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Abstract

This paper models a near-rational agent who chooses from a set of feasible alternatives,
subject to a cost function for precise decision-making. Unlike previous papers in the “control
costs” tradition, here the cost of decisions is explicitly interpreted in terms of time. That
is, by choosing more slowly, the decision-maker can achieve greater accuracy. Moreover, the
timing of the choice is itself also treated as a costly decision.

A tradeoff between the precision and the speed of choice becomes especially interesting
in a strategic situation, where each decision maker must react to the choices of others. Here,
the model of costly choice is applied to a sequential bargaining game. The game closely
resembles that of Perry and Reny (1993), in which making an offer, or reacting to an offer,
requires a positive amount of time. But whereas Perry and Reny treat the decision time
as an exogenous fixed cost, here we allow the decision-maker to vary precision by choosing
more or less quickly.

Numerical simulations of bargaining equilibria closely resemble those of the Binmore,
Rubinstein, and Wolinsky (1983) framework, except that the time to reach agreement is
nonzero. In contrast to the model of Perry and Reny, we find that rejecting an offer and
proposing an alternative are not equivalent, and that equilibrium is unique when the space
of possible offers is continuous.

Keywords: Bargaining, control costs, logit equilibrium, near rationality, sticky wages.
JEL Codes: C72, C78, D81

1 Introduction1

Frictions are essential in macroeconomic modeling. Empirically-oriented DSGE models, follow-
ing Christiano, Eichenbaum, and Evans (2005), Smets and Wouters (2003), and Gertler, Sala,
and Trigari (2008), often feature sticky prices, sticky wages, investment adjustment costs, con-
sumption habits, and search and matching in the labor market, among other frictions. Similarly,
errors are essential in game theory. Theoretical models often fit experimental data better under
equilibrium concepts that incorporate errors in choice, such as quantal response equilibrium
(McKelvey and Palfrey 1995, 1998), or its special case, logit equilibrium. In addition, equilib-
rium concepts such as trembling hand equilibrium (Selten 1975), quantal response equilibrium,

1Discussions with Galo Nuño and Filip Matejka were very helpful for getting this project started; the paper
builds on previous work with Anton Nakov. I have also received helpful comments from Henrique Basso, Espen
Moen, Pascal Michaillat, Plamen Nenov, and Ernesto Villanueva, and from seminar participants at the Banco de
España, the Univ. of Murcia, UC Santa Cruz, Univ. Carlos III, and CEF2014. Views expressed here are those of
the author and do not necessarily coincide with those of the Bank of Spain or the Eurosystem.
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and control cost equilibrium (Stahl 1990; Van Damme, 1991, Chapter 4; Mattsson and Weibull
2002) have been useful for resolving some behavioral puzzles associated with fully rational Nash
equilibria, and as robustness criteria for selecting between multiple equilibria that occur under
full rationality (Goeree and Holt 1999, 2001; Anderson, Goeree, and Holt 2002).

Control cost equilibria are based on the assumption that errors occur because decisions are
costly. In particular, a decision is conceived as a random variable distributed over a set of
possible actions, and the cost of the decision is assumed to be an increasing function of the
precision of that random variable. The player maximizes the payoffs that would obtain in the
fully rational game, net of decision costs. Typically, a player optimally spreads probability across
many possible actions (thus committing “errors”) rather than concentrating all probability on a
single action, because the latter is excessively costly. Thus, players are sufficiently sophisticated
to consider the costs and limitations of their own choice process when they make decisions,
which is an appealing property. Note, however, that the costs of choice are likely to include
time used up in the decision. This suggests that the time taken up by choice should not only
be subtracted out of the player’s net payoffs— it should also have strategic implications. That
is, time used up on one decision is time that cannot be devoted to other decisions, and may
represent an opportunity for other players to take actions of their own. Therefore, the time used
up in decisions should be reflected in the extensive form of the game.

Accordingly, this paper explores the implications of control cost equilibrium when we take
seriously the role of time in decision-making. The model, developed in Section 2, studies a
decision-maker (DM) who can choose quickly or slowly, and can make a more accurate decision
by choosing more slowly.2 As in previous papers on control costs, “choosing” means allocating
probability across a set of feasible actions.3 Unlike previous papers, the DM is also assumed to
control the arrival rate of the decision. Holding fixed other uses of time, a slower arrival rate
implies more time dedicated to the decision, and this, by assumption, permits a more precise
allocation of probabilities across the action set. While a variety of statistics could serve as
measures of precision, this paper focuses on a special case in which precision is measured by
relative entropy. This proves analytically convenient, because the probability of each feasible
action can then be written in the form of a logit (as in Mattsson and Weibull, 2002). More
precisely, we will see that measuring precision by relative entropy helps us obtain an interior
solution, and guarantees some convenient invariance properties that help us understand the
implied choice behavior.

In addition to the time-consuming, error-prone choice across feasible actions, the model treats
the timing of the choice as a time-consuming, error-prone decision too. Under the functional
forms assumed in the paper, the timing of the choice is determined by a weighted binary logit (as
in Woodford, 2008). Considering errors on both margins— the choice itself, and the timing of
the choice— actually simplifies the analysis, because it helps rule out corner solutions. While the
model can have several types of corner solutions in the limiting case where timing is perfectly
rational (see Section 2.1), it has a well-behaved interior solution when timing is error prone
(Section 2.4). Interestingly, the model implies a relationship between the accuracy of decision-
making across the two margins (the choice itself, and its timing), as well as a relation between
the accuracy of decision-making and the value of time. These implications of the model may be
empirically testable, especially in the laboratory.

As an application, Section 3 builds the model of costly decisions into a game where two

2Rubinstein (2013) presents experimental evidence that slower decisions are more accurate.
3For a discussion of decisions as random variables, see Machina (1985) or Chapter 2 of Anderson et al. (1992).
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players bargain to split a pie. Time-consuming, error-prone choice is assumed both at the stage
of offering a share to the other player, and at the stage of accepting or rejecting the other player’s
proposal. The game closely resembles that of Perry and Reny (1993), in which two players make
offers to split a pie, and making an offer, or reacting to an offer, requires a nonnegative amount
of time. But whereas Perry and Reny treat the decision time as an exogenous fixed cost, and
assume that all decisions are optimal, here the decision-maker can vary precision by choosing
more or less quickly. Also, while Perry and Reny equate rejecting an offer with making an
alternative offer, the present model implies that the former is simpler than the latter. Therefore
the average equilibrium time to agreement is longer in Sec. 3.1, where we simulate a bargaining
game in which rejection requires a player to propose an alternative, than it is under the protocol
studied in Sec. 3.2, where players can just say “no”.

Sections 3.3-3.5 further explore the structure of bargaining equilibria by numerical simula-
tion. The equilibria are very similar to those of the Binmore, Rubinstein, and Wolinsky (1983)
framework, except that the time to reach agreement is nonzero. The simulations explore the
comparative statics of the game, including the case where splitting the pie is less valuable than
the option of continuing without agreement. Finally, we explore uniqueness of equilibrium.
While the game of Perry and Reny (1993) has multiple equilibria in which players receive differ-
ent bargaining shares, in our game we find a unique equilibrium as long as the space of possible
offers is continuous. Section 4 concludes.

1.1 Related literature

This paper is closely related to previous work on sequential bargaining under complete infor-
mation, including Rubinstein (1982), and Binmore, Rubinstein, and Wolinsky (1983). Wolinsky
(1987) and Hall and Milgrom (2005) have emphasized the implications of bargaining theory for
wages in matching models. Perry and Reny (1993) studied bargaining when making offers, or
responding to offers, requires a fixed, nonnegative quantity of time. Merlo and Wilson (1995,
1998) and Merlo and Tang (2010) study bargaining games where the pie may evolve randomly
over time.

However, the motivation for this paper comes more directly from the author’s previous
work on price stickiness. Costain and Nakov (2014) showed that a control cost approach is
fruitful for modeling microdata on intermittent retail price adjustment. They showed that
two types of errors were relevant for the empirical success of their model. Errors in which
price to set, conditional on adjustment, help explain a number of empirical puzzles on retail
prices; errors in the timing of adjustment help explain the macroeconomic finding of significant
monetary nonneutrality. They argued that their model of intermittent, error-prone adjustment
was potentially applicable to many contexts other than retail prices; the present paper explores
how the framework can be extended to analyze play in extensive-form games.

Another motivation for the present paper is that it may help unify the analysis of several
margins present in labor market models. Cheremukhin, Restrepo-Echevarria, and Tutino (2012)
have shown how a matching function can be derived from a model of costly choice over a set
of partners (who are themselves, likewise, engaged in costly choice). The present paper uses
a cost function very similar to that of Cheremukhin et al. to describe another labor market
phenomenon, namely, wage bargaining. Since the time to reach agreement is strictly positive
(in contrast to Rubinstein (1982) and many related models) the present model could also be
applied to duration data on wage negotiations and/or strikes. After a bargain is accepted,
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the same model of error-prone timing could be applied to each partner’s option to reopen the
negotiations, which is a natural way of modeling wage stickiness. Likewise, this decision model
could be applied to each partner’s separation decision. Indeed, wage stickiness and separation
could be treated jointly in this framework, as Barro (1977) advocated.

Thus, control cost equilibrium offers a single microfoundation for a number of frictions that
are typically viewed as distinct, including nominal rigidities and matching frictions. Applying a
single model of frictions to all margins could make them easier to calibrate and compare, and
offers empirical implications about how the degree of errors varies across margins over time.
Control cost models were initially developed as a more structured alternative to trembling hand
equilibrium, imposing the property that more costly errors should be less likely (van Damme,
1991, Chapter 4). Starting with Stahl (1990), many papers have shown independently how an
entropy-related cost function can microfound logit decision rules (Marsili, 1999; Mattsson and
Weibull, 2002; Bono and Wolpert, 2009; Matejka and MacKay, 2011). Similar cost functions
have been used to model other limitations on rationality, as in the model uncertainty approach
of Hansen and Sargent (2007). Control cost models are also influential in the engineering and
machine learning literature; see for example Todorov (2009) and Theodorou, Dvijotham, and
Todorov (2013). In the machine learning context, as in the reinforcement learning literature
in economics (see Baron et al., 2002), control costs are applied to backward-looking behavior,
whereas in the present paper they are applied to forward-looking behavior.

The rational inattention model of Sims (1998, 2003) is also a general friction applicable to
many different types of decisions, and it is quite similar to a control cost approach. Indeed,
the papers of Woodford (2008) and Cheremukhin et al. (2012) both study rational inattention
models. The main difference between a rational inattention model and a control cost model is
that the former places a constraint on information flow (measured in terms of entropy), while
the latter places a constraint on the precision of the decision (entropy is then one possible
functional form for measuring precision). In other words, the frameworks address two different
“stages” of the decision process: the initial stage of obtaining information necessary for the
decision, and the final stage of actually making a choice conditional on that information. In
reality, both these stages are likely to be costly, and both have the same primary implication:
an imperfect correlation between an agent’s true state and its action. But there is an important
technical advantage to modeling the second stage, rather than the first: the rational inattention
approach implies a much higher-dimensional model, since the decision-maker’s state variable is
his prior (which in most contexts is a high-dimensional object). Moreover, the present approach
is particularly well-suited to describing control variables that are adjusted intermittently, making
this model applicable in a variety of interesting economic contexts, such as nominal stickiness,
formation and dissolution of relationships, and portfolio adjustment, to name just a few.

2 Choosing when to solve a problem: a “control cost” approach

2.1 One costly decision

The paper begins by analyzing a single costly decision, which will subsequently form the building
blocks of a sequential bargaining game. We regard a decision as a random variable distributed
across a set of possible alternatives. The cost of making a choice is that it requires time. The
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Figure 1: A decision that requires time.

One costly decision:One costly decision:
Time t: Node C: DM

Nature
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Node C

…π2 πn

Time t+Δ: V1 V2 Vn

Game ends

Note: Decision maker (DM) chooses arrival rate ρ of decision. Nature lets decision arrive with probability ρ∆. A

slower decision implies higher precision in the allocation of probabilities πi across alternatives i with values Vi,

satisfying the constraint κD(~π||~u) ≤ ρ−1.

decision-maker faces a tradeoff: if she chooses more quickly, her decision will be less precise.4

Precision is measured in terms of relative entropy (also known as Kullback-Leibler divergence).
A perfectly random (that is, uniform) decision is costless; the time cost of any decision that
deviates from uniformity is proportional to the relative entropy between that decision and a
uniform decision. That is, for a given decision ~π, which we write as a vector of probabilities
associated with all the possible alternatives that could be chosen, the time cost is κD(~π||~u),
where ~u is a uniform distribution over the same alternatives.5

It would be inelegant, unrealistic, and inconvenient to assume that the time required for a
given decision is exactly known. So rather than assuming that the DM chooses the decision time
directly, we assume that the choice variable is the arrival rate of the decision, ρ. The expected
duration of the decision is (approximately) 1/ρ; a slower arrival rate implies more time spent
making the decision, and we assume this permits a more precise allocation of probability across
the various alternatives under consideration.

The structure of this choice process is illustrated by the game tree in Figure 1, which shows
one time step in the decision process, occurring at time t. The continuous-time environment
is approximated by a sequence of steps of duration ∆. The decision maker (DM) chooses the

4The model developed in this subsection is analogous to the “PPS-control” specification considered in Costain
and Nakov (2014): it allows for errors in a choice across a set of options, but implicitly assumes that the timing
of the choice is perfectly optimal.

5The notation used here to denote the relative entropy D(~p||~q) between distributions ~p and ~q is standard. When
the two probability vectors have length n, the Kullback-Leibler divergence is defined asD(~p||~q) ≡

∑
i=1 pi ln(pi/qi).

For a discussion, see Cover and Thomas (2006), Chapter 2.3.
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arrival rate ρ of the decision at node C (“calculating”); the curve lying below the node indicates
the assumption that the hazard is chosen from a continuum of possible values, ρ ∈ [0,∆−1].
Since the actual time to complete the decision is stochastic, we thereafter see a choice by Nature
between finishing the decision with probability ρ∆, and continuing the process with probability
1− ρ∆, in which case the game returns to a node of type C at time t+ ∆.

When Nature allows the decision to be completed, the game moves to node D (“deciding”),
at which point the DM allocates probabilities πi across the alternatives i ∈ {1, 2, ...n} with
values Vi. The precision of the decision ~π ≡ (π1, π2, . . . , πn)′ ∈ ∆n−1 is limited by the rate at
which the choice arrived (since ~π is a probability vector of length n, it is chosen from the simplex
of order n− 1, which we write as ∆n−1). Concretely, we assume

1

ρ
≥ κD(~π||~u) ≡ κ

(
n∑
i=1

πi lnπi + lnn

)
. (1)

That is, a slower decision can have greater precision, where precision is measured by the
Kullback-Leibler divergence between the decision ~π and a uniform distribution ~u.6

The model is written assuming discreteness in two dimensions: a choice set of n discrete
options, and discrete time steps of length ∆. However, we will focus on deriving solutions that
are independent of this discreteness. In particular, it is helpful to measure precision by relative
entropy rather than by entropy per se. Entropy does not have a finite limit as it is calculated
on finer and finer grids; in contrast, relative entropy is invariant as the density of grid points
increases (see Cover and Thomas, 2006, Chapter 8). Therefore, the discreteness assumed in this
section is only a notational convention, and indeed, when we apply the decision model inside a
bargaining game in Section 3, we will allow for a continuous support of possible offers.

