that A(θ) = ρ, it follows from Equation (A.20) that ρ0 = ρ1 and thus we can

deduce from (A.22) that γ = 1. Hence, by using Equations (A.13) and (A.14), the

conditions (A.21) and (A.23) can be expressed as

K1 = K0 = (p0ρC
′ + ΣBD0)(pCC

′ + ΣDD0)
−1 (A.24)

Σa1 = Σa0 = p0CC
′ + ΣDD0, (A.25)

where p0 solves the following Riccati equation

p0 = p0ρ
2 + ΣBB0 −K0(p0ρC + ΣDB0). (A.26)
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Equations (A.24) to (A.26) are satisfied if and only if

p1(1− ρ2)− ΣBB1 = p0(1− ρ2)− ΣBB0 (A.27)

p1ρC
′ + ΣBD1 = p0ρC

′ + ΣBD0 (A.28)

p1CC
′ + ΣDD1 = p0CC

′ + ΣDD0. (A.29)

Without loss of generality let

Σỹỹ,1 = Σỹỹ,0 + δ(1− ρ2) (A.30)

leading to

ΣBB,1 = ΣBB,0 + δ(1− ρ2). (A.31)

We now proceed by splitting the analysis into two cases.

Case 1: δ = 0. From (A.27) we obtain p1 = p0. (A.28) hence implies σ2
ỹ,1

= σ2
ỹ,0

and σ2
ν1,1 = σ2

ν1,0 and given that Σỹỹ,1 = Σỹỹ,0 it follows σ2
ν2,1 = σ2

ν2,0. (A.29) implies

that ΣDD1 = ΣDD0 and thus σ2
ζ1,1 = σ2

ζ1,0 and σ2
ζ2,1 = σ2

ζ2,0, leading to the fact that

θ1 = θ0.

Case 2: δ 6= 0. From (A.27) we obtain p1 = p0 + δ. From (A.28) it follows

σ2
ỹ,1 = σ2

ỹ,0 − δρ2 and σ2
ν1,1 = σ2

ν1,0. (A.32)

Moreover, (A.27) gives

σ2
ν2,1 = σ2

ν2,0 + δ. (A.33)

Finally, the equations in (A.29) lead to

σ2
ζ1,1 = σ2

ζ1,0 and σ2
ζ2,1 = σ2

ζ2,0. (A.34)
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Note that (A.6) and (A.32) to (A.34) result into

Σ1 =



Σỹỹ,0 + δ(1− ρ2) Σỹν1,0 − δ Σỹν2,0 − δ 0 0

Σν1ỹ,0 − δ Σν1ν1,0 + δ Σν1ν2,0 + δ 0 0

Σν2ỹ,0 − δ Σν2ν1,0 + δ Σν2ν2,0 + δ 0 0

0 0 0 Σζ1ζ1 0

0 0 0 0 Σζ2ζ2


. (A.35)

Finally, from (A.33) and (A.34) it follows that δ = 0.

Identification in the multivariate framework of the

present paper

To be done.
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