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Abstract

The paper deals with the problem of identifying stochastic unobserved two-component
models, as in seasonal adjustment or trend-cycle decompositions. Solutions based on the
properties of the unobserved component estimation error are considered, and analytical
expressions for the variance of the errors in the final, preliminary, and concurrent
estimators are obtained. These expressions are straightforwardly derived from the
ARIMA model for the observed series.

The estimation error variance is always minimized at a canonical decomposition (i.e.,
at a decomposition with one of the components noninvertible), and a simple procedure to
determine that decomposition is presented. On occasion, however, the most precise final
estimator may be obtained at a canonical decomposition different from the one that
yields the most precise preliminary estimator. Two examples are presented. First,
a simple ‘trend plus cycle’-type model is used to illustrate the derivations. The second
example presents results for a class of models often encountered in actual time
series. © 1999 Published by Elsevier Science S.A. All rights reserved.

JEL classification: C22; C51

Keywords: Seasonal adjustment; Unobserved component models; Signal extraction;
ARIMA models; Identification; Estimation error

We consider the problem of decomposing an observed series into the sum of
two orthogonal components, each one the output of an unobserved linear
stochastic process parametrized as an ARIMA model. Thus the basic model
(presented in Section 1) is that of an observed ARIMA model with unobserved
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ARIMA components. Examples are the seasonally adjusted (SA) series plus
seasonal component decomposition of economic series, the trend-plus-cycle
decomposition often used in business cycle analysis, and, in general, signal-
plus-noise type of decompositions. The analysis centers on minimum mean
squared error (MMSE) estimators of the unobserved components.

It is well known that, given the ARIMA model for the unobserved series, the
decomposition into unobserved components presents an identification problem,
which stems from the fact there is in general an amount of white-noise variation
that can be arbitrarily allocated between the two components (see, for example,
Bell and Hillmer, 1984; Watson, 1987). This identification problem is discussed
in Section 2. Several solutions have been proposed. In the so-called ARIMA
Model Based (AMB) approach, which derives the models for the components
from the ARIMA model for the observed series, identification is reached by
assigning all noise to one of the components, so as to make the other one
noninvertible. This approach has been mostly developed in the context of
seasonal adjustment, and basic references are Burman (1980) and Hillmer and
Tiao (1982). In the so-called structural time series (STS) approach, which
directly specifies the models for the components, identification is achieved by
a priori restricting the order of the MA polynomials. This approach is heavily
used in econometric applications, and basic references are Engle (1978) and
Harvey and Todd (1983). (Additional solutions to the identification problem can
be found in Watson (1987) and Findley (1985)). The fact remains, however, that
there is no universally accepted criterion to reach identification in unobserved
component models. Yet, as shown in Tiao and Hillmer (1978) and Hillmer and
Tiao (1982), the assumptions made to reach identification affect the properties of
the component estimators. In this paper, we analyse the effect on the component
estimation error. Burridge and Wallis (1985) within the STS approach, and
Hillmer (1985) within the ABM approach, have provided algorithms for com-
puting the variance of the components estimation error. We follow an alterna-
tive approach, close to the one in Watson (1987), which provides simple
analytical expressions for the variances of the components estimation error, for
different admissible decompositions.

When choosing between two admissible decompositions that only differ in the
allocation of white noise to the components, one relevant consideration could be
the precision of the associated estimators. There are, however, several types of
estimators, depending on the available information. For periods close to the end
of the series, preliminary estimators have to be used, which will be revised as new
observations become available, until the final or historical estimator is obtained.
Since it seems reasonable that an agency producing SA data, for example, would
like to provide historical series as precise as possible, we begin by considering
(Sections 3 and 4) the historical estimator, obtained with the complete filter.

For a given overall ARIMA model, the different admissible decompositions
can be expressed as a function of a parameter o in the unit interval. The two



A. Maravall, C. Planas | Journal of Econometrics 92 (1998) 325-353 327

extreme values, o« = 0 and o = 1, correspond to the two possible canonical
decompositions, each one associated with noninvertibility of one of the compo-
nents. Section 4 expresses the variance of the final estimation error as a second-
order polynomial in «, where the coefficients can be determined from the overall
ARIMA model. The decomposition that yields the most precise component
estimators is derived and it is shown that it will always be a canonical one.
Which of the two canonical decompositions it happens to be depends on the
stochastic properties of the series, and a simple algorithm to determine which
component should be made canonical is provided. Heuristically, the rule can be
interpreted as making noninvertible the most stable of the two components (i.e.,
adding all noise to the most stochastic component).