The delay required for more precise decisions could have a variety of costs. As in Rubinstein
(1982), this paper first considers the case in which the only cost of delay is pure time discounting,
at rate δ. Now, let Wt denote the value of the problem at node C at time t.7 Approximating
the continuous-time problem by a discrete-time problem with time steps of length ∆, Wt can be
derived from the following Bellman equation:

Wt = max
ρ, {πi}ni=1

(1− δ∆)

[
ρ∆

n∑
i=1

πiVi + (1− ρ∆)Wt+∆

]
(2)

subject to: κ

(
n∑
i=1

πi lnπi + lnn

)
≤ 1

ρ

and

n∑
i=1

πi = 1.

6Uniformity of the benchmark distribution ~u is just a simplifying assumption; it is not essential for our model.
The model could be developed assuming some other benchmark distribution, just as it could be developed assuming
some measure of precision other than relative entropy.

7We introduce a time subscript on W because when we apply this model inside a larger dynamic game later
in the paper, the value of the problem may be changing over time. We will solve the larger game by backwards
induction, so the time t+ ∆ value Wt+∆ will be taken as given when solving the time t problem, which makes it
important to distinguish between Wt and Wt+∆. Other time subscripts will be suppressed, to lighten the notation.
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We form the following Lagrangian:

L = (1−δ∆)

[
ρ∆

n∑
i=1

πiVi + (1− ρ∆)Wt+∆

]
+λρ

[
1− ρκ

(
n∑
i=1

πi lnπi + lnn

)]
+λπ

(
1−

n∑
i=1

πi

)
.

The first-order conditions of the problem are:

ρ∆(1− δ∆)Vi − λρρκ(1 + lnπi)− λπ = 0 (3)

∆(1− δ∆)

(∑
i

πiVi −Wt+∆

)
− λρκD(~π||~u) = 0 (4)

1− ρκD(~π||~u) = 0 (5)

1−
∑
i

πi = 0. (6)

Rearranging, the necessary condition for πi can be rewritten as

πi = exp

(
βVi −

βµ

ρ(1− δ∆)
− 1

)
, (7)

where

β =
(1− δ∆)∆

κλρ
. (8)

Equation (7) shows that πi is proportional to the exponential of the value of alternative i, scaled
by a coefficient β which indicates the degree of rationality with which the decision is taken. A
first-order condition of this form gives rise to a logit variable. Since the probabilities πi must
sum to one, (7) implies

πi =
exp(βVi)∑
j exp(βVj)

, (9)

that is, the probabilities of the various alternatives i are given by a multinomial logit.
It is helpful now to introduce the notation Eπx ≡

∑n
i=1 πixi to represent the expectation of

a random variable x with distribution ~π. Letting ~u represent a uniform distribution, we have
Eux = n−1

∑n
i=1 xi. Note that the optimal distribution (9) implies

πi lnπi = βπiVi − πi ln (nEu exp(βV )) (10)

and therefore

D(~π||~u) =
n∑
i=1

πi lnπi+lnn = βEπV−ln (nEu exp(βV ))+lnn = βEπV−ln (Eu exp(βV )) ≡ K(β).

(11)
Here EπV is the expected value of finishing the decision, which is

EπV =
∑
i

πiVi =
EuV exp(βV )

Eu exp(βV )
. (12)

The function K(β) represents the cost of achieving precision level β when probabilities are
allocated optimally among the alternatives, according to rule (9).
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The precision variable β is inversely related to the multiplier λρ. Therefore the first-order
condition (4) for the arrival rate ρ can also be written in terms of β, as follows:

β (EπV −Wt+∆) = D(~π||~u). (13)

But now we have two different equations for the cost measure D. On one hand, (11) expresses
the time cost when the probabilities πi are allocated optimally across alternatives i. On the
other hand, (13) uses the first-order condition for ρ to express an optimal tradeoff between the
solution cost D and the benefit of arriving at the solution, which is EπV −Wt+∆. Combining
the two equations, both D and βEπV cancel, and we are left with one simple equation that
determines β, given the values ~V of the alternatives and the continuation value Wt+∆:

βWt+∆ = ln(Eu exp(βV )), (14)

or equivalently,8

Eu exp(β(V −Wt+∆)) = 1. (15)

The function g(β, ~V ) ≡ ln(Eu exp(βV )) that appears on the right-hand side of (14) is called
the cumulant generating function of the random variable V under a uniform distribution. (It is
the log of the moment generating function.) To clarify the behavior of the equation (14) that
determines β, it is helpful to state some properties of the functions g and K.

Lemma 1 Let g(β, ~V ) ≡ ln(Eu exp(βV )) ≡ ln
(

1
n

∑n
i=1 exp(βVi)

)
, where n is finite and all Vi

are finite. Then:
(a.) g(0, ~V ) = 0.

(b.) ∂g
∂β (β, ~V ) = EuV exp(βV )

Eu exp(βV ) = EπV . In particular, ∂g
∂β (0, ~V ) = EuV .

(c.) ∂2g
∂β2 (β, ~V ) = EuV 2 exp(βV )

Eu exp(βV ) −
(
EuV exp(βV )
Eu exp(βV )

)2
= EπV 2− (EπV )2. Hence for all β ≥ 0, we

have ∂2g
∂β2 (β, ~V ) ≥ 0, with equality if and only if Vi = EuV for all i.

(d.) For all β > 0, g(β, ~V ) ≥ βEuV , with equality if and only if Vi = EuV for all i.
(e.) Let K(β) be given by (11). Then K ′(β) ≥ 0 for all β > 0 with equality if and only if

Vi = EuV for all i. Also, K ′(0) = 0, and limβ→∞K
′(β) = 0.

(f.) The cost of achieving perfect precision is limβ→∞K(β) = lnn.

Points (b) and (c) follow directly by differentiating and then simplifying using the logit proba-
bility formula (9). The derivative in (c) is nonnegative since it can be interpreted as a variance:
it is the variance of the payoff V when choices are distributed according to the logit probabilities
(9). Point (d) follows from the fact that exp(x) is a convex function. Therefore Eu exp(βV ) ≥
exp(βEuV ), with equality only if all values Vi are equal, so that Vi = EuV for all i. Therefore if
there is any difference across the values Vi, we have ln(Eu exp(βV )) > ln(exp(βEuV )) = βEuV .

Part (e) follows by noting that K(β) = β ∂g∂β − g, and therefore K ′(β) = ∂g
∂β +β ∂

2g
∂β2 − ∂g

∂β = β ∂
2g
∂β2 .

Then the nonnegative slope of K follows from (c), and we also obtain K ′(0) = 0. Point (f)–
proved informally, need to write down the details. Since K has a finite limit, we also note that

8Equations (14) and (15) are mathematically equivalent. The former is graphed in Figure 2, but the latter
may be easier to solve numerically, because subtracting Wt+∆ from the choice values Vi before exponentiating
may help avoid numerical overflow.
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Figure 2: Optimal choice of rationality β under backwards induction.
Optimal rationality: backwards inductionOptimal rationality: backwards induction

ln(Euexp(βV))
βW+

βEuV

rationality ββ*

Note: The figure illustrates the interior solution stated in Prop. 1(b). Curve g(β, ~V ) = ln(Eu exp(βV )) is tangent

to βEuV at β = 0, and has limiting slope V ∗ ≡ maxi Vi as β →∞ (the graph assumes V ∗ > W+).

If instead V ∗ ≤W+, then g(β, V ) lies everywhere below βW+, and postponement is optimal; see Prop. 1(a).

If instead EuV ≥W+, g(β, V ) lies everywhere above βW+, and the corner β = 0 is optimal; see Prop. 1(c).

limβ→∞K
′(β) = 0. Thus, as long as there is any variation in the values Vi, the function K(β) is

S-shaped: it has zero slope at β = 0 and as β →∞, and strictly positive slope for all β ∈ (0,∞).
Figure 2 uses these properties of g to show how to solve for the optimal precision, β∗. We

first consider the solution of problem (2) when Wt+∆ is taken as a given parameter, as would
be the case if we were solving the model by backwards induction. By Lemma 1(b), the curve
g(β, ~V ), plotted as a function of β, has slope EuV at the origin. In the limit as β → ∞, the
slope of g(β, ~V ) converges to V ∗ ≡ maxi Vi. Therefore, since g is convex, there exists exactly
one positive β∗ that solves (14) as long as EuV < Wt+∆ < V ∗. This β∗ solves (2), as long as
the period length ∆ is sufficiently short.

Proposition 1 states this conclusion formally, and also describes the corner solutions that arise
when the period length is sufficiently long, or when Wt+∆ lies outside of the bounds consistent
with an interior solution.9

Proposition 1 Consider problem (2) when Wt+∆ ≡W+ is a given parameter.
(a.) Postponement: Suppose V ∗ ≡ maxi Vi ≤W+. Then it is optimal to postpone solving,

setting the arrival rate ρ∗t = 0, achieving the value W ∗t = (1− δ∆)W+.
(b.) Interior solution: Suppose V ∗ ≡ maxi Vi > W+ > EuV , and ∆

κ < lnn. Then there
exists a unique positive β∗ that satisfies (14). Let D∗ and ρ∗ be the entropy and arrival rate

9Besides the three solution classes described in Prop. 1, when simulating the model on a computer we must
also consider the possibility of numerical overflow solutions. Even if the true solution is theoretically an interior
solution β∗, the calculations will overflow on a computer if

∑
i exp(β∗Vi) >∞NUM , where ∞NUM is the largest

real number representable on the computer. A similar caveat applies to an immediate solution β∗∆. Treatment of
these cases will be discussed in an appendix.
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given by (11) and (16) when β = β∗. If ρ∗ < ∆−1, then β∗ solves (2), achieving the value

W ∗t = (1− δ∆)

[
∆κ

β∗
+W+

]
.

(c.) Immediate solution: Suppose EuV ≥ W+, or that the conditions of part (b) are
satisfied, but the implied arrival probability in the first time step exceeds one: ρ∗∆ ≥ 1. Then
the optimal arrival rate in problem (2) is ρ∗∆ = ∆−1, resulting in a precision level β∗∆ that solves
(17). Alternatively, suppose ∆

κ ≥ lnn. Then (2) is solved with infinite precision and arrival rate
ρ∗∆ = ∆−1.

The main point is that if V ∗ > Wt+∆ and the time step is sufficiently short, then an interior
solution applies, and precision is given by the unique positive β∗ that solves (14). Knowing β∗,
we can solve for the other endogenous quantities in the model: πi and EπV are given by (9)
and (12), the precision measure D is given by (11), and the arrival rate of the decision is

ρ =
1

κD(~π||~u)
. (16)

However, if the value V ∗ of the best possible option is less than the continuation value
Wt+∆, then the decision should simply be postponed. If instead V ∗ > Wt+∆ and a precision
level greater than or equal to β∗ can be achieved within a single time step ∆, it is optimal to do
so. The precision β∗∆ of this corner solution can be backed out from the information constraint;
if it is finite, it is the unique solution to

β
EuV exp(βV )

Eu exp(βV )
− ln(Eu exp(βV )) =

∆

κ
. (17)

The arrival probability is then ρ∆ = 1 in the first time step. Note, however, that these “imme-
diate” solutions only occur in discrete time; as ∆ → 0 this solution class is eliminated, unless
the problem is completely trivial, with mini Vi = maxi Vi.

Considering Prop. 1 and Fig. 2, we can draw some comparative statics conclusions about the
model’s the behavior conditional on the continuation value W+. Fig. 2 shows that conditional
on W+, the solution β is unaffected by the information cost parameter κ. Likewise, conditional
on W+, the probabilities π, and EπV and K(β) are unaffected by κ. Thus, a rise in κ only
affects the arrival rate ρ = 1

κK(β) , slowing down the solution of the problem.

Likewise, we can see from the diagram that an increase in W+ decreases β∗. Such a change
therefore decreases EπV and K(β), increasing the arrival rate ρ. Similarly, an increase in the
distribution of V in the sense of first-order stochastic dominance, or second-order stochastic
dominance (a mean-preserving spread) will increase β∗, since either of these changes will raise
the curve g(β) ≡ ln(Eu exp(β)V ). This implies that EπV and K(β) both increase, while ρ
decreases.

The effects of a mean-preserving spread in the distribution of V might seem counterintuitive,
since a spread makes it important to choose the right option. But the logit formula (9) shows
that a mean-preserving spread of V makes choosing the right option more likely, even holding β
fixed. That is, implicitly, our model supposes that if the payoff difference between two options
is increased, then those options are more easily objectively distinguishable. Thus, a mean-
preserving spread of V increases EπV at any β > 0, and likewise the value of the problem,

10



W = 1−δ∆
βδκ , also increases. But since β decreases, the information content K(β) of the decision

decreases, and thus the arrival rate ρ = 1
κD is increased.

Thus far we have solved (2) at time t, taking as given the continuation value Wt+∆. But
it is also interesting to consider an infinite-horizon version of the problem, with time-invariant
conditions; in particular, this would require a time-invariant value Vi for each option i. We would
then like to calculate the stationary value of the as-yet-unsolved decision problem, which we will
denote Wt = Wt+∆ ≡ Wss. In this “steady state”, we can rearrange the Bellman equation to
obtain

Wss = (1− δ∆)
ρ

δ
(EπV −Wss). (18)

But using the first-order condition (4) for ρ, we have

β (EπV −Wss) = D(~π||~u) =
1

ρκ
. (19)

so by rearranging we find that the steady-state problem value is

Wss =
1− δ∆
δκβ

. (20)

As before, the optimal β must solve βWss = ln(Eu exp(βV )), but now for a steady state problem
this simplifies to

ln(Eu exp(βV )) =
1− δ∆
δκ

. (21)

The solution of equation (21) is illustrated in Figure 3. Given the solution steady-state interior
solution βss, we can then calculate the entropy Dss, the arrival rate ρss, and the value Wss from
(11), (16), and (20).

But besides interior solutions, we must again consider some possible corners. It is always
feasible to set ρ = 0, so that the problem is never solved; this attains the steady-state value
Wss = 0. Alternatively, the highest possible arrival rate is ρ = ∆−1, so that the decision arrives
in exactly one discrete time step of length ∆. We can summarize the range of validity of these
different solutions as follows.10

Proposition 2 Consider a time-invariant, infinite horizon version of problem (2). Call the
value Wss ≡Wt for any t.

(a.) Postponement: Suppose V ∗ ≡ maxi Vi ≤ 0. Then it is optimal to postpone the
solution forever, setting the arrival rate ρss = 0, achieving the value Wss = 0.

(b.) Interior solution: Suppose V ∗ ≡ maxi Vi > 0, mini Vi < V ∗, and ∆
κ < lnn. Then

there exists a unique positive βss that satisfies (21). If we calculate Dss and ρss from (11) and
(16) and find that ρss < ∆−1, then βss, Dss, and ρss solve (2), achieving the value Wss = 1−δ∆

βssδκ
.

