Optimal Density Forecast Combinations

Gergely Ganics

Banco de Espafia
gergely.ganics@bde.es

13th Annual Conference on Real-Time Data Analysis, Methods and Applications
Banco de Espaiia

October 19, 2017

Disclaimer: The views expressed herein are those of the author and should not be attributed to the
Banco de Espafia or the Eurosystem.


gergely.ganics@bde.es

What is a density forecast?

@ Density forecasts provide a probabilistic description of
uncertainty surrounding forecasts.
@ Q: Where do we use them?
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What is a density forecast?

@ Density forecasts provide a probabilistic description of
uncertainty surrounding forecasts.

o Q: Where do we use them?

@ A: Weather forecasts, traffic forecasts, economics, ...

Figure: October 2016 Monetary Policy Report, Bank of Canada
Year-over-year percentage change, quarterly data
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The problem of density forecast combinations

@ Survey of Professional Forecasters: large-scale, quarterly
macroeconomic survey maintained by the Philadelphia Fed.

Figure: Forecasters' predictions for US AGDP in 2015 as of 2015:Q1
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Note: Normal approximation based on midpoints of bins. Original bins: -3% to 6% with 1% increments.
@ Equal weights seem to perform well.
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The problem of density forecast combinations

@ Survey of Professional Forecasters: large-scale, quarterly
macroeconomic survey maintained by the Philadelphia Fed.

Figure: Forecasters' predictions for US AGDP in 2014 as of 2014:Q1

3r Forecaster #1
—O— Forecaster #2
—#— Forecaster #3
ok = = = Equal weights
Realization
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Note: Normal approximation based on midpoints of bins. Original bins: -3% to 6% with 1% increments.
@ Equal weights seem to perform well.

@ Forecasts display patterns over time. 250



The problem of density forecast combinations: Summary

@ Combining densities: hedging against extremes.

@ Predictive distributions are complex objects, unlike point
forecasts.
© Equal weights often perform well, but ...
o ...do not depend on data.
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The problem of density forecast combinations: Summary

© Combining densities: hedging against extremes.

@ Predictive distributions are complex objects, unlike point
forecasts.

© Equal weights often perform well, but ...

o ...do not depend on data.

o .. .excellent forecasts receive just as much weight as
implausible ones.

o ...do not help understanding models' performance over time.

@ Why not exploit information on past forecasting performance?

Can we do better?

YES!

| propose a formal, data-driven method to combine density
forecasts, targeting the true conditional predictive density.
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Contribution

@ Consistent estimator of weights that minimize discrepancy
between combined forecast density and true predictive density
(optimality) using goodness-of-fit statistics:

o Kolmogorov—Smirnov, Cramer—von Mises, Anderson—Darling
(Kullback—Leibler Information Criterion).
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Contribution

@ Consistent estimator of weights that minimize discrepancy
between combined forecast density and true predictive density
(optimality) using goodness-of-fit statistics:

o Kolmogorov—Smirnov, Cramer—von Mises, Anderson—Darling
(Kullback—Leibler Information Criterion).

@ Monte Carlo simulations support the proposed methodology.

e Recommendation for practitioners: use estimators based on
Anderson—Darling statistic or the KLIC.

© Empirical application: predicting US industrial production one

month ahead using simple ARDL models.
o Models’ weights display time variation.
o First study to find that spread and stock returns were valuable
for density forecasts during the Great Recession (Ng and

Wright (2013): point forecasts).
o Housing data was of great help before and after the crisis.
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Roadmap

@ Motivation

© Econometric framework
@ Theory: building blocks
o Theory: results

© Monte Carlo results
@ Empirical application

@ Data and models
@ Results
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Motivation

Why and how to combine forecasts?

@ Why combine density forecasts?
@ Miisspecification.
@ Parameter estimation uncertainty, structural breaks.
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Motivation

Why and how to combine forecasts?

@ Why combine density forecasts?

@ Misspecification.

@ Parameter estimation uncertainty, structural breaks.
@ How to combine density forecasts?

@ Large literature on density and point forecast evaluation
(Diebold et al., 1998; Corradi and Swanson, 2006a,b,c; Rossi
and Sekhposyan, 2013, 2014, 2016).

@ Numerous theoretical and empirical results on optimal point
forecast combinations (Bates and Granger, 1969; Stock and
Watson, 2004; Cheng and Hansen, 2015).

© Few results on density forecast combinations (Hall and
Mitchell, 2007; Geweke and Amisano, 2011; Kapetanios et al.,
2015).
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Motivation

Why and how to combine forecasts?

@ Why combine density forecasts?

@ Misspecification.

@ Parameter estimation uncertainty, structural breaks.
@ How to combine density forecasts?