In Section 5 the results are extended to preliminary estimators of the compo-
nents. The estimation error is, in this case, equal to the sum of the error in the
historical estimator plus the so-called revision error. Since, for an agency
involved in short-term policy, minimizing the error in the measurement of the
signal for the most recent period seems an important feature, special attention is
paid to the error in the concurrent estimator of the components. It is seen how,
for all preliminary estimators, the variance of the estimation error is a poly-
nomial of degree 2 in «, with coefficients that can be derived from the overall
ARIMA model, and that this variance is always minimized at a canonical
decomposition. Which one of the two canonical decompositions it is can be
determined from the following rule, which applies to historical as well as to
preliminary estimation. Assume we are interested in the component for period
t and that x, is the observation corresponding to this period. Specify each
component in its canonical form and consider, for each, the MMSE estimation
filter. Let v, denote the coefficient of x, in this filter. If the component with
smallest v, weight is made canonical, then the estimation error variance (for
both components) is minimized; i.e. all noise is then assigned to the component
with the largest weight. Thus, if interest centers on having the most precise
historical estimator, v, denotes the central weight of the complete filter. If,
alternatively, the most precise concurrent estimator is sought, v, denotes the
first weight of the one-sided filter. More generally, if interest centers on minimiz-
ing the error of the estimator of the component for time ¢, computed at time
(t + k), then v, is the weight of x; in the truncated filter (i.e., the filter that extends
up to x,.4). As shall be seen, it will often be the case that the same canonical
decomposition minimizes the variance of the different types of estimators. There
are, however, cases where the solutions ‘switch’ and, for example, one of the
canonical decompositions yields the most precise final estimator, while the other
one yields the most precise concurrent estimator.

Two examples are discussed in Section 6. The first one is a simplified ‘trend-
plus-cycle’ model of the type used by economists in business-cycle analysis, and
illustrates the derivation of the estimation error variances from the parameters
of the ‘observed’ model. The second example consists of a class of models that
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are often found to approximate reasonably well the stochastic properties of
many series: the so-called Airline Model of Box and Jenkins (1970). This
example extends the results in Hillmer (1985), and presents some stylized facts
often found in actual time series. Proofs of all lemmas are given in an appendix.

1. The model

We consider the problem of decomposing an observed series x, into two
unobserved components (UC), s, and n,, as in

X, =5, + n,. (1.1)
The two components are the output of the linear stochastic processes

¢(B)s, = O4B)a, (1.2a)

Gu(Bn, = 0,(B)ay, (1.2b)

where ¢y(B) =1+ ¢ B + --- + ¢, B denotes a polynomial in the lag oper-
ator B having all roots on or outside the unit circle, and
0(B) =1+ 0,4B + --- + 04, B* denotes a polynomial in B with the roots on or
outside the unit circle. Replacing s by n, the polynomials ¢,(B) and 6,(B) are
defined in a similar way. The model consists of Egs. (1.1), (1.2a) and (1.2b) and
some additional assumptions.

Assumption 1. The variables ay and a,, are independent normally distributed
white-noise innovations in the components.

Important examples of the decomposition (1.1) are the ‘trend + detrended
series’ decomposition often used in business cycle analysis, where the trend may
be a random walk and the detrended series (also called cycle) a low-order
stationary process, and the ‘seasonal component + SA series’ decomposition,
where the seasonal component is often modeled as U(B)s, = 04B)ay, with U(B)
the nonstationary ‘seasonal’ polynomial U(B) = 1 + B + --- 4+ B*~! (t denotes
the number of observations per year), and the SA series is given by a process of
the type Vn, = 0,(B)a,,, with d typically 1 or 2. Since, as the examples illustrate,
each component is basically characterized by its autoregressive (AR) roots, AR
roots associated with different frequencies should be allocated to different
components. Thus we specify the following assumption, which also avoids
redundant roots in the polynomials in Egs. (1.2a) and (1.2b).