(c.) Immediate solution: Suppose the conditions of part (b.) are satisfied, but the implied
arrival probability in the first time step exceeds one: ρss∆ ≥ 1. Then (2) is solved by the precision
β∆
ss that satisfies (17), with entropy D∆

ss = ∆/κ and arrival rate ρ∆
ss = ∆−1. Alternatively,

suppose mini Vi = maxi Vi > 0 or ∆
κ ≥ lnn. Then (2) is solved with infinite precision and

arrival rate ρ∆
ss = ∆−1.

10For computer simulations, numerical overflow is also a possibility, as discussed in the footnote to Prop. 1.
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Figure 3: Optimal choice of rationality β when time discounting is the only cost of choice.
Optimal rationality with no alternative activitiesOptimal rationality with no alternative activities

ln(Euexp(βV))

κ-1 δ-1κ δ

βEuV

rationality ββ*

Note: The figure illustrates the interior solution stated in Prop. 2(b), as ∆→ 0. Curve g(β, ~V ) = ln(Eu exp(βV ))

is tangent to βEuV at β = 0, and has limiting slope V ∗ ≡ maxi Vi (assumed positive in graph) as β →∞.

If instead V ∗ ≡ maxi Vi < 0, then g(β, V ) slopes downward, and it is optimal to never choose; see Prop. 2(a).

If instead mini Vi = maxi Vi ≡ V ∗ > 0, then g(β, ~V ) is a straight line from the origin, g(β, ~V ) = βV ∗. Then the

corner βss = 0 is preferred; see Prop. 2(c).

Again, the most relevant solution is the interior solution, which is unique when it exists.
Postponement applies only in the trivial case when no available option has positive value. For a
discrete-time numerical solution, one must allow for the possibility that the decision arrives in
exactly one time step ∆. But in the continuous-time limit, the immediate solution arises only
in the trivial case where all options give exactly the same value, so that mini Vi = maxi Vi.

To summarize the comparative statics implications, first, Fig. 3 shows that an increase in the
information cost parameter κ decreases βss. The expected value of the solved problem, EπV ,
therefore decreases too, as does the information content of the decision, K(βss). The figure also
shows that the proportional change in βss is smaller than the proportional change in κ. Hence
an increase in κ increases the product κβss, and so the problem value Wss = 1−δ∆

βssδκ
falls.

Next, although the information content K(βss) increases with βss, the time cost of this
information, κK(βss), is subject to two offsetting effects. While an increase in κ decreases βss
and thus K(βss), the product κK(βss) is also increased by the direct impact of κ. Therefore
the effect of κ on κK(βss) appears to be ambiguous. Hence, the effect of κ on the arrival rate,
ρss = 1

κDss , is also ambiguous.
By analogous reasoning, an increase in the discount rate δ decreases βss, E

πV , and Wss. An
increase in δ causes both K(βss) and κK(βss) to decrease; hence ρss rises with δ.

Convexity of the function g implies that a mean-preserving spread of the distribution of
choice values ~V decreases the chosen βss. In Figure 3, a mean-preserving spread of ~V leaves the
line βEuV unchanged, and shifts up the curve g(β, ~V ) ≡ ln(Eu exp(βV )), so βss must decrease.
As discussed earlier, this model implicitly assumes that greater diversity in the values of the
choice options ~V means they are objectively easier to distinguish. Thus, probabilities can be
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allocated more easily without increasing β.

2.2 One costly decision, with an alternative use of time

We next consider some extensions of the choice model from Section 2.1.11 First, we allow for
alternative uses of time, so that time devoted to decisions has additional costs, beyond pure
discounting. We find that this slightly simplifies the classification of solutions, but there are still
three cases: postponement, interior solution, or immediate solution.

Thus, let h be the fraction of time devoted to “work” or to any activity other than choice. Let
the output from work during a time step ∆ be f(h)∆, where f ′ > 0, f ′′ ≤ 0, limh→0 f

′(h) =∞,
and limh→∞ f

′(h) = 0.12 As before, let ρ represent the continuous-time arrival rate of the
solution, so the expected time to completion is ρ−1. But since the fraction of time devoted to
calculation is only 1 − h, the expected time spent analyzing the problem before the solution
arrives is only 1−h

ρ . As before, we assume that the precision of the choice (measured by relative
entropy) is limited by the expected time spent solving the problem. Thus the value Wt of this
generalized problem is given by:

Wt = max
ρ, h, {πi}ni=1

f(h)∆ + (1− δ∆)

[
ρ∆

n∑
i=1

πiVi + (1− ρ∆)Wt+∆

]
(22)

subject to: ρκ

(
n∑
i=1

πi lnπi + lnn

)
≤ 1− h,

and
n∑
i=1

πi = 1.

As before, let λρ and λπ represent the multipliers on the first and second constraints. At an
interior solution with ρ > 0 and 0 < h < 1, optimal tradeoffs between work, the arrival rate,
and the probability allocation are summarized by

λρ = f ′(h)∆ =
(1− δ∆)ρ∆Vi − λπ

ρκ(1 + lnπi)
=

(1− δ∆)∆(EπV −Wt+∆)

κD(~π||~u)
. (23)

Again, the first-order condition for πi implies that probabilities take logit form:

πi =
exp(βVi)∑
j exp(βVj)

, (24)

where now

β =
1− δ∆
κf ′(h)

. (25)

11Sections 2.2-2.3, which discuss intermediate specifications, may be skipped without loss of continuity if the
reader wishes to go directly to the main model, discussed in Sec. 2.4.

12We write the problem treating h as the fraction of a given time step devoted to work. One can instead write
a model in which h represents the fraction of time steps in that are devoted entirely to work, with the others
devoted entirely to calculation; this specification is also tractable and yields very similar results.
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Total information use can then be calculated from the logit formula as

D =
∑
i

πi lnπi + lnn = βEπV − ln(Eu exp(βV )). (26)

But on the other hand, the first-order condition for the arrival rate ρ can be written as

D = β(EπV −Wt+∆). (27)

Thus, combining the implications of optimal probabilities πi and the optimal hazard ρ, we obtain
the same equation for optimal precision that we found previously:

βWt+∆ = ln(Eu exp(βV )). (28)

After calculating precision, we can back out the other variables from the remaining equilibrium
equations; in particular, the arrival rate ρ must satisfy

1− h = ρκD. (29)

Equation (28) is unchanged from Section 2.1. The only difference is that work is bounded
between zero and one, so the range of precision that might be chosen in equilibrium is bounded
bounded between 1−δ∆

κf ′(0) = 0 and β∗1 ≡ 1−δ∆
κf ′(1) . This slightly simplifies the classification of equi-

librium types, since infinite precision is ruled out. Proposition 1 generalizes as follows.

Proposition 3 Consider problem (22) when Wt+∆ ≡ W+ is a given parameter. Define β∗1 ≡
1−δ∆
κf ′(1) , and m(β) ≡ Eu exp(β(V −W+)).

(a.) Postponement: Suppose m(β∗1) ≤ 1. Then it is optimal to postpone the solution,
and instead devote the current time step to work only (h∗ = 1), achieving the value W ∗t =
f ′(1)∆ + (1− δ∆)W+.

(b.) Interior solution: Suppose V ∗ ≡ maxi Vi > W+ > EuV . Then there exists a unique
positive β∗ that satisfies (28). If m(β∗1) > 1, then β∗ < β∗1. In this case, let D∗, h∗, and ρ∗ be
given by (26), (25), and (29). If ρ∗ < ∆−1, then β∗, D∗, h∗, and ρ∗ solve (22).

(c.) Immediate solution: Suppose EuV ≥ W+, or that the conditions of part (b) are
satisfied, but imply that the adjustment probability exceeds one in the first time step: ρ∗∆ ≥ 1.
Then it is optimal to set the arrival rate ρ∗∆ = ∆−1. Precision and working time are given by
the unique solution (β∗∆,D∗, h∗∆) of (26), (25), and (29) conditional on ρ∗∆.

The postponement solution applies when maxi Vi ≤W+, because then there is no reason to
devote valuable time to making the decision. In this case m(β) slopes downward, and m(β) < 1
for all β > 0. But postponement is also optimal when m(β) = 1 is solved by a large positive
number β∗ > β∗1. Such a solution means that the decision is only worthwhile if a high level of
precision is achieved, and if β∗ > β∗1 this implies that the marginal time cost of achieving this
precision is so high that the DM is better off devoting all time to work.

The interior solution β∗ > 0 is characterized by m(β∗) = 1. The assumption EuV < W+ <
V ∗ implies that m(β) initially slopes down from m(0) = 1, but is convex, and eventually increases
without bound. Therefore the assumption EuV < W+ < V ∗ implies that a unique positive β∗

solves m(β∗) = 1. The only question, then, is whether that β∗ is dominated by one of the
corner solutions (postponement, or immediate solution). The former can be verified by checking
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whether m(β∗1) < 1, which implies β∗1 < β∗, so that postponement is optimal, or m(β∗1) > 1,
which implies β∗ < β∗1, so that the interior solution is preferred to postponement. The latter
can be verified by checking whether the arrival rate ρ∗ associated with the interior solution β∗ is
less than ∆−1; if not, an immediate one-step solution is optimal. There is then a unique solution
for precision and hours worked, because (25) defines an upward-sloping relation between h and
β, while (29) defines a downward-sloping relation between h and β, conditional on any ρ∗∆.

Note that in contrast to Props. 1-2, here it is irrelevant whether or not ∆
κ exceeds lnn. When

∆
κ > lnn, a perfectly precise decision (β∗ = ∞) can be achieved in a single time step ∆. This
is optimal if time is only valuable as an input to the decision problem. But when time has a
nonzero marginal value in other uses, perfect precision cannot be optimal. Instead, the optimal
tradeoff between decision-making and other uses of time is characterized by (25), which shows
that β∗ <∞ as long as f ′(h) > 0 and κ > 0.

Next, we can also consider a “steady state” solution for Wt = Wt+∆ ≡ Wss in an infinite-
horizon, time-invariant version of (22). The steady state values βss, hss, and Wss are character-
ized by (25), (28), and

Wss =
f(hss) + (1− hss)f ′(hss)

δ
. (30)

The steady-state solution can be described as follows.

Proposition 4 Consider a time-invariant, infinite-horizon version of problem (22). Call the
value Wss ≡Wt for any t, and define β(h) ≡ 1−δ∆

κf ′(h) .

(a.) Postponement: Suppose lnEu exp(β(1)V )
β(1) ≤ f(1)

δ . Then it is optimal to postpone solving,

and instead devote all time to work (hss = 1), achieving the value Wss = f(1)
δ .

(b.) Interior solution: Suppose lnEu exp(β(1)V )
β(1) > f(1)

δ . Then there exists a unique hss ∈
(0, 1) that satisfies lnEu exp(βssV )

βss
= f(hss)+(1−hss)f ′(hss)

δ , where βss ≡ β(hss). If the associated

arrival rate ρss ≡ 1−hss
κK(βss)

is less than ∆−1, then hss, βss, and ρss solve (22).

(c.) Immediate solution: Suppose lnEu exp(β(1)V )
β(1) > f(1)

δ , but the rate ρss defined in (b)

exceeds ∆−1. Then it is optimal to set the arrival rate ρ∆
ss ≡ ∆−1. Optimal time worked is the

unique h∆
ss that satisfies ∆−1 = 1−h∆

ss

κK(β∆
ss)

, where β∆
ss ≡ β(h∆

ss) is the optimal precision.

Proof. We have assumed limh→0 f
′(h) = ∞. Equation (30) defines W as a decreasing

function of h, with an infinite limit at h = 0. Equation (25) defines a relation β(h) which is
increasing in h, and in turn we can calculate W from β from the equation

W =
ln(Eu exp(βV ))

β
. (31)

Equation (31) defines W as a function of β; the limiting values of the curve are EuV at β = 0,
and V ∗ = maxi Vi as β → ∞. Differentiating, it can be shown that the slope of the curve (31)

equals β′(h)K(β)
(β(h))2 . Since β′(h) > 0 and K(β) represents a Kullback-Leibler divergence, which is

nonnegative by construction, (31) represents an increasing function of h. Thus (30) and (31)
can cross at most once. If they cross at a value below h = 1, then (22) has an interior solution;
otherwise, (22) has a corner solution, as described in the proposition. QED.
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2.3 Choosing a stopping time

As Propositions 1-4 make clear, given the option to choose among several alternatives i with
values Vi, it may be optimal to ignore this opportunity altogether, or to choose as quickly as
possible, or to choose with an intermediate degree of precision. But this in itself represents a
choice across several alternatives— concretely, it represents a stopping time problem, determin-
ing when the solution of the choice across alternatives Vi will arrive. This stopping time problem
was solved perfectly optimally in the preceding sections. But in the present context it is more
natural to assume that timing decisions are subject to error as well. Therefore in this section
we study the costly, error-prone choice of a stopping time.13 That is, we assume that sooner
or later the DM may wish to exercise an option with (possibly time-varying) value X. But the
DM must also decide when to exercise this option, and this timing decision is costly. As in Sec.
2.1, we also allow for an alternative use of time, besides decision-making.

We model the choice of when to exercise an option as the choice of a hazard rate, ρ, at
which the decision process stops and the option is exercised. In analogy to our previous setup,
we assume that choosing the hazard rate is costly, and that the cost increases with precision.
Previously, we interpreted “imprecise” choice as a uniform distribution over a set of alternatives;
here, we interpret “imprecise” choice of the hazard rate as a uniform hazard with an exogenous
rate ρ̄, which is a free parameter in our framework. Cost increases with deviations from the
actual hazard from the uniform hazard at rate ρ̄, as measured by Kullback-Leibler divergence.14

Let h be time spent “working”, and µ be time spent “monitoring” the situation, to decide
whether or not to stop. Choice of the stopping hazard is governed by the following Bellman
equation.

Wt = max
h, µ, ρ

f(h)∆ + (1− δ∆) [ρ∆Xt+∆ + (1− ρ∆)Wt+∆] (32)

subject to: κD
((

ρ∆
1− ρ∆

)∣∣∣∣ ∣∣∣∣( ρ̄∆
1− ρ̄∆

))
≤ µ∆ and h+ µ ≤ 1.

The Kullback-Leibler divergence that appears on the left-hand side of the constraint is given by

D
((

ρ∆
1− ρ∆

)∣∣∣∣ ∣∣∣∣( ρ̄∆
1− ρ̄∆

))
= ρ∆ ln

(
ρ

ρ̄

)
+ (1− ρ∆) ln

(
1− ρ∆

1− ρ̄∆

)
. (33)

In the continuous-time limit ∆→ 0, the precision constraint simplifies to

κρ ln

(
ρ

ρ̄

)
≤ µ. (34)

But to avoid continuous-time technicalities, we will solve the problem assuming a small discrete
time step ∆. We will then see that the discrete-time model has a well-defined and well-behaved
limit as we go to continuous time.

13The error-prone stopping time decision modeled in this subsection is analogous to the “Woodford-control”
specification studied in Costain and Nakov (2014).