@ Large literature on density and point forecast evaluation
(Diebold et al., 1998; Corradi and Swanson, 2006a,b,c; Rossi
and Sekhposyan, 2013, 2014, 2016).

@ Numerous theoretical and empirical results on optimal point
forecast combinations (Bates and Granger, 1969; Stock and
Watson, 2004; Cheng and Hansen, 2015).

© Few results on density forecast combinations (Hall and
Mitchell, 2007; Geweke and Amisano, 2011; Kapetanios et al.,
2015).

Consistent estimator of density combination weights is of
theoretical and practical importance.
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Theory: building blocks
Theory: results

Econometric framework

© Econometric framework
@ Theory: building blocks
@ Theory: results
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Theory: building blocks

Econometric framework
Theory: results

Notation | — Forecasting environment

Vet is the variable of interest and X; is a vector of predictors.
We want to forecast h periods ahead, h < oo and fixed.

At forecast origin f, the researcher estimates models
m=1,..., M in rolling windows of size R, where each
estimation is based on the truncated information set J;_,_,,
containing information between t — R + 1 and t.

The total number of estimation windows is G.

At each t, each model m implies a predictive density with
typical element ¢, (ven|J;_poq)-
% n(Ye+nlIi_g,1) is the true conditional density.
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Econometric framework Theory: building blocks
Theory: results

Notation | — Illustration of estimation scheme
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Notation | — Illustration of estimation scheme
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Econometric framework Theory: building blocks
Theory: results

Notation | — Illustration of estimation scheme
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Econometric framework Theory: building blocks
Theory: results

Notation | — Illustration of estimation scheme
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Theory: building blocks

Econometric framework
Theory: results

Notation || — Combining density forecasts

o Researcher uses the convex combination of a set of M
predictive densities:

M
d’tc+h(Yt+h|3:—R+1) = Z Wm¢§1h()/t+h|3§—R+1)- (1)

m=1

@ Definition of probabilistic calibration: for a given w

M
> Wb Tn(VernlTiogi1) = Gipn(vesnlTi-rin)- (2)
m=1

Objective of this paper

Estimation of weights w € AM~1,
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Theory: building blocks

Econometric framework
Theory: results

Notation Il — Measuring (dis)similarity of distributions

o Probability integral transform or PIT is the combined CDF
evaluated at the realization (Rosenblatt, 1952; Diebold et al.,
1998):

Yi+h
_ C C
PIT . h = / S a7t Rip)dy = O, (VesnlTt gis).-
— 00

o Kullback-Leibler Information Criterion (KLIC): the expected
difference between true and combined log densities (White,
1994; Hall and Mitchell, 2007):

KLIC(¢:+h(Yt+h|j§—R+1)v ¢1:C+h()/t+hwtt-—R+1)) =
Ey {log ¢7 1 n(vernlIt_ry1)} — Ege {log ¢tc+h(Yt+h’3§—R+1)} .

o The first term does not depend on w.
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Econometric framework Theory: building blocks
Theory: results

What makes a density forecast “good” and how to obtain it?

e Optimality: given the information (models) available at the
forecast origin, we want to ensure that the combined forecast
is probabilistically calibrated or as close to it as possible.

@ Probabilistic calibration <= PIT;, ~ (0,1) (Corradi and
Swanson, 2006¢; Gneiting et al., 2007). Does not assume
knowledge of true DGP.

@ Measures of closeness:

o PIT-based: Kolmogorov—Smirnov, Cramer—von Mises and

Anderson—Darling statistics.
o Likelihood-based: KLIC.

Idea of this paper

Take a set of forecasting models and minimize the statistic
of choice over combination weights w € AM~1,
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Uniformity of the PIT |

o Optimistic forecaster:
Otiq (yes1]9t_ 1) = N(2.90,0.15%).

o Uncertain forecaster:
G (Ver1|Ti_py1) = N(2.45,0.26%).
@ “Oracle™

O 1 (ver1]9t_gi1) = 0.5M(2.90,0.15%) + 0.5/ (2.45,0.262) .
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Forecasters' predictive densities 13/30



Uniformity of the PIT Il
Figure: CDFs of PITs
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Uniformity of the PIT Il - different weights

(a) Predictive densities
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Uniformity of the PIT Il - different weights

(a) Predictive densities
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Uniformity of the PIT Il - different weights

(a) Predictive densities
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Econometric framework Theory: building blocks
Theory: results

Formal statistical problem |

o Vertical difference between CDF of PIT and uniform CDF (45°
line) at quantile r € [0, 1]:

V(r,w)=P(PITerph<r)—r (3)
@ Sample counterpart:

f—h

Ve(rw)=G1 Y 1[PITgn<r—r (4)
t=f—G—h+1
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Theory: building blocks