Assumption 2. The polynomials ¢(B) and ¢,(B) share no root in common. The
same holds true for the polynomials ¢(B) and 0y(B), and for the polynomials
¢.(B) and 6,(B).
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Egs. (1.1), (1.2a) and (1.2b), and Assumptions 1 and 2 imply that the bserved
series x, follows the general ARIMA process

$(B)x; = 0(B)a,. (1.3)

The AR polynomial ¢(B) is given by

P(B) = ¢(B)¢,(B), (1.4)
and the moving average (MA) part, 6(B)a,, is determined through the identity
0(B)a, = ¢,(B)0y(B)ay + ¢«(B)0,(B)du, (1.5)

and the constraint that the roots of 0(B) lie on or outside the unit circle. The
following assumption, however will force 0(B) to be invertible.

Assumption 3. 64B) and 6,(B) share no unit root in common.
Without loss of generality, it will be assumed that V, = 1, where V, is the
variance of @, in Eq. (1.3). (It should be kept in mind, thus, that the innovation

variances Vi and V, will be implicitly expressed as a fraction of V). It will prove
useful to define the inverse model of Eq. (1.3), given by

0(B)z, = $(B)ay. (1.6)

Under Assumption 3, the model (1.6) is stationary, with autocovariance
generating function (ACGF) given by

Mg

h(B,F) =

Jj

hyB’ + F’) = n(B)n(F), (1.7)

0

where F = B~ ! denotes the forward operator and n(B) contains the coefficients
of the AR expansion of Eq. (1.3), that is

w(B) = $(BYIB) = Y m;B (mo = 1) (1.8)

j=0

Notice that the inverse process will have finite variance, given by

Mg

h():

Jj

2. (19)

0
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2. Identification of the model

Having observations on x,, model (1.3) can be identified from the data. For the
rest of the discussion, we shall assume that the ARIMA model for x, is known.
Given this overall model, there is obviously an infinite number of ways of
decomposing x, as in Egs. (1.1), (1.2a) and (1.2b) under Assumptions 1-3.

Let ps, pu ¢s and g, denote the orders of the polynomials ¢((B), ¢.(B), 04B),
and 0,(B), respectively. If the only identification restrictions that are considered
are restrictions on the orders of the polynomials of Egs. (1.2a) and (1.2b), then
a necessary and sufficient condition for identification is (see Hotta, 1983).

Assumption 4a. ps > g, or p, > q, (or both).

Following Tiao and Hillmer (1978), one may question whether zero-coeffi-
cient restrictions are the most adequate. It will prove useful to illustrate the
point with a simple UC model similar to the ones used in business cycle analysis
(see, for example, Stock and Watson, 1988). Consider an annual series, the sum
of a trend component, s,, and a detrended series, n;,, where the trend is the
random-walk process

Vs, = ag, (2.1a)
and the detrended series (or ‘cycle’) is the stationary ARMA(1, 1) model
(1 +0.7B)n, = (1 + 0.2B)a,,. (2.1b)

Since Eq. (2.1a) satisfies Assumption 4a, given the observed series x; = s; + n,,
the model is identified. Direct inspection of Eq. (2.1b) shows that the detrended
series consists of a stationary cyclical behaviour (with a two-year period) and
some random noise. The Egs. (2.1a) and (2.1b) imply that the observed series
X, can be seen as the output of the ARMA (1, 1,2) process:

(1 + 0.7B)Vx, = 0(B)a.. (2.2)

Setting, for our example, V=5V, it is easily found that 6(B) = (1 +
0.364B — 0.025B%). Let gj(w) denote the spectrum or pseudospectrum (see Har-
vey, 1989) of process j (j = x, s,n), with » being the frequency in radians; for
simplicity g(w) will always be expressed in units of 2. It is easily seen that gy(w)
has a minimum for w = 7 equal to g4n) = V,/4. It follows that if a white-noise
component u,, with variance V,, in the interval [0, V /4], is removed from s, and
added to n,, the resulting components also provide an acceptable decomposition
of x,. The only difference would be that the new s, component would be
smoother, while n, would now be noisier, as evidenced by Figs. 1 and 2. It is
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Fig. 1. Trend.

straightforward to find that the new s, and n, components follow processes of the
type

Vs, = (1 + 0,B)ag, (2.3a)
(1 +0.7Bn, = (1 + 0,B)a,. (2.3b)