14At first glance, it might seem more natural to treat the decision to adjust or not to adjust in a single time step
as a binary decision, applying the model from the previous subsections with uniform benchmark ~u ≡ {0.5, 0.5}
on the two options. But such a model would not be well behaved in the limit as ∆ → 0. The model would
imply a 50% probability of adjustment in one time step, conditional on indifference between adjustment and
nonadjustment, regardless of ∆. In other words, as ∆ → 0 such a model would imply perfectly rational timing,
regardless of κ. The introduction of the benchmark adjustment hazard ρ̄ is what gives our model a well-behaved
continuous-time limit where timing errors still occur.
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If we denote the multipliers on the constraints by λµ and λh, the first-order conditions are

f ′(h)− λh = 0 (35)

λµ∆− λh = 0 (36)

(1− δ∆)(Xt+∆ −Wt+∆)− λµκ
(

ln

(
ρ

ρ̄

)
+ 1− ln

(
1− ρ∆

1− ρ̄∆

)
− 1

)
= 0 (37)

µ∆− κD = 0 (38)

1− µ− h = 0. (39)

Eliminating the multipliers and rearranging, we obtain

ln

(
ρ∆

1− ρ∆

)
= ln

(
ρ̄∆

1− ρ̄∆

)
+ β(Xt+∆ −Wt+∆) (40)

where

β =
1− δ∆
κf ′(h)

. (41)

Solving for the endogenous hazard ρ, we obtain

ρ =
ρ̄ exp (βXt+∆)

(1− ρ̄∆) exp(βWt+∆) + ρ̄∆ exp (βXt+∆)
(42)

=
ρ̄ exp (βDt+∆)

1− ρ̄∆ + ρ̄∆ exp (βDt+∆)
(43)

=
ρ̄

ρ̄∆ + (1− ρ̄∆) exp (−βDt+∆)
, (44)

where Dt+∆ = Xt+∆−Wt+∆. This equation expresses the stopping probability ρ∆ as a weighted
binomial logit that places weight ρ̄∆ on stopping, and weight 1 − ρ̄∆ on continuation. Note
that as the precision β approaches zero, the process stops with a constant hazard ρ̄ regardless
of the value of stopping, while as β → ∞, the process stops if and only if Xt+∆ > Wt+∆. The
parameter ρ̄ controls the speed of stopping; it represents the stopping hazard when the DM is
indifferent between stopping and continuing. Notice also that the hazard rate simplifies as we
go to continuous time, converging to

ρ = ρ̄ exp(βDt+∆) (45)

in the limit as ∆→ 0. Note also that under this logit probability, (33) simplifies to

D = ρ∆βDt+∆ − ln(1− ρ̄∆ + ρ̄∆ exp(βDt+∆)) (46)

=
ρ̄∆βDt+∆

ρ̄∆ + (1− ρ̄∆) exp (−β(Dt+∆))
− ln(1− ρ̄∆ + ρ̄∆ exp(βDt+∆)) ≡ Kρ(β). (47)

The function Kρ(β) represents a cost function for precision. It is straightforward to show by
differentiation that K ′ρ(β) > 0.

The expected gains g from the option to stop, per period, are

g ≡ ρ(1− δ∆)Dt+∆ =
ρ̄(1− δ∆)Dt+∆

ρ̄∆ + (1− ρ̄∆) exp (−β(Dt+∆))
. (48)
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Alternatively, we can calculate the net expected gains G, as follows:

G ≡ ρ(1− δ∆)Dt+∆ − κf ′(h)D = κf ′(h) ln

(
1− ρ̄∆ + ρ̄∆ exp

(
(1− δ∆)Dt+∆

κf ′(h)

))
. (49)

Here ρD represents the gross gains from stopping (in units of goods); κf ′(h)D represents the
costs of monitoring the situation, where κD is in units of time, and f ′(h) converts time into
goods units. Note that (49) corresponds to equation (22) of Costain and Nakov (2014).

The models considered in Secs. 2.1-2.2 had a variety of possible corner solutions, in which
the decision process ended with probability zero or one in a single time step. In contrast, the
present model penalizes stopping with probability zero or one. This simplifies the structure of
this decision problem, ensuring an interior solution for precision at any step of the backwards
induction process defined by (32). To see this, write the time constraint as

1− h = µ =
κ

∆
Kρ(β), (50)

where Kρ(β) is given by (47).

Proposition 5 Define Dt+∆ ≡ Xt+∆ −Wt+∆, where Xt+∆ and Wt+∆ are given parameters.
Suppose limh→0 f

′(h) = ∞. Then there is a unique pair (h∗, β∗), with β∗ > 0 and h∗ ∈ (0, 1),
that satisfy (41) and (47). The pair (h∗, β∗) solves the problem (32), given Xt+∆ and Wt+∆.

Proof. Note that for h ∈ [0, 1], the first-order condition (41) defines β as an increasing
function of h. Since limh→0 f

′(h) =∞, the function starts at zero, and it increases continuously
to β∗h ≡ 1−δ∆

κf ′(1) . On the other hand, since Kρ(β) is an increasing function, (50) is a decreasing

function that reaches β = 0 at h = 1 (when no time is devoted to the decision). Therefore there
is a unique interior solution for β and h. QED.15

This proposition is the analog of Prop. 1, showing that there is a unique solution to a single
step of the iteration of the Bellman equation. It is also interesting to solve for the steady state
of the Bellman equation. That is, fixing a time-independent value Xt+∆ ≡ Xss of the stopped
process, we wish to solve for the limit Wss ≡Wt = Wt+∆ as we iterate the backwards induction
problem. From the Bellman equation, the value Wss of the unstopped process must satisfy

Wss(δ + (1− δ∆)ρss) = f(hss) + (1− δ∆)ρssXss. (51)

The steady state arrival rate ρss must solve (44), where

Dss = Xss −Wss =
(δ + (1− δ∆)ρss)Xss − f(hss)− (1− δ∆)ρssXss

δ + ρss − δρss∆
=

δXss − f(hss)

δ + (1− δ∆)ρss
.

(52)
Substituting in for the arrival rate ρss, we obtain

Dss =
δXss − f(hss)

δ + (1− δ∆) ρ̄
ρ̄∆+(1−ρ̄∆) exp(−βssDss)

. (53)

15If Xt+∆ = Wt+∆ exactly, then Kρ(β) = 0 for all β ≥ 0, and the solution is h∗ = 1 and ρ∗ = ρ̄, with β∗

undefined. But as long as there is any difference between X and W , then the solution is strictly interior, with
β∗ > 0, h∗ < 1, and ρ∗ ∈ (0,∆−1).
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On the other hand, substituting the cost function Kρ(βss) into (50), we have

1− hss =
κρ̄βssDss

ρ̄∆ + (1− ρ̄∆) exp(−βDss)
− κ

∆
ln(1− ρ̄∆ + ρ̄∆ exp(βssDss)). (54)

Considering the fact that β is a function of h, equations (53) and (54) are two equations
to determine hss and Dss. To simplify, define Dβ ≡ βDt+∆, and consider the limit as ∆ → 0.
Then (53)-(54) become

κf ′(h)Dβ =
δX+ − f(h)

δ + ρ̄ exp(Dβ)
, (55)

1− h = ρ̄κDβ(exp(Dβ)− 1). (56)

Equation (55) is a relation between the value of the problem, W+ (and hence the gain Dt+∆ =
X+ −W+), and the arrival rate of the solution, ρ. Equation (56) relates the time devoted to
solving the problem, 1− h, to the accuracy of the solution, as summarized by βDt+∆.

With some additional algebra, (55) can be replaced by

Dβ =
δX+ − f(h)− (1− h)f ′(h)

(ρ̄+ δ)κf ′(h)
. (57)

We can then use (56)-(57) to characterize the steady-state solution to (32).

Proposition 6 Consider a steady-state solution to problem (32), taking Xt+∆ ≡ X+ as given,
and defining Wt = Wt+∆ ≡W . Suppose limh→0 f

′(h) =∞.
a. A solution to (32) exists, and satisfies equations (56)-(57). This solution has h∗ > 0,

β∗ > 0, and ρ∗∆ ∈ (0, 1).
b. Suppose X+ ≤ 0. Then there is only one solution to (56)-(57). At this solution, h∗ > 0,

β∗ > 0, ρ∗∆ ∈ (0, 1), and W > X+. This solution varies smoothly with small parameter
changes.

c. Suppose X+ ≥ f(1)
δ . Then there is only one solution to (56)-(57). At this solution,

h∗ > 0, β∗ > 0, ρ∗∆ ∈ (0, 1), and W < X+. This solution varies smoothly with small parameter
changes.

Thus, a steady-state solution to the stopping time problem exists, and can be found by
solving (56)-(57). There is only one solution to (56)-(57) when X+ is sufficiently large. In this
case, the decision-maker is impatient to stop, and the value W of the as-yet-unstopped problem
is less than X+. Likewise, there is only one solution to (56)-(57) if X+ is negative. In this case,
the decision-maker wishes to avoid stopping, and the value W of the as-yet-unstopped problem

exceeds X+. For intermediate values of X+, in
(

0, f(1)
δ

)
, the solution is also unique, but the

proof of this fact will be postponed to the more general model of the next subsection.

2.4 Choosing when to solve a problem

Next, we combine the two decisions we have analyzed thus far: a DM chooses a stopping time
that determines when he will solve a problem. As in Section 2.1, we assume that the DM chooses
an arrival rate ρ for the solution, subject to a constraint on the precision of the decision relative
to the expected time spent solving the problem. But now, rather than assuming that ρ is chosen
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optimally, we assume that the precision of the choice of the arrival rate ρ is constrained too,
as in Sec. 2.3. Errors in the setting of the arrival rate amount to errors in the timing of the
solution of the problem.16

In contrast with the previous models, we consider three possible uses of time. The fraction
of time dedicated to solving the decision problem is called τ ; the fraction dedicated to some
alternative activity, such as work or leisure, is called h. Finally, let µ be the fraction of time
dedicated to “monitoring” whether the current moment is a good time to solve the problem.

To understand µ, note that in a given time step of length ∆, the decision maker can choose
an arrival probability ρ∆ ∈ [0, 1], which amounts to choosing a hazard rate ρ ∈ [0,∆−1]. In
contrast with Sections 2.1-2.2, we allow for possible errors in the choice of the probability ρ∆.
We measure the cost of this timing decision in terms of the relative entropy of the probabilities
(ρ∆, 1−ρ∆). Since the decision maker is effectively choosing a hazard rate, we measure entropy
relative to probabilities (ρ̄∆, 1 − ρ̄∆), where ρ̄ is some underlying hazard rate, which is a free
parameter of the model. Assuming that the fraction of the time step dedicated to this decision
is µ, the total time dedicated to the decision is µ∆. Therefore the constraint on the precision
of the timing decision takes the form

κρD ((ρ∆, 1− ρ∆) || (ρ̄∆, 1− ρ̄∆)) ≤ µ∆. (58)

Note that in the continuous-time limit (∆ → 0), the constraint on the precision of timing
reduces to

κρρ ln

(
ρ

ρ̄

)
≤ µ. (59)

For brevity, the constraint is shown in this continuous-time form in Figure 4, which illustrates
both margins of this model of costly decision in extensive form. However, to avoid continuous-
time technicalities, we solve the problem in its discrete-time formulation below.

Assuming a discrete time step ∆, the value Wt will be governed the following Bellman
equation:

Wt = max
ρ, h, τ , µ, {πi}ni=1

f(h)∆ + (1− δ∆)Wt+∆ + ρ∆(1− δ∆)

(
n∑
i=1

πiVi −Wt+∆

)

s.t.: ρκπ

(
n∑
i=1

πi lnπi + lnn

)
≤ τ ,

and κρ

(
ρ∆ ln

(
ρ

ρ̄

)
+ (1− ρ∆) ln

(
1− ρ∆

1− ρ̄∆

))
≤ µ∆,

and

n∑
i=1

πi = 1, and h+ µ+ τ ≤ 1. (60)

In the first constraint, the decision costs κπD(~π||~u) are constrained by τ/ρ, which is the expected
time dedicated to the decision prior to its arrival (given arrival rate ρ, and fraction τ of time
dedicated to the decision).

16The model developed in this subsection is analogous to the “Nested-control” specification analyzed by Costain
and Nakov (2014).
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Figure 4: Choosing when to solve a problem.

Two margins of costly decision:Two margins of costly decision:
Time t: Node C: DM

Constraint:

Nature


Constraint:
κρ ρln(ρ|ρ) ≤ μOverall constraint:

h+μ+τ ≤ 1

ρΔ

Node D:
DM

1‐ρΔ
1 n

Constraint:
κπD(π||u) ≤ τ/ρ

Nature

π1
π π

Node C

…π2 πn

Time t+Δ: V1 V2 Vn

Game ends

Note: Decision maker (DM) chooses arrival rate ρ of decision. Nature lets decision arrive with probability ρ∆. A

slower decision implies higher precision in the allocation of probabilities πi across alternatives i with values Vi,

satisfying the constraint κπρD(~π||~u) ≤ τ , where τ is the fraction of time devoted to the choice between alternatives

Vi. Choosing the arrival rate ρ is also costly, and must satisfy the constraint κρρ ln(ρ/ρ̄) ≤ µ, where µ is the

fraction of time devoted to the timing decision.

We will write the multipliers on the constraints as λτ , λµ, λπ, and λh, respectively. The
decision maker equalizes the marginal value of the three uses of time, which implies the following
first-order conditions:

λh = f ′(h)∆ = λτ = λµ∆. (61)

The remaining first-order conditions can be written as

(1− δ∆)ρ∆Vi − λτρκπ(1 + lnπi)− λπ = 0 (62)

(1−δ∆)∆

(
n∑
i=1

πiVi −Wt+∆

)
−λτκπDπ−λµ∆κρ

[
ln

(
ρ

ρ̄

)
+ 1− ln

(
1− ρ∆

1− ρ̄∆

)
− 1

]
= 0 (63)

τ − ρκπDπ = 0 (64)

µ∆− κρDρ = 0 (65)

1− h− µ− τ = 0 (66)

1−
n∑
i=1

πi = 0 (67)

where

Dπ ≡
n∑
i=1

πi lnπi + lnn (68)
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Dρ ≡ ρ∆ ln

(
ρ

ρ̄

)
+ (1− ρ∆) ln

(
1− ρ∆

1− ρ̄∆

)
. (69)

As before, (62) and (67) show that the optimal probabilities πi take the form of a logit, as
in Costain and Nakov (2014), equation (14):

πi =
exp(βπVi)∑
j exp(βπVj)

, (70)

where

βπ =
1− δ∆
κπf ′(h)

. (71)

We can follow our previous calculations to find an explicit formula for the information Dπ used
in choosing these probabilities:

Dπ = βπE
πV − ln(Eu exp(βπV )) = βπ

EuV exp(βπV )

Eu exp(βπV )
− ln(Eu exp(βπV )). (72)

Condition (63) for the optimal arrival probability ρ can be rewritten as

κρf
′(h)

1− δ∆
ln

(
ρ/(1− ρ∆)

ρ̄(1− ρ̄∆)

)
= EπV −Wt+∆ −

κπf
′(h)

1− δ∆
Dπ , (73)

which simplifies to
ρ∆

1− ρ∆
=

ρ̄∆

1− ρ̄∆
exp

(
βρDt+∆

)
, (74)

where

βρ ≡
1− δ∆
κρf ′(h)

=
κπ
κρ
βπ, (75)

Dt+∆ ≡ Ṽt+∆ −Wt+∆, (76)

Ṽt+∆ ≡ EπV − Dπ
βπ

. (77)