Econometric framework
Theory: results

Formal statistical problem |l

o Statistics used as objective functions, Tg(w):

Ke(w) = sup |Vg(r, w)] (Kolmogorov—=Smirnov)
ref0,1]
1
Ce(w) E/ W2 (r,w)dr (Cramer—von Mises)
0
TWE(rw) .
Ac(w) :/0 mdr (Anderson—Darling)
1 f—h
KLICg(w) =~ > logdfia(yernlTi_gy1) (KLIC)
t=f—G—h+1

o Estimate w by minimizing the statistic of choice, formally:

w = argmin Tg(w) (5)
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Theory: building blocks

Econometric framework
Theory: results

Assumptions and consistency result

e M-estimators, proof builds on Newey and McFadden (1994),
leading to strongly consistent estimators.

@ Main assumptions:

{(yt, X!)'} is weakly dependent (¢- or a-mixing).

Combined CDF &, , (y¢1n|Jt_g. 1) is continuously distributed.

Combined pdf ¢¢, ,(ven|It_g. 1) is dominated (KLIC).

Rolling window estimation scheme: R < o0 as G, T — o0,

1 < h < oo and fixed.

e Standard identification condition allowing for misspecification.

Theorem 1 (Consistency)

Under the assumptions stated above, the estimators are

. .o~ as.
strongly consistent as G — oo, that is w — w*, where
w* is the (pseudo) true weight vector.
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Monte Carlo results

© Monte Carlo results
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Monte Carlo results

Monte Carlo results in a nutshell

@ Consistency is clearly demonstrated.
@ Favorable results even for samples of size G = 200.

© Estimator based on Anderson—Darling or KLIC statistic is
recommended in practice (lowest MSE).

@ The paper contains a number of Monte Carlo simulations, all
supporting the conclusions above:

o AR processes with high/low persistence,
e Bi- and trimodal densities,
o Mixture of ARCH + AR models.
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Data and models
Results

Empirical application

@ Empirical application
@ Data and models
@ Results
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Data and models
Results

Empirical application

Empirical application

Figure: Annualized US IP growth between March 1960 and February 2016
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Note: Shaded areas are NBER recession periods.

e Predicting US industrial production (IP) growth one month
ahead, using the Anderson—Darling objective function. 2230



Data and models
Results

Empirical application

Modeling approach

Following Stock and Watson (2003), Granger and Jeon (2004),
Giirkaynak et al. (2013) and Rossi and Sekhposyan (2014), |
consider linear Autoregressive Distributed Lag (ARDL) models:

1 1
iid
Ytr1=cCc+ Zﬁj)’t—j + Z’ijt—j + Vo241, 141 I'I”N(O’ 1)

j=0 j=0

@ y; is annualized US IP growth, x; is either New Private
Housing Permits, ISM : New Orders Index, S&P 500, Moody's
Baa Spread or () (pure AR(2)). Data from May 2016 vintage
of FRED-MD (McCracken and Ng, 2016).

o All five models estimated in rolling windows of R = 120
months, weights calculated over G = 180 months.

o Forecast target dates March 1985 — February 2016 (P = 372
months), which is the out-of-sample evaluation period.
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Data and models
Results

Empirical application

Benchmarks

@ KLIC (Hall and Mitchell, 2007; Geweke and Amisano, 2011).
@ AR(2)-N (Del Negro and Schorfheide, 2013).

© Equal weights (Kascha and Ravazzolo, 2010; Rossi and
Sekhposyan, 2014).

O (Bayesian Information Criterion, Bayesian Model Averaging).
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What do we learn from equal weights?

The uninformativeness of equal weights

0.3
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0.1

0 T T T T T T T T T T T T
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Housing = NOI ¥ S&P500 M Spread - - AR(2)-N
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Time variation of estimated weights 1985:M3 — 2016:M2

Anderson—Darling weights
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What did we learn about the models?

No single model dominates the model set.
Considerable time-variation of well-performing models.

Anderson—Darling weights have economic meaning.

Housing permits contains valuable predictive information
before and after the Great Recession.

S&P 500 and corporate spread receive large weights during the
crisis. This is beyond the results of Ng and Wright (2013)!
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Empirical results - PITs

Figure: Normalized histograms of PITs
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Note: Horizontal red dashed line corresponds to uniform density. 28/30



Data and models
Results

Empirical application

The Anderson—Darling weights pass tests of uniformity!

Test statistics and p-values (in parentheses) of Rossi and Sekhposyan's
(2016) test. Hg : PIT is uniformly distributed.