Equation (75) represents an optimal tradeoff between the allocation of precision (and time) to
the decision about when to adjust, and to the decision about which option to choose, when
adjusting. The quantity Ṽt+∆ represents the expected gains that accrue upon adjustment, net
of adjustment costs; the factor βπ converts precision into time at rate κπ, time into utility at
rate f ′(h), and next period’s utility into utility now at rate 1 − δ∆, so that the payoff EπV is
commensurate with the precision measure Dπ. Using (72), we can calculate

Ṽt+∆ = β−1
π ln (Eu exp (βπV )) . (78)

This corresponds to the explicit formula for the value function given in Costain and Nakov
(2014), section 2.2.1.
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Rearranging the first-order condition (74), the solution arrives with probability

ρ∆ =
ρ̄∆

ρ̄∆ + (1− ρ̄∆) exp
(
−βρDt+∆

) (79)

=
ρ̄∆ exp

(
βρṼt+∆

)
ρ̄∆ exp

(
βρṼt+∆

)
+ (1− ρ̄∆) exp

(
βρWt+∆

) (80)

=
ρ̄∆ (Eu exp(βπV ))

κπ
κρ

ρ̄∆ (Eu exp(βπV ))
κπ
κρ + (1− ρ̄∆) (exp (βπWt+∆))

κπ
κρ

. (81)

This is a weighted binary logit that compares the values of adjustment and nonadjustment; it
clearly implies ρ∆ ∈ [0, 1]. If we assume that the time unit is the same as the time step in the
game (implying ∆ ≡ 1), then it corresponds to equation (20) of Costain and Nakov (2014). The
formula also has a simple continuous-time limit; as ∆→ 0, we have

ρ → ρ̄ exp
(
βρDt+∆

)
= ρ̄ exp

(
βρ(Ṽt+∆ −Wt+∆)

)
. (82)

Note therefore that the continuous-time limit offers very simple parallel ways of writing the
first-order conditions for the probability of adjustment and the probabilities of choosing each
possible option:

lnπi = ln(1/n) + βπ(Vi − Ṽt+∆), (83)

ln ρ = ln ρ̄+ βρ(Ṽt+∆ −Wt+∆). (84)

Finally, consider the time devoted to choosing the adjustment timing. Given the formula for
ρ, we now have ln(ρ/ρ̄) = βρDt+∆− ln(1− ρ̄∆+ ρ̄∆ exp(βρDt+∆)), and ln((1−ρ∆)/(1− ρ̄∆)) =
− ln(1− ρ̄∆ + ρ̄∆ exp(βρDt+∆)). Therefore, (69) simplifies to

Dρ = ρ∆βρDt+∆ − ln(1− ρ̄∆ + ρ̄∆ exp(βρDt+∆)) (85)

=
ρ̄∆βρDt+∆

ρ̄∆ + (1− ρ̄∆) exp
(
−βρDt+∆

) − ln(1− ρ̄∆ + ρ̄∆ exp(βρDt+∆)). (86)

Using L’Hopital’s rule, this simplifies in the continuous-time limit to

lim
∆→0

Dρ
∆

= ρβρDt+∆ + ρ̄(1− exp(βρDt+∆)) = ρ
(
βρDt+∆ − 1

)
+ ρ̄. (87)

2.4.1 Backwards induction

As long as problem (60) has a well-defined maximum, it is easy to show that it defines a
contraction. We begin by proving this fact, and then go on to show that the maximum exists
under very weak assumptions.

Proposition 7 Taking as given the continuation value Wt+∆, assume that the maximum in
(60) exists. Then:
(a.) the operator defined by problem (60) is a contraction, and
(b.) if the problem is defined over an infinite horizon and the options i = 1..n have time-
independent values V i

ss, then (60) has a unique time-independent value Wt = Wt+∆ ≡Wss.
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Proof. Consider two possible continuation values W a
t+∆ < W b

t+∆. Let (ha, ρa, ~πa) be the

policy that solves (60) when Wt+∆ = W a
t+∆, with time t value W a

t ; and let (hb, ρb, ~πb) be the

solution when Wt+∆ = W b
t+∆ ≡W a

t+∆ + 1, implying time t value W b
t . Then we have

W+ ≡ f(hb)∆ + (1− δ∆)W a
t+∆ + ρb∆(1− δ∆)(Eπ

b
V −W a

t+∆) + (1− δ∆) (88)

≥ f(hb)∆ + (1− δ∆)W a
t+∆ + ρb∆(1− δ∆)(Eπ

b
V −W a

t+∆) + (1− ρb∆)(1− δ∆) (89)

= W b
t = f(hb)∆ + (1− δ∆)W b

t+∆ + ρb∆(1− δ∆)(Eπ
b
V −W b

t+∆) (90)

≥ f(ha)∆ + (1− δ∆)W b
t+∆ + ρa∆(1− δ∆)(Eπ

a
V −W b

t+∆) (91)

= f(ha)∆ + (1− δ∆)W a
t+∆ + ρa∆(1− δ∆)(Eπ

a
V −W a

t+∆) + (1− ρa∆)(1− δ∆) (92)

≥ W a
t = f(ha)∆ + (1− δ∆)W a

t+∆ + ρa∆(1− δ∆)(Eπ
a
V −W a

t+∆) (93)

≥ W−t = f(hb)∆ + (1− δ∆)W a
t+∆ + ρb∆(1− δ∆)(Eπ

b
V −W a

t+∆). (94)

Note that
W b
t −W a

t ≤ (1− δ∆) = W+ −W−,

whereas
W b
t+∆ −W a

t+∆ = 1.

Thus (60) defines a contraction of modulus (1−δ∆). Part (b) follows as an immediate corollary.
QED.

Now, to see that (60) has a well-defined maximum, note that conditional on the values ~Vt+∆

and Wt+∆ associated with the time t + ∆ problem, the time t decision can be reduced to two
equations. Specifically, the time constraint must bind, and the first-order condition for precision
must be satisfied:

1− h = ρκπDπ + κρ
Dρ
∆
, (95)

κπβπf
′(h) = 1− δ∆. (96)

These two equations (illustrated by Figs. 5-6 in the next subsection) effectively depend on only
two variables, h and βπ, because all other time-t endogenous variables can easily be substituted
out. Dπ can be eliminated using equation (72), and ρ can be eliminated using (79) or (81). If
we also calculate βρ and Ṽt+∆ using (75) and (78), we can then eliminate Dρ using (85).

The first-order condition (96) clearly gives h as an increasing function of βπ. It is there-
fore helpful to analyze the slope of the time constraint (95), viewed as a relation between
βπ and h. It will be helpful to use the identities βπDt+∆ = ln(Eu exp(βπ(V −Wt+∆))) and

exp
(
κπ
κρ
βπDt+∆

)
= (Eu exp(βπ(V − Wt+∆)))κπ/κρ . Substituting, the time constraint can be

written as follows:

1− h = ρ(βπ)κπ

(
βπ
EuV eβπV

EueβπV
− ln(EueβπV )

)
+
κρ
∆

[
ρ(βπ)∆

κπ
κρ
βπDt+∆ − ln

(
1− ρ̄∆ + ρ̄∆e

κπ
κρ
βπDt+∆

)]
= κπβπρ(βπ)

(
EuV eβπV

EueβπV

)
− κπβπρ(βπ)Wt+∆ −

κρ
∆

ln
(

1− ρ̄∆ + ρ̄∆e
κπ
κρ
βπDt+∆

)
= κπβπρ(βπ)

[
EuV eβπV

EueβπV
−Wt+∆

]
− κρ

∆
ln
(

1− ρ̄∆ + ρ̄∆e
κπ
κρ
βπDt+∆

)
≡ t(βπ), (97)
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where ρ(βπ) is the function defined by (81). Note that, conditional on ~Vt+∆ and Wt+∆, the
right-hand side of (97) can be viewed as a function of βπ, which we call t(βπ); it represents the
total time devoted to decision-making, as a function of precision βπ.

Under very weak assumptions, we can show that t(β) slopes upward from t(0) = 0 at zero
precision. Therefore the curve h = 1− t(β) given by (95) slopes downward, and hence the model
has a unique interior optimum.

Proposition 8 Suppose f ′(h) > 0 and f ′′(h) ≤ 0 for h ∈ [0, 1], and mini Vi < maxi Vi. Then
problem (60) is solved by the pair h∗ ∈ (0, 1), β∗π > 0 that correspond to the unique crossing of
curves (95)-(96). The solution (h∗, β∗π) varies smoothly with changes in ~V and Wt+∆.

Proof. The main point to prove is that the right-hand side of (97) is nondecreasing in β.
Let us write (97) as h = 1− t(β), where

t(β) = κπβρ(β)

(
m′(β)

m(β)
−W

)
− κρ

∆
ln

(
1− ρ̄∆ + ρ̄∆

(
m(β)

eβW

)κπ
κρ

)
, (98)

m(β) ≡ Eu exp(βV ), and ρ(β) = ρ̄ exp
(
κπ
κρ
βπDt+∆

)
.17 Note that ρ(β) ∈ [0, 1] for β ∈ [0,∞).

Also, m′(0)
m(0) = EuV , and m(0) = 1. Therefore t(0) = 0.

Now by differentiating and simplifying, we can show that

t′(β) = κπρ

(
m′

m
−W

)
+ κπβρ

′
(
m′

m
−W

)
+ κπβρ

(
m′′

m
−
(
m′

m

)2
)

− κρ
∆

κπ
κρ

ρ̄∆
(
m(β)
eβW

)κπ
κρ
−1

1− ρ̄∆ + ρ̄∆
(
m(β)
eβW

)κπ
κρ

(
eβWm′ −mWeβW

e2βW

)

= κπρ

(
m′

m
−W

)
+ κπβρ

′
(
m′

m
−W

)
+ κπβρ

(
m′′

m
−
(
m′

m

)2
)
− κπρ

(
m′

m
−W

)
Notice that the first and last terms cancel; the remaining terms are

t′(β) =
κ2
π

κρ
ρ(β)

(
m′

m
−W

)2

+ κπβρ

(
m′′

m
−
(
m′

m

)2
)
. (99)

The first term on the right-hand side of (99) is obviously nonnegative. In the second term
on the right-hand side of (99), we have

m′′

m
−
(
m′

m

)2

=
EuV 2 exp(βV )

Eu exp(βV )
−
(
EuV exp(βV )

Eu exp(βV )

)2

= EπV 2 − (EπV )2 ≥ 0. (100)

17In the continuous-time limit, this reduces to

t(β) = κπβρ(β)

(
m′(β)

m(β)
−W

)
+ κρ(ρ̄− ρ(β)),

which simplifies the derivative:

t′(β) = κπρ

(
m′

m
−W

)
+ κπβρ

′
(
m′

m
−W

)
+ κπβρ

(
m′′

m
−
(
m′

m

)2
)
− κρρ′.

The first and last terms cancel, to give (99).
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This is the quantity that we signed in Lemma 1(c); since it represents a variance, it is strictly
positive for all β ∈ [0,∞) as long as mini Vi < maxi Vi. Therefore both terms on the right-hand
side of (99) are nonnegative, and in particular, we have t′(β) > 0 strictly for all β ∈ (0,∞) under
the maintained assumptions of the proposition.

Thus, the curve h = 1 − t(βπ) slopes down from h = 1 at βπ = 0. The curve f ′(h) = 1−δ∆
κπβπ

slopes upward from β0 ≡ 1−δ∆
κπf ′(0) ≥ 0; it eventually exceeds one if f ′(1) > 0. This proves that

the two curves have a interior unique crossing, as stated in the proposition. QED.
Thus we can also characterize the comparative statics.

−dh =
∂t

∂βπ
dβπ +

∂t

∂W
dWt+∆ +

(
∂t

∂V

)′
d~Vt+∆ (101)

κπ
∂f

∂h
dβπ + κπβπ

∂2f

∂h2
dh+ κπβπ

∂2f

∂A∂h
= 0 (102)

which can be summarized as(
dh
dβπ

)
=

1

|J |

(
−κπ ∂f∂h

∂t
∂W −κπ ∂f∂h

(
∂t
∂V

)′ − ∂t
∂βπ

κπβπ
∂2

∂A∂h

κπβπ
∂2f
∂h2

∂t
∂W κπβπ

∂2f
∂h2

(
∂t
∂V

)′
κπβπ

∂2

∂A∂h

) dWt+∆

d~Vt+∆

dA

 (103)

where

J = −κπ
∂f

∂h
+

∂t

∂βπ
κπβπ

∂2f

∂h2
< 0.

2.4.2 Numerical example

As we saw in the previous section, assuming time is valuable is very helpful, since it ensures
an interior solution for the precision of the decision problem. Since there is only one unit of
time available, the highest possible precision consistent with an interior solution is βπ = β∗h ≡
1−δ∆
κπ

f ′(1). Assuming that limh→0 f
′(h) = ∞, the lowest possible precision is zero. Hence we

can limit the search for the optimal level of precision βπ to the finite set [0, β∗1].
Moreover, given a hypothetical precision level βπ, the first-order conditions of (60) imply

that the precision on the timing decision must be βρ = κπ
κρ
βπ, and the fraction of time spent

working must be h = (f ′)−1
(

1−δ∆
κπβπ

)
. Finally, we can use (72), (76), (??), and (85) to calculate

Dπ, Dt+∆, ρ, Dρ, so we can calculate the amounts of time τ = κπρDπ and µ = κρDρ dedicated
to the two aspects of the decision problem. So solving for the optimal decision only requires
finding a βπ consistent with h+ τ + µ = 1.

Figures 5-6 illustrate the behavior of this model of decision with two numerical examples.
We choose some arbitrary parameters in order to be able to solve the problem: the time step is
∆ = 0.005; the discount factor is δ = 0.01; the information cost parameters are κπ = κρ = 0.1;
the production function is f(h) = Ahα, with A = 2 and α = 2/3. The continuation value of the
problem is Wt+∆ = 10. We consider two possible configurations of the decision options. First,
in Fig. 5, we assume the options have low value:

~Vlow ≡ (V1, V2, . . . , V13, V14) ≡ (−20,−18, . . . , 4, 6).

In Fig. 6, we add five to all the payoffs, so that the options are more valuable:

~Vhigh ≡ (V1, V2, . . . , V13, V14) ≡ (−15,−13, . . . , 9, 11).
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Figure 5: Time use in equilibrium: example with low values.
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Note: Time use in problem with low values, maxi Vi < Wt+∆.

Left panel : First-order condition (96) in red, and time constraint h = 1− τ − µ in blue.

Middle and right panels: fractions of time τ and µ devoted to decision and monitoring, respectively.

The figures show βπ on the horizontal axes of all the panels. The relevant range of precisions
is βπ ∈ [0, β∗1] ≈ [0, 7.5]. The first panel of each figure shows the two equations that determine
equilibrium precision β∗π (highlighted with a red star). The red line shows the first-order con-
dition (96) that equates the marginal payoff of time devoted to the decision with the marginal
value of other uses of time; this gives h as an increasing function of βπ. The blue line shows the
time constraint (95), representing the time left over (h) after the time devoted to the decision
(as a function of βπ). The next two panels break the decision time into its two component
parts: the time τ required to choose across the various options with precision βπ, and the time
µ required to control the timing of the decision with accuracy βρ =

κρ
κπ
βπ.