Models Kolmogorov—Smirnov Cramer—von Mises
AD weights 0.90 (0.38) 0.24 (0.22)
KLIC weights 1.28 (0.08) 0.42 (0.06)
Equal weights 1.39 (0.05) 0.50 (0.04)
AR(2)-N 1.31 (0.08) 0.40 (0.09)

Note: p-values calculated with the HAC estimator by Newey and West
(1987) using |0.75PY/3 | = 5 lags. Number of Monte Carlo simulations was
200,000
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Conclusions and further research

@ Consistent weight estimator for density forecast combinations.

@ Theoretically appealing and works well in Monte Carlo
simulations.

© Empirical application the proposed framework delivers high
quality density forecasts of US industrial production,
outperforming the equal weights benchmark!

© Weights are economically meaningful (housing bubble and
leverage/spread).

© First paper to find these patterns for density forecasts (Ng and
Wright (2013): point forecasts only).

O Potential extensions:

o Penalized estimation of w, biasing to zero.
o Testing for structural breaks.
o Financial applications, such as Value-at-Risk.
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The End

Thank you for your attention!



Additional results

Ml Knowledge of true DGP not required

Bl Monte Carlo DGP with estimated parameters
Ml Additional empirical results
o
o

In-sample fit

Robustness check
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Example inspired by Corradi and Swanson (2006b,c)

@ True DGP for y;11 is a stationary normal AR(2) process.
e True predictive density of y;;1 conditional on Z; = {y:, yr—1}:

G5 1 (ver1|Ze) = N(arye + aoye—1,07). (6)

@ The distribution of y; .1 conditional on y; alone is also normal,

Ot 1 (Verlye) = N(aye, %) (7)

o If the researcher uses the AR(1) model instead of the AR(2)
model, the forecast is still probabilistically calibrated, as given
the information set (y:), the predictive density is correct.

Probabilistic calibration does not require knowledge of the
true DGP.
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Monte Carlo setup

o Constant and constant plus ARCH(1) model

M1y = ¢ +veg

M2:yi1 =0+ \/0'2 418t U%tJrl = Qg +Ozl€?
with Vtyl NN(O 0'1) and Ett1 ™~ " (0, 1)
@ DGP is a mixture of M1 and M2 with (wi, wy)" = (0.4,0.6)’.
@ Irrelevant M3 matches first 2 moments of true density:
iid

M3 :yti1 = 3+ e ey ~N(0,03)

@ 3= wiC + Wwoép and 0’% = Wlfff + W28%t+1
Table: Parameters of M1, M2 and M3

Model c o2 oo a1
M1 1 0.3 - -
M2 1 — 0.2 0.2
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te Carlo — Histograms, w

KS CvM AD KLIC

G =200

500

G =

2000

G

[ weights of normal density (M1) Il weights of ARCH density (M2) [l weights of irrelevant density (M3)

Note: Histograms and kernel density estimates based on 2000 MC replications.
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Further benchmarks

@ Bayesian Information Criterion (Schwarz (1978); Kass and
Raftery (1995); Hoeting et al. (1999)):

f-1

BICm=-2 Y l0g/m(ye+1|27: Om) + kmlog(R).  (8)
t=f—R

o Bayesian Model Averaging (Kass and Raftery (1995); Hoeting
et al. (1999); Rossi and Sekhposyan (2014)):

o — E?xp(—O.SBIC,,,) . 9)
> 7, exp(—0.5BIC;)
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Time variation of estimated weights 1985:M3 — 2016:M2

Anderson—Darling weights
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Time variation of estimated weights 1985:M3 — 2016:M2

BIC weights
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Empirical results - PITs

Figure: Normalized histograms of PITs
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Note: Horizontal red dashed line corresponds to uniform density.
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Tests of uniformity of PITs

Rossi and Sekhposyan (2016) test on correct specification of conditional
predictive densities. Hg : PIT is uniformly distributed.

Models Kolmogorov—Smirnov Cramer—von Mises
AD weights 0.90 (0.38) 0.24 (0.22)
KLIC weights 1.28 (0.08) 0.42 (0.06)
Equal weights 1.39 (0.05) 0.50 (0.04)
AR(2)-N 1.31 (0.08) 0.40 (0.09)
BIC 1.16 (0.18) 0.32 (0.17)
BMA 1.28 (0.11) 0.38 (0.12)

Note: Test statistic (p-value). p-values calculated with the HAC
estimator by Newey and West (1987) using [0.75P/*| = 5 lags.
Number of Monte Carlo simulations was 200,000.
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Did in-sample fit drive weig

Figure: Ratios of inverse in-sample residual variances
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Note: The sample period (end of the last rolling window of size R = 120) starts in February 1985 and
ends in January 2016, with a total number of P = 372 months. Housing stands for Housing Permits, NOI
is ISM: New Orders Index, while Spread is Moody's Baa Corporate Bond Yield minus Fed funds rate.
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Adding US house price index to the set of predictors

With house prices

Without house prices
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