Note that given the low payoffs assumed in the example of Figure 5, it would be optimal to
simply postpone the decision; even choosing the best option (V14) with probability one, the value
of postponement is higher. But the imperfect decision maker assumed here is not entirely sure
of this, and can only draw a conclusion be devoting some time to thinking about it. Thus we see
in the third panel that raising µ to approximately 0.05 suffices to achieve arbitrarily high timing
accuracy βρ. As this accuracy increases, the DM is increasingly convinced that the decision
should simply be postponed (and accordingly decreases the arrival rate from its benchmark
level ρ̄ = 0.5 towards zero); therefore the time devoted to the decision itself remains almost
exactly at zero. Thus, as the red star in the first panel indicates, in this example approximately
95% of time is devoted to non-decision activities, 5% of time is devoted to learning that the
decision is not worthwhile, and the probability of actually completing the decision is extremely
close to zero.

27



Figure 6: Time use in equilibrium: example with high values.
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Note: Time use in problem with one high value, maxi Vi > Wt+∆.

Left panel : First-order condition (96) in red, and time constraint h = 1− τ − µ in blue.

Middle and right panels: fractions of time τ and µ devoted to decision and monitoring, respectively.

On the other hand, in Fig. 6, the best option maxi Vi = 11 slightly exceeds Wt+∆ = 10;
therefore, making the decision is potentially welfare improving, but only if precision is sufficiently
high. In the second panel of the figure, we see that increasing levels of βπ are accompanied by
steadily increasing time τ devoted to the decision. In the third panel, for very low βπ, a small
amount of time is devoted to evaluating whether the decision should be made; the answer is
no, conditional on this low accuracy, so the decision-maker decreases the arrival rate below the
benchmark rate (setting ρ < ρ̄ = 0.5) over this range. But at sufficiently high precision, roughly
βπ > 3, the probability of making the right decision becomes high enough that completing the
decision is worthwhile. Therefore for βπ > 3, the monitoring time µ steadily increases, implying
in this case that the DM is raising the arrival rate above its benchmark rate (ρ > ρ̄ = 0.5). Note
however that at roughly βπ > 3, completing and postponing the decision are equally valuable
(Ṽt+∆ = Wt+∆), so the DM devotes no time to evaluating whether or not the decision should
be completed. Therefore the DM sets µ = 0, implying ρ = ρ̄ exactly.

This nonmonotonicity of time devoted to monitoring whether completing the decision is
worthwhile explains why the blue time constraint curve in the first panel of Fig. 6 has an
inflection point, going from convex to concave. Nonetheless, as we showed in Proposition 8,
total decision time as a function of precision βπ is unambiguously increasing. Therefore the blue
curve slopes unambiguously downwards, and hence a unique crossing of the two curves exists,
at an interior point. In the example of Fig. 6, more than 80% of time available is devoted to
completing the decision; most of this is actual decision time τ rather than monitoring time µ.
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3 Bargaining games

We now apply our decision framework to some simple sequential bargaining games. In the
games, two impatient players, A and B, negotiate shares of a cake. Each may propose a share
of the cake between 0 and 1 to the other player, and may accept or reject an offer received from
the other player. Accepting the offer of the other player ends the game. We allow for costly,
error-prone decisions when making offers, and when deciding whether or not to accept them, so
these games will be applications of the decision framework described in Prop. 8.

We compare two assumptions about the bargaining protocol:

• One particularly simple protocol is an alternating offers protocol where “reject” is
equated with making a different proposal, and the proposer of the current offer cannot
revise that offer. Thus this protocol has only two types of decisions: making an offer, and
accepting or rejecting an offer.

• A simple alternative would be a rejection-first protocol where offers are rejected by
simply saying “no”, which returns the game to a situation with no offer outstanding.
Again, the most recent proposer cannot revise the offer.

Two simple but interesting alternatives would be:

• Another simple extension would be an updateable offers protocol where “reject” is
equated with making a different proposal, but the proposer of the current offer can update
that offer with a new one.

• Finally, we could consider a withdrawable offers protocol that allows either player to
say “no” to the current offer, returning the game to a situation with no offer outstanding.
That is, the recipient of the offer can accept it or reject it without offering an alternative;
the player that made the offer can likewise withdraw it without offering an alternative.

Note that under the alternating offers protocol, the responder must be careful not to propose
an unfavorable alternative, and can take plenty of time to respond since the proposer can do
nothing else until the responder acts. But in turn this gives both players an incentive to be very
careful when making the first offer. So this protocol could imply substantial delay, compared
with the other protocols. The updateable and withdrawable protocols seem like especially robust
versions of the game, since they never force players to remain in an undesirable state of the game.

We will solve the games by backwards induction from a finite ending time. Time steps are
assumed finite but very short; therefore we ignore the possibility that offers arrive simultaneously.
Thus under all the protocols considered, any given player i ∈ {A,B} may be in one of three
types of states at any time prior to the end of the game:

• State N i
t (“none”): No offer outstanding

• State M i
t (s) (“mine”): Own offer outstanding

• State Rit(s) (“received”): Other’s offer outstanding

By definition, the state of player A is NA
t if and only if the state of player B is NB

t . The
state of player i is M i

t (s) if and only if the state of the other player, called −i, is R−it (s). To
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Figure 7: Node N i
t : no offer outstanding.
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implies higher precision in the allocation of probabilities πit(s) across possible offers s ∈ [0, 1].

avoid unnecessary notation, we will identify the names of the states with the names of the value
functions associated with those states.

Without loss of generality, we define all offers from the point of view of agent A. Thus
s ∈ Γs ⊂ [0, 1] represents A’s share of the cake. Here Γs represents a finite grid of possible
shares between zero and one. Terminal payoffs are uA(s) ≡ s for player A, and uB(s) ≡ 1 − s
for player B.

As we discussed in Section 2.1, the precisions of players’ decisions are assumed to be bounded
by expected time spent thinking about the decisions. Let ρit indicate the arrival rate of an offer by
player i at time t, and let πit(s) indicate the probabilities of the possible offers s associated with
an offer made by i at t; then the precision of the distribution πit is constrained by τ it/ρ

i
t, where τ it

is the fraction of time i devotes to thinking about the decision. Similarly, let λit(s) indicate the
arrival rate of an acceptance or rejection by player i at time t; let αit(s) and 1 − αit(s) indicate
the acceptance and rejection probabilities for offer s (conditional on arrival of the decision).

The structure of the game can be described by drawing game trees representing the possible
events at nodes of type N i

t , M
i
t (s), and Rit(s). Figures 7-9 describe the game associated with

the “alternating offers protocol” mentioned above. In Fig. 7, we see that players i and −i
simultaneously choose the arrival rates ρit and ρ−it of their decisions at node N i

t (the figure is
drawn from the point of view of player i; it could be redrawn from the perspective of player −i
by simply relabelling nodes with the names used from the perspective of that player).18 Next,
Nature chooses to complete player i’s decision with probability ρit∆, or player −i’s decision with

18The simultaneous decision is indicated by the dashed oval surrounding the set of nodes DM−it , which repre-
sents an information set. That is, all instances of the node DM−it lie in the same information set, meaning that
player −i is unaware which value of ρit was chosen by player i.
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Figure 8: Node M i
t (s): offer of player i outstanding.My offer outstanding: Mi

t(s)
(alternating offers protocol)
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Note: Player −i chooses response arrival rate λ−it . A slower response implies higher precision in the decision to

accept or to allocate probabilities γ−it (s′) across alternative offers s′ ∈ [0, 1].

probability ρ−it ∆, or otherwise to go on to node N i
t+∆ with no offer outstanding at time t+∆.19

If player i completes a decision, the game is distributed across nodes M i
t+∆(s) at time t + ∆,

that is, an offer s made by player i will be on the table. If player i completes a decision, the
game will be distributed across nodes M i

t+∆(s) at time t+ ∆, that is, an offer s made by player
i will be on the table. If instead player −i completes a decision, the game will move to one of
the nodes Rit+∆(s), indicating that an offer s has been made by player −i.

In Figure 8, showing node M i
t (s), where player i has made an offer s, we see that player −i

is choosing a response arrival rate λ−it ∈ [0,∆−1]. Nature permits the response to arrive with
probability λ−it ∆, or otherwise continues to node M i

t+∆(s) at time t + ∆. The response may

be acceptance, with probability α−it (s), which ends the game, so that player i receives payoff
ui(s). Otherwise, player −i may propose an alternative offer s′ with probability γ−it (s′), where∑

s′ γ
−i
t (s′) = 1− α−it (s); thus player i arrives to node Rit+∆(s′) indicating that i must consider

offer s′ from −i. Figure 9, showing a node Rit(s) where i has received an offer from −i, has
exactly the same structure as node M i

t (s), with appropriate relabelling.
Before going further, it is helpful to discuss why player i’s decision at node Rit(s) is well-

behaved. In Section 2, we considered an arbitrary set of discrete alternatives. But at node
Rit(s), there are two distinct classes of alternatives: the discrete option to accept, ending the
game, or many possible alternative shares s ∈ [0, 1]. Numerically, the set of alternative offers
is represented as a discrete, uniformly-spaced grid from 0 to 1. But we should ask whether the
results might change as we change the density of grid points— or equivalently, is this discrete
representation a valid approximation to a model with a continuum of possible shares s on the
unit interval?

19Since this description of the probability ignores the possibility of simultaneous arrivals, the time step ∆ should
be chosen short enough so that the implied errors are small.
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Figure 9: Node Rit(s): offer of player −i outstanding.Other’s offer outstanding: Rit(s)
(alternating offers protocol)
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The answer is yes, because of two invariance properties of the relative entropy function.
First, under our assumed cost function, choice across a large subset of alternatives Γ has exactly
the same cost as choosing initially one subset from a partition of Γ, followed by choosing an
element within the chosen subset. Thus we can think of the decision at node Rit(s) as two-stage
choice, first between acceptance and rejection, and then (immediately) between a set of possible
counteroffers. Second, the relative entropy between two distributions is continuous as we go
from a discrete support to a continuous support. Thus, as long as we assume a sufficiently fine
grid of possible counteroffers s, the results will accurately approximate choice from a continuum
of counteroffers s ∈ [0, 1].

3.1 Solving the alternating offers game

We now solve the game defined in Figures 7-9 by backwards induction. We begin from a
hypothetical end time T , when further negotiation is impossible. Now suppose we know the
solution of the game at time t + ∆, and wish to solve it at time t. It is helpful to consider
first the value Rit(s), described in Fig. 9, of accepting an offer s made by the other player, or
counterproposing. This figure is exactly analogous to Figure 1; it describes a single decision
made by a single player subject to an outside option Rit+∆ which is already known, since we
assume the solution at time t+ ∆ is already known.

Thus, suppose there are n − 1 points (s1, . . . , sn−1) in the grid of possible offers Γs. Given
some specific current offer s, consider a vector of possible alternatives

(V1, . . . , Vn) ≡ (M i
t+∆(s1), . . . ,M i

t+∆(sn−1), ui(s)), (104)
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chosen with probabilities

(π1, . . . , πn) ≡ (γit(s1), . . . , γit(sn−1), αit(s)). (105)

Define the continuation value
W i
t+∆ ≡ Rit+∆(s). (106)

Suppose that player i has discount rate δi and allocates fraction µ of time evaluating whether
the problem should be solved, fraction τ to actually solving the problem, and obtains payoff
f(h)∆ from the remaining time h = 1− µ− τ . The player faces the information constraints

κiπ

 n∑
j=1

πj lnπj + lnn

 ≤ τ

λit
, (107)

where λit is the chosen arrival rate of the solution, and

κiλ

(
λit∆ ln

(
λit

λ̄
i

)
+ (1− λit∆) ln

(
1− λit∆
1− λ̄i∆

))
≤ µ∆. (108)

Here we have defined a decision problem of the form analyzed in Proposition 8. To ensure
that the solution is interior, we assume that time has some value outside of the bargaining
game: f ′(h) > 0 and f ′′(h) ≤ 0. Then the proposition implies that the rationality coeffi-
cient β and the time in alternative activities h are given by the unique crossing of the two
curves (95)-(96).20 Given β and h, we can also calculate τ , µ, λit, and the logit probabilities
(γit(s1), . . . , γit(sn−1), αit(s)). Once we know h, λ, and the logit probabilities, we can update the
value function as follows:

Rit(s) = f(h)∆ + (1− δi∆)

(1− λit∆)Rit+∆ + λit∆

n−1∑
j=1

γit(sj)M
i
t+∆(sj) + αit(s)u

i(s)

 .

(109)
Next, consider the value function M i

t (s) defined in Figure 8. Note that the only decisions
made in Fig. 8 are decisions of the other agent −i. Therefore, agent i can set h = 1, dedicating
no time to decisions. And thus after we have solved the other agent’s problem to calculate
R−it (s) and the associated logit probabilities and arrival rate, we can calculate i’s value M i

t (s)
by summing up the possible events shown in the game tree:

M i
t (s) = f(1)∆+(1−δi∆)

(1− λ−it ∆)M i
t+∆ + λ−it ∆

n−1∑
j=1

γ−it (sj)R
i
t+∆(sj) + α−it (s)ui(s)

 .

(110)
The game at a node where no offer has yet been made is somewhat more complicated,

because, even taking as given the time t + ∆ equilibrium, the optimal decision of player A at
time t interacts with that of player B at t. Nonetheless, the problem is tractable because the

20A MATLAB program, twomargins ns.m, is provided to solve the problem analyzed in Proposition 8. That
program is called repeatedly by the program rubegame alternating.m to solve each backwards induction step, in
order to calculate the equilibria reported here.
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interaction goes only through the continuation values WA
t+∆ and WB

t+∆. Therefore each player’s
decision can be written in the form considered in Proposition 8.

At node N i
t , player i chooses between options

(Vi, . . . , Vn−1) ≡ (M i
t+∆(s1), . . . ,M i

t+∆(sn−1)), (111)

chosen with probabilities

(π1, . . . , πn−1) ≡ (πit(s1), . . . , πit(sn−1)). (112)

We write the fractions of time dedicated to monitoring, choosing, and alternative activities as
µ, τ , and h, respectively; and the arrival rate chosen by i as ρit. The constraints on the decision
are

τ

ρit
≥ κiπ

 n∑
j=1

πj lnπj + ln(n− 1)

 , (113)

µ∆ ≥ κiρ

(
ρit∆ ln

(
ρit
ρ̄i

)
+ (1− ρit∆) ln

(
1− ρit∆
1− ρ̄i∆

))
. (114)

Now, if player i fails to make a decision at node N i
t , he will face an offer from −i with probability

ρ−it ∆, or will return to a node with no offer outstanding with probability 1 − ρ−it ∆. Therefore
the continuation value for player i’s problem is

W i
t+∆ = (1− ρ−it ∆)N i

t+∆ + ρ−it ∆
n−1∑
j=1

π−it (sj)R
i
t+∆(sj). (115)

With this notation we have defined a decision of the form analyzed in Prop. 8, but it cannot
be solved directly because W i

t+∆ is unknown: it depends on the as-yet-unknown solution to
player −i’s problem. Thus, we can instead make the initial guess W i

t+∆ ≈ N i
t+∆. We can then

solve the problem, according to Prop. 8, and calculate its value, as given by

N i
t =f(h)∆ + (1− δi∆)

(1− ρit∆)W i
t+∆ + ρit∆

n−1∑
j=1

πit(sj)M
i
t+∆(sj)

 (116)

=f(h)∆ + (1− δi∆)

(1− ρit∆)W i
t+∆ + ρit∆ ln

 1

n− 1

n−1∑
j=1

exp(βM i
t+∆(sj))

 . (117)

We perform the same calculations for −i that we have performed for i. We can then update our
guesses for W i

t+∆ and W−it+∆ using the formula (115), and solve both players’ problems again.

We continue iterating in this way until we find fixed points for W i
t+∆, N i

t , W
−i
t+∆, and N−it .

We have now described a single backwards induction step to update the values Rit(s), M
i
t (s),

and N i
t , and likewise for −i. Working backwards until all value functions have converged,

we arrive at an equilibrium of the game. Figure 10 illustrates a numerical solution of this
equilibrium, for two risk-neutral agents that split a cake of size 100, under the parameters
∆ = 0.01, κ = 0.2, δ = 0.05, and ρ̄ = 0.5, A = 1, and α = 2/3, which are chosen for
computational convenience. A discrete grid of offers is considered, from s = 0 to s = 100 by
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Figure 10: Equilibrium of alternating offers game.
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steps of 0.5. The time step ∆ is chosen small enough so that the probability of making a decision
in a single time step is close to zero, implying that any given decision will take many time steps.
The offer step size is chosen fine enough to guarantee that equilibrium is unique (for further
discussion, see Sec. 3.5 below). The discount rate δ is assumed relatively large, to speed up
the equilibrium calculation (these examples take two or three hours to compute on an ordinary
laptop computer). The precision cost κ is chosen large enough so that errors are visible in the
graphs, without displaying a high degree of irrationality. The settings of ρ̄ and α are essentially
arbitrary. The value of A is a normalization, but its setting relative to the size of the cake is
crucial in one sense. We choose parameters so that devoting time to splitting the cake is in fact
worthwhile. In a symmetric example, this requires that the present discounted value of never
bargaining, and instead devoting all future time to alternative activities, A/δ = 20, is less than
the value of immediately ending the game by splitting the cake evenly, which is 50.

The first panel graphs the functions MA(s) and RA(s) that represent player A’s value of an
outstanding offer when A made the offer, or received the offer, respectively. Both are graphed as
a function of the share s received by A, so MA(s) and RA(s) are mostly constant or increasing
in s. This equilibrium is symmetric around an offer of a 50/50 split, so MB(1−s) = MA(s) and
RB(1−s) = RA(s); therefore MB(s) and RB(s) (not shown) are mostly constant or decreasing.21

The value to A of an offer made by A, MA(s), is shown in blue. It starts at 0 for s = 0, and is
initially approximately linearly increasing, peaking at MA(50.5) = 48.47. It then falls slightly
to a flat plateau at MA(s) = 46.20 for offers in the range s ≥ 54. Values in this range reflect
the fact that player B accepts offers less than 50 with probability near one, as we can see in
the first panel Figure 11. Higher offers are would be more valuable to A if B accepted them,
but the acceptance probability is less than one percent for s ≥ 53, so MA(s) at high values of s
mostly reflects the value of waiting for an alternative offer made by B.

While A’s value is high conditional on having made a high offer, it is even higher conditional
on receiving a high offer, since A has the option of accepting, and ending the game. Thus, we
see that the green curve RA(s), which represent’s A’s value of responding to an offer received
from B, lies slightly below the 45o-line for s ≥ 50. And when s ≤ 47, we have RA(s) =
46.42, representing the value of the option to reject. While it might appear on first sight that
RA(s) ≥ MA(s) for all s, this is not actually true around s ≈ 50. In particular, we have
RA(50) = 47.48 < MA(50) = 48.31. The reason is that regardless of who proposed s = 50, A
can expect to receive the terminal payoff uA(50) = 50 with very high probability very soon. But
if A made the offer, then A only needs to wait in order to receive this terminal payoff; if instead
B made the offer, then A needs to think about it in order to decide to accept. This is why the
value of receiving an offer of an even split is very slightly less than the value of having already
made the same offer. Both of these values also exceed NA = NB = 46.78, which is the value
when no offer is yet outstanding, reflecting the fact that players will need to think, and time
will elapse, prior to receiving a terminal payoff.

Thus equilibrium outcomes are simple and highly rational in spite of the presence of errors
in the model: the actual split is likely to be very close to 50/50. The modal proposal by A is
50.5, and 85% of all offers made by A lie in the interval [50,51] (top, right panel of Fig. 10). An
even split is accepted with more than 90% probability, while B accepts the proposal s = 51 with
56% probability (first panel of Fig. 11). However, some low-cost errors are also observed. For

21This equilibrium is computed by starting with a symmetric guess of the form NA
init = NB

init. But as long
as the step size in the offer grid is sufficiently small, the same (unique) equilibrium is obtained starting from an
asymmetric guess. See Sec. 3.5.
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Figure 11: Acceptance decision in alternating offers game.
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Note: Acceptance probabilities in alternating offers game, including errors in timing (choices described by Prop.

8). Green: Node R; red: node N .

Left panel : Acceptance probabilities αA(s) of player A, conditional on decision.

Middle panel : Decision arrival probabilities of player A: λA(s)∆ (green) and ρA(s)∆ (red).

Right panel : Acceptance probabilities αA(s)λA(s)∆ of player A.

example, in the top, right panel of Fig. 10, A has a tiny, roughly constant probability (0.03%) of
making any offer s in the range s > 55. These unacceptable offers are again relatively low-cost
errors, because they simply postpone arrival of an agreement. On the other hand, the probability
that A makes an offer below 50 declines extremely rapidly, becoming reaching zero at machine
precision for s ≤ 41. Low offers are obviously much more costly mistakes to A, since they are
accepted by B with very high probability.

While behavior in this example is very close to rationality, Figure 11 shows the obvious
principal difference from the model of Rubinstein (1982): agreement is not reached immediately.
The first panel shows that, conditional on making a decision, the responder accepts any offer
s ≥ 50 with probability α close to one. However, in the second panel, we see that the response
to an offer arrives with probability λ∆ near 1% in any single time step. Responses arrive
most slowly when the offer is near s = 50, since the correct response is least obvious near the
acceptance threshold. The probability ρ∆ of making an offer when no offer is outstanding, per
time step, is similar (red star in second panel). Thus, typically, on the order of one hundred
time steps pass before an offer is made, and another hundred before it is accepted. The third
panel shows the product αλ∆ that represents the probability that any outstanding offer s is
accepted in any given time step.

3.2 Solving the game with rejection first

The game we just solved equates rejecting an offer with making a counteroffer. We next consider
a game that distinguishes between the two, allowing the responding player to simply say “no”,
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which returns the game to a node with no offer outstanding. The game tree at state N is the
same one we showed in Fig. 7. The games at states M i

t (s) and Rit(s) are changed (as seen in
Figs. 8 and 9) by replacing the transitions to a new offer s′ by a transition back to state N with
probability 1−α−it (s) or 1−αit(s) (respectively). Here 1−αi(s) represents player i’s probability
of saying “no” to offer s.

Thus the Bellman equation for received offers becomes an application of Prop. 8 with just
two options:

Rit(s) = f(h)∆ + (1− δi∆)
{

(1− λit∆)Rit+∆ + λit∆
(
αit(s)u

i(s) + (1− αit(s))N i
t+∆

)}
. (118)

The value function M i
t (s) likewise contemplates the possibility that the offer is accepted, with

value ui(s), or rejected, implying a return back to value N i
t+∆.

M i
t (s) = f(1)∆ + (1− δi∆)

{
(1− λ−it ∆)M i

t+∆ + λ−it ∆
(
α−it (s)ui(s) + (1− α−it (s))N i

t+∆

)}
.

(119)
The Bellman equation for node N i

t is unchanged from the previous protocol.
The results are shown in Figs. 12-13. Parameters are identical to the previous example

(except that we use a finer step size in the offer grid, 0.1, to guarantee equilibrium uniqueness).
As in the previous example, under this protocol the offer that is actually accepted remains very
close to a 50/50 split, with a slight advantage to the proposer. In this example, the modal offer
by A is s = 51.2, and the probability that A’s offer lies in [49,52] is 93.4%. The main difference
in this new specification is that acceptable offers are accepted much more quickly under this
rejection-first protocol than they were under the previous one; the probability of accepting an
offer of a 50/50 split rises to rises to roughly 3% per time step, from roughly 1% per time step
before (comparing the green lines in second panels of Figs. 11 and 13). The reason is intuitive:
rejection was a more complex decision under the previous protocol, where rejection implied
proposing an alternative. Therefore, the acceptance/rejection decision was much slower under
the “alternating offers” protocol than it is under the “reject first” protocol. Note in contrast
that the arrival rate of the initial offer (red stars in Figs. 11 and 13) is roughly similar (around
1.2% per time step) under the two specifications, since in both cases the initial proposal requires
a choice across the entire offer space.

Thus, the equilibrium under this protocol is a Pareto improvement relative to that arising
under the alternating-offers protocol considered previously. The actual allocations are very
similar (a split near 50/50 with probability near one), but there is less bargaining delay; therefore
the ex ante value of the game rises compared with the previous protocol, to NA = NB = 48.18.
Since this protocol is preferred by both players, from here on we will take the reject-first game
as our benchmark: all comparative statics calculations and other specification changes will be
constructed as deviations away from the equilibrium displayed in Figs. 12-13.

3.3 Games without errors in timing

We now go on to further characterize the behavior of the game, and to study the robustness of
our previous results, by considering some variations on the specifications shown so far. From
here on, figures for additional specifications studied are moved to the appendix.

First, we consider the role of timing errors. Thus far, we have computed bargaining equilibria
in which players were subject to errors both in their choices across available actions, and in the
timing of their choices (that is, we applied the specification of Prop. 8, from Section 2.4). Now we
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Figure 12: Equilibrium of rejection-first game.
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Note: Equilibrium of rejection-first game, including errors in timing (choices described by Prop. 8).
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Figure 13: Acceptance decision in rejection-first game.
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Green: Node R; red: node N .

Left panel : Acceptance probabilities αA(s) of player A, conditional on decision.

Middle panel : Decision arrival probabilities of player A: λA(s)∆ (green) and ρA(s)∆ (red).

Right panel : Acceptance probabilities αA(s)λA(s)∆ of player A.

compute bargaining equilibria again, under the the alternating and rejection-first protocols we
considered previously, but we model the decisions according to the specification in Proposition
1 (Section 2.1), where there are no errors in timing.22

Equilibrium of the alternating offers game, under the decision model of Prop. 1, is illustrated
in Figs. 14-15. Equilibrium under the rejection-first protocol, under the decision model of Prop.
1, is shown in Figs. 16-17. In the bottom-right panels of Figs. 14 and 16, we see that 100% of
time available is allocated to making the decision at hand, since in the model of Prop. 1 time
has no inherent value and monitoring whether or not the decision should be made now requires
no time.

However, the overall conclusion about the importance of timing errors is very simple: results
with and without timing errors are very similar. In both cases, the allocation ends up being a
split near 50/50 with probability very near one. Under the benchmark parameterization, the
arrival rate of the decision is also similar in both cases. Thus errors in timing have little effect,
except that they make the model simpler to solve, since the possible corner solutions seen in
Prop. 1 are eliminated when we move to the model analyzed in Prop. 8.23 (Under an alternative

22A MATLAB program, onedecision ns.m, is provided to solve the problem analyzed in Proposition 1. The
program rubegame alternating.m can then be used to solve each backwards induction step, in order to calculate
the equilibria reported here. When calling rubegame alternating.m, select DECISIONMODEL=1 to run the
decision model without errors in timing (Prop. 1), or DECISIONMODEL=2 to run the decision model with
errors in timing (Prop. 8). The same parameter settings are applicable to the program rubegame rejectfirst.m
that computes the rejection-first protocol.

23We should not extrapolate to conclude that timing errors are never important in this decision model. In
the author’s related work, Costain and Nakov (2014), timing errors are crucial for nonneutrality of monetary
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parameterization where control costs were lower, κ = 0.02, it was found that decision arrival
rates were substantially higher under the model of Prop. 1 than under the model of Prop. 8,
because with lower control costs much less time was devoted to decision-making under the model
of Prop. 8, whereas under the model of Prop. 1 all time is devoted to choice by assumption. But
qualitatively the results were otherwise unchanged.)

3.4 Comparative statics

Figures 18-19 illustrate a comparative statics exercise in which we make time inherently more
valuable, raising the productivity of alternative activities from its benchmark value of A = 1 to
A = 2. (The specification is otherwise identical to the rejection-first benchmark of Figs. 12-13.)
Since time is more costly, less of it is devoted to the decision. Comparing the red cross in the
bottom-right panel of Fig. 18 to that of 18, the time devoted to alternative activities rises from
only h = 0.0.035 when A = 1 to h = 0.0397 when A = 2. Therefore the decision arrives more
slowly, and with less accuracy. In particular, the probability that A offers s ∈ [49, 52] falls from
93.4% in the benchmark specification to 86.6% when A = 2. At the same time, the arrival rate
of the first offer falls from 1.3% per time step in the benchmark specification to 0.9% per time
step when A = 2 (red star in second panel of 19), and the arrival rate of a decision to reject an
offer falls from roughly 3% per time step to roughly 1.6% per time step.

Thus, the main impact of making time in alternative activities more valuable is to slow
down the arrival of the decision. Similar effects are observed in several other comparative
statics exercises (these additional figures are not shown). In particular, with A = 1, lowering
the noise parameter from κ = 0.2 to κ = 0.02 increases the arrival rate of initial offers from
1.3% per time step to 6.4% per time step and shrinks the range of offers made in equilibrium.
Likewise, lowering the benchmark arrival rate ρ̄ from 0.5 to 0.1 slows down the arrival rate of
initial offers, from 1.3% per time step to 0.95% per time step, while raising ρ̄ to 1 raises the
arrival rate of initial offers to 1.5% per time step.

A rather different comparative statics exercise is considered in Figs. 20-21, in which the value
of alternative activities is raised to A = 3. The importance of this example is that now the value
of alternative activities is so high that the players would be better off never ending the game
by splitting the “rotten pie”. That is, A/δ = 60 exceeds the value of half the pie (50) in this
example.

The results are sensible. If these players were fully rational, they would simply avoid negoti-
ating altogether. Being imperfectly rational, they do devote some time to the bargaining game,
but we see from the red dot the bottom-right panel of Fig. 20 that almost all time is devoted
to alternative activities (h = 0.95). Therefore offers arrive very slowly; the arrival rate of initial
offers is 0.45% per time step (red star in Fig. 21). Since ending the game by accepting a 50/50
share is less valuable than continuing without agreement, the probability of offering accepting
equal shares is very close to zero; A’s acceptance probability jumps close to one only when an
offer s ≥ 60 is received. Since A knows that B is unlikely to accepts offers above s = 40, when
A does make offers some of these are as generous as s = 42.5 (the smallest offer that is rejected
almost certainly by B).

shocks, because they weaken the “selection effect” described by Golosov and Lucas (2007). But in the context of
sequential bargaining, while time-consuming decisions are crucial for generating bargaining delays, the additional
layer of errors on the timing itself has little impact on the equilibrium.
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3.5 Multiplicity of equilibrium

The alternating offers game of Rubinstein (1982) implies a unique equilibrium with immediate
agreement. In Perry and Reny’s (1993) game with fixed time costs for decisions, agreement is
not immediate, and multiple equilibria occur for two distinct reasons. First, multiplicity may
arise due to the possibility of exactly simultaneous actions. Player i may make an offer at time t
which she expects will be accepted by −i; this is supported as an equilibrium if −i expects that
his offer at t would be rejected. Since the same argument can be made for either player, which
player offers at a given point in time is not uniquely determined. Second, the game of Perry and
Reny displays multiple equilibria in which one of the agents expects, and on average receives,
a higher share than the other. Thus, even under a perfectly symmetric parameterization, the
expected payoffs of A and B need not be equal.

Multiplicity of the first type is ruled out almost by construction in our model, since precise
control of timing is costly. While it is feasible in this model to make a proposal with probability
one in a discrete time step ∆, such a rapid choice achieves minimal precision but requires a
high fraction of time devoted to monitoring, the more so as ∆ approaches zero. Normally, in
equilibrium at a node where no offer is outstanding, both players are simultaneously thinking
about possible offers. Knowing that i might complete an offer over the interval [t, t+ ∆] with a
probability that is positive but small (if ∆ is small) does not suffice to rule out decision-making
effort by player −i.

The issue of multiplicity of expected shares is separate from the possibility of multiplicity
in timing. To investigate this question, we compute our benchmark specification from different
initial guesses. On one hand, we compute it from a symmetric initial guess, NA

init = NB
init = 50,

which converges to the symmetric equilibrium shown in Sec. 3.2, where NA
ss = NB

ss = 48.181.
On the other hand, we start with a highly asymmetric initial guess, NA

init = 80, NB
init = 20. In

this case, the asymmetry in players’ expected shares unravels as backwards induction proceeds,
converging finally to precisely the same equilibrium, with NA

ss = NB
ss = 48.181. Figure 22

plots the value functions associated with offers made and offers received, as calculated both
simulations. The simulation that starts from a symmetric guess is plotted with MA

ss in blue and
RAss in green. The simulation that starts from an asymmetric guess is plotted both functions in
red, but the red lines are invisible because they are exactly overlaid by the blue and green lines.

Unravelling from the asymmetric initial guess happens very slowly. When player A expects
to receive a very high share (represented by a high value of NA

t+∆), that player will not accept low
offers, so NA

t cannot be much below the assumed value of NA
t+∆. Indeed, if offers are constrained

to a sufficiently coarse discrete grid, backwards induction may get “trapped” at a distribution of
offers that remains asymmetrically favorable to one of the players. In other words, on a coarse
grid, multiple equilibria may be sustained. This is illustrated in the left panel of Figure 23,
which shows the equilibrium value functions MA

ss and RAss that are calculated from an initial
guess that is extremely favorable to A, conditional on two different discrete grids. The dotted
lines assume a grid of possible shares from 0 to 100 by steps of 2.5; in this case backwards
induction converges to NA

ss = 53.1, NB
ss = 43.6. Given a step size of 1.0, the computation

converges to NA
ss = 50.0, NB

ss = 46.4, but this is not shown, in order to avoid cluttering the
graph. Finally, the solid line shows the benchmark equilibrium, which is computed with a step
size of 0.1; this grid is sufficiently fine that backwards induction converges to a fully symmetric
equilibrium with NA

ss = NB
ss = 48.181, even when we start from an asymmetric guess.24

24The solid curves are identical to those shown in Fig. 22 and in the top-left panel of Fig. 12.
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The right panel of Fig. 23 shows a similar exercise under a higher degree of rationality,
lowering the decision noise parameter from its benchmark value of κ = 0.2 to κ = 0.02. We
see that when decisions are less costly, a wider range of equilibrium shares can be sustained,
conditional on a given discrete grid. In this case, with a step size of 2.5, backwards induction
from a guess very favorable to A converges to NA

ss = 76.7, NB
ss = 22.4 (dots). With step size 0.5,

the same calculation converges to NA
ss = 62.1, NB

ss = 37.3 (dashes), and with step size 0.25, it
converges to NA

ss = 54.8, NB
ss = 44.6 (dash-dot). Finally, with step size 0.1 it converges all the

way to a symmetric equilibrium with NA
ss = NB

ss = 49.66 (shown as a solid line). Note that with
a lower noise parameter (κ = 0.02), the initial value of the game is higher than it was under the
benchmark parameterization (κ = 0.2), reflecting the fact that an agreement arrives faster and
with less decision effort.

In all the cases shown in the two panels of the figure, a fully symmetric equilibrium is found
if we start from a symmetric guess. But as the figure shows, on a coarse grid, the algorithm can
also converge to an asymmetric equilibrium. As long as the grid is sufficiently fine, backwards
induction converges to a unique equilibrium, which is symmetric as long as the two players have
symmetric parameters. It is reasonable to conjecture that equilibrium is unique if the game is
defined on a continuous space of possible offers, but demonstrating this rigorously is beyond the
scope of the present paper.

4 Conclusions

This paper has presented a model of decision-making in which choices are error-prone because
achieving perfect precision is excessively costly. The cost of choice is the time it requires. The
decision-maker may choose quickly, achieving low precision, or more slowly, achieving arbitrarily
high precision. The problem is defined in terms of an arbitrary discrete time step, and is well-
behaved both in discrete time and in the continuous-time limit. Likewise, although the choice is
defined across a discrete set of possible actions, it is well-behaved in the limit with a continuum
of possible actions.

Besides errors in choices across two or more feasible actions, the paper also extends the
control cost equilibrium concept by studying errors in the timing of decisions. Several scenarios
are considered, with costly choice across alternatives only, or costly choice of timing only, or
both. In the main model, where both choices and the timing of those choices are costly, optimal
decision-making is characterized by an interior solution that varies smoothly with changes in the
parameters of the problem. This occurs because errors in the timing of choice eliminate corner
solutions that would otherwise complicate the analysis.

When this model of decisions is applied inside a game, the time devoted to choice must be
reflected in the extensive form. As an application, this paper considers a sequential bargaining
game. Two players may make offers to split a pie; making an offer is a time-consuming, error-
prone decision. A player that has received an offer may accept the offer, ending the game, or
reject it, returning the game to a state where no offer is outstanding; this binary choice is also a
time-consuming, error-prone decision. An alternative protocol is considered, in which rejecting
an offer requires the formulation of an alternative offer; our decision framework implies that this
is a more costly decision, and therefore more time goes by in equilibrium under this alternative
protocol before an offer is accepted.

Numerical simulations of these bargaining games reveal an equilibrium structure very similar
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to that of Rubinstein (1982), except that agreement is not achieved instantaneously. Under a
symmetric parameterization, there is a very high probability of an approximately even split of
the pie. When no offer is outstanding, both players simultaneously devote part of their time
to formulating offers. Players typically propose shares very slightly favorable to themselves,
and typically accept shares very slightly unfavorable to themselves. Sometimes players propose
shares excessively favorable to themselves, which are typically rejected; proposing shares that
are excessively generous to the opponent is a much more costly mistake and therefore occurs
less frequently in equilibrium.

Perry and Reny (1993) also considered a sequential bargaining game with time-consuming
formulation of offers. Their game exhibits two types of multiplicity of equilibrium. There may be
multiplicity in the identity of the player that makes an offer at a given point of time; there may
also be multiplicity in the expected equilibrium share received by a given player. In contrast,
in the present paper, as long as the game is computed with a sufficiently short time step, and
a sufficiently small step size between possible offers, equilibrium is unique. Assuming higher
noise in decision-making also makes uniqueness more likely. Thus we find that the results of the
Rubinstein (1982) and Binmore et al. (1983) games appear more robust than Perry and Reny’s
generalization suggested.
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5 Appendix. Additional figures.

5.1 Games without errors in timing.

Figure 14: Equilibrium of alternating offers game, with no errors in timing.
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Reject−first equilibrium. Node R green, node M blue, node N red.

0 20 40 60 80 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Share s to player AT
im

e 
us

e 
of

 A
: h

 (
da

sh
ed

) 
an

d 
h+

τ 
(s

ol
id

).
 N

od
e 

R
 g

re
en

, n
od

e 
N

 r
ed

.

Note: Equilibrium of alternating offers game, with no errors in timing (choices described by Prop. 1).

Green: Node R; blue: node M ; red: node N .

Top left : Values to A of outstanding offers. Blue: Value MA(s) of offer made by A. Green: Value RA(s) of offer

made by B. Red: Value NA when no offer has been made.

Top right : Offer probabilities πA(s) when A makes an offer at node N .

Bottom left : Rationality of A. Green: rationality βAR(s) when responding to offer s. Red: Rationality βAN when

making an offer at node N .

Bottom right : Time use of A at nodes RA(s) and NA. Plus: labor h; star: h+ τ .
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Figure 15: Acceptance decision in alternating offers game, with no errors in timing.
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Decisions of A: αA(s), λA(s)∆, ρA(s)∆, and αA(s)λA(s)∆. (Green: node R, red: node N.)
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Note: Acceptance probabilities in alternating offers game, with no errors in timing (choices described by Prop.

1). Green: Node R; red: node N .

Left panel : Acceptance probabilities αA(s) of player A, conditional on decision.

Middle panel : Decision arrival probabilities of player A: λA(s)∆ (green) and ρA(s)∆ (red).

Right panel : Acceptance probabilities αA(s)λA(s)∆ of player A.
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Figure 16: Equilibrium of rejection-first game, with no errors in timing.
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Reject−first equilibrium. Node R green, node M blue, node N red.
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Note: Equilibrium of rejection-first game, with no errors in timing (choices described by Prop. 1).

Green: Node R; blue: node M ; red: node N .

Top left : Values to A of outstanding offers. Blue: Value MA(s) of offer made by A. Green: Value RA(s) of offer

made by B. Red: Value NA when no offer has been made.

Top right : Offer probabilities πA(s) when A makes an offer at node N .

Bottom left : Rationality of A. Green: rationality βAR(s) when responding to offer s. Red: Rationality βAN when

making an offer at node N .

Bottom right : Time use of A at nodes RA(s) and NA. Plus: labor h; star: h+ τ .
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Figure 17: Acceptance decision in rejection-first game, with no errors in timing.
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Decisions of A: αA(s), λA(s)∆, ρA(s)∆, and αA(s)λA(s)∆. (Green: node R, red: node N.)
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Note: Acceptance probabilities in rejection-first game, with no errors in timing (choices described by Prop. 1).

Green: Node R; red: node N .

Left panel : Acceptance probabilities αA(s) of player A, conditional on decision.

Middle panel : Decision arrival probabilities of player A: λA(s)∆ (green) and ρA(s)∆ (red).

Right panel : Acceptance probabilities αA(s)λA(s)∆ of player A.
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5.2 Comparative statics

Figure 18: Equilibrium of rejection-first game, assuming costlier time (A = 2).
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Reject−first equilibrium. Node R green, node M blue, node N red.
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Note: Equilibrium of rejection-first game, including errors in timing (choices described by Prop. 8).

Green: Node R; blue: node M ; red: node N . Assuming costlier time (A = 2 instead of A = 1).

Top left : Values to A of outstanding offers. Blue: Value MA(s) of offer made by A. Green: Value RA(s) of offer

made by B. Red: Value NA when no offer has been made.

Top right : Offer probabilities πA(s) when A makes an offer at node N .

Bottom left : Rationality of A. Green: rationality βAR(s) when responding to offer s. Red: Rationality βAN when

making an offer at node N .

Bottom right : Time use of A at nodes RA(s) and NA. Plus: labor h; star: h+ τ .
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Figure 19: Acceptance decision in rejection-first game, assuming costlier time (A = 2).
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Decisions of A: αA(s), λA(s)∆, ρA(s)∆, and αA(s)λA(s)∆. (Green: node R, red: node N.)
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Note: Acceptance probabilities in rejection-first game, including errors in timing (choices described by Prop. 8).

Green: Node R; red: node N . Assuming costlier time (A = 2 instead of A = 1).

Left panel : Acceptance probabilities αA(s) of player A, conditional on decision.

Middle panel : Decision arrival probabilities of player A: λA(s)∆ (green) and ρA(s)∆ (red).

Right panel : Acceptance probabilities αA(s)λA(s)∆ of player A.
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5.3 Sharing a rotten pie

Figure 20: Equilibrium of rejection-first game, assuming “rotten pie” (A = 3).
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Reject−first equilibrium. Node R green, node M blue, node N red.
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Note: Equilibrium of rejection-first game, including errors in timing (choices described by Prop. 8).

Green: Node R; blue: node M ; red: node N . Time value raised to A = 3, implying “rotten pie”: 50 < A/δ.

Top left : Values to A of outstanding offers. Blue: Value MA(s) of offer made by A. Green: Value RA(s) of offer

made by B. Red: Value NA when no offer has been made.

Top right : Offer probabilities πA(s) when A makes an offer at node N .

Bottom left : Rationality of A. Green: rationality βAR(s) when responding to offer s. Red: Rationality βAN when

making an offer at node N .

Bottom right : Time use of A at nodes RA(s) and NA. Plus: labor h; star: h+ τ .
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Figure 21: Acceptance decision in rejection-first game, assuming “rotten pie” (A = 3).
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Decisions of A: αA(s), λA(s)∆, ρA(s)∆, and αA(s)λA(s)∆. (Green: node R, red: node N.)
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Note: Acceptance probabilities in rejection-first game, including errors in timing (choices described by Prop. 8).

Green: Node R; red: node N . Time value raised from A = 1 to A = 3, implying “rotten pie”: 50 < A/δ.

Left panel : Acceptance probabilities αA(s) of player A, conditional on decision.

Middle panel : Decision arrival probabilities of player A: λA(s)∆ (green) and ρA(s)∆ (red).

Right panel : Acceptance probabilities αA(s)λA(s)∆ of player A.
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5.4 Multiplicity of equilibrium

Figure 22: Equilibrium of rejection-first game. Example of uniqueness.Comparing numerical equilibria from different starting points
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Note: Functions RA(s) and MA(s) of rejection-first game, including timing errors (choices described by Prop. 8).

Green: Node R; blue: node M . Parameters identical to benchmark equilibrium shown in Fig. 12.

Note: Two equilibrium simulations are shown, assuming step size 0.1 in offer space.

Equilibrium calculated from asymmetric starting guess is plotted in red.

Equilibrium calculated from symmetric starting guess is plotted in green and blue, but is numerically identical

and therefore covers up the red lines.
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Figure 23: Equilibrium of rejection-first game. Examples of multiplicity.
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Range of equilibrium as a function of step size. Left: κ=0.2. Right: κ=0.02.
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Note: Functions RA(s) and MA(s) of rejection-first game, including timing errors (choices described by Prop. 8).

Green: Node R; blue: node M . Parameters identical to benchmark equilibrium, except for κ and step size in

offer grid. Initial guess is very favorable to A (NA
init >> NB

init).

Left panel : High noise: κ = 0.2. Dots: step size 2.5. Solid: step size 0.1.

Right panel : Low noise: κ = 0.02. Dots: step 2.5. Dashes: step 0.5. Dot-dash: step 0.25. Solid: step 0.1.

In both panels, equilibrium converges to symmetry when step size is 0.1, but remains asymmetric in the other

examples.
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