For a given model (2.2) for the observed series, different decompositions of the
type (2.3) would provide admissible decompositions that would differ in the way
the noise contained in the series is allocated to the two components. Consider an
analyst interested in whatever is in the series that cannot be attributed to the
trend, including the noise. He would choose the decomposition that leaves all
noise in the detrended series, for which V, is equal to its maximum value V /4.
(Identification by using the ‘minimum extraction’ principle was first proposed by
Box et al. (1978) and Pierce (1978)). Since the requirement that it should not be
possible to decompose s, into a smoother component plus white noise implies
that g{(n) = 0, and since the time domain equivalent of this spectral zero is the
presence of the factor (1 4+ B) in the MA part of the component model, s, will
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Fig. 2. Cycle.

follow the noninvertible model
Vs, = (1 + B)ag,

and the model for n, will be as in Eq. (2.3b). Alternatively, a similar type of
reasoning may lead to the transfer of noise from n, to s, Assume a time series
observed with a twice-a-year frequency. Then model (2.3b) could be seen as
a seasonal component and one may wish to remove a semester effect as smooth
as possible. The noise would be added to the SA series and the chosen decompo-

sition would consist of a noninvertible seasonal component n,, with g,(0) = 0,
and hence

(1 +0.7Bn; = (1 — B)a,;

the model for s, would be as in Eq. (2.3a). Therefore, the minimum extraction
requirement yields two canonical solutions, both of which could be justified;
each one is characterized by noninvertibility of one of the two components.
Fig. 3 displays the spectra of the observed series and its first decomposition
(2.1). Fig. 4 shows the spectra of the two associated canonical decompositions.
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Fig. 3. Spectral decomposition.

In the general case of Egs. (1.1), (1.2a) and (1.2b), assume an identified model
with (without loss of generality) p, > ¢,. Let s, be invertible; since then g(w) > 0
for all w, a white-noise component, with variance in the interval [0, min g{w)],
can be removed from s, and assigned to n,. Given that adding noise to an ARMA
(p,p — k) model, for k > 0, yields an ARMA (p, p) model, we replace Assumption
4a by the more general one.

Assumption 4. pg = g, or p, = ¢, (or both).

Given Eq. (1.3), the ARIMA model for the observed variable, the class of
admissible decompositions is given by the pair of components s, and #, satisfying
Egs. (1.1), (1.2a), (1.2b), (1.4) and (1.5) and Assumptions 1-4. We require, of
course, nonnegative spectra gw) and g,(w). Identification of a unique model can
then be reached with the following assumption:

Assumption 5. For we [0, 7], either min g{w) = 0 or ming,(w) = 0 (or both).

Identification is, in this case, obtained by forcing a component to be nonin-
vertible. This noninvertible component will be denoted a ‘canonical’ component,
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Fig. 4. Canonical decompositions.

and the associated decomposition a canonical decomposition. Obviously, in the
two-component case there will be two canonical decompositions. One of them
puts all additive white noise in the component #,, the other one, in the compo-
nent s,. Any admissible decomposition can be seen as something in between,
whereby some noise is allocated to n, and some to s,.

As shown in Hillmer and Tiao (1982), canonical components display some
important features. In particular, any other admissible component is equal to
the canonical one plus added noise, and hence the canonical requirement makes
the component as smooth as possible. On the negative side, Maravall (1986)
shows how canonical components can produce large revisions in the prelimi-
nary estimators of the component. Besides, the existence of two canonical
solutions reflects two possible choices: it seems reasonable, for example, that, in
order to avoid noise-induced overreaction, the monetary authority be interested
in a noise-free SA series. On the other hand, it sounds also reasonable that an
analyst wishes to leave as much variation as possible in the SA series, in which
case the seasonal component would be noise-free. Therefore, both canonical
solutions could, in principle, be rationalized.

Our characterization of a canonical decomposition is somewhat different
from the standard one used in the AMB approach. In the latter, three
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components (trend, seasonal, and irregular) are considered. Since the
irregular component picks up highly transitory variation, all white noise is
assigned to it and the decomposition is then unique, with the trend and
seasonal components both noninvertible. But moving to our two-component
decomposition, two options are open: the irregular can be assigned to the
trend or to the seasonal and, on a priori grounds, both options can be
justified.

3. MMSE estimator and its error

The properties of the component estimator will depend on the admissible
decomposition selected. In order to explore this dependence, we consider first
the case of a complete realization of the process, i.e., the case of a series x; with
t going from — oo to oo. It is well known (see, for example, Maravall, 1995)
that in terms of the model parameters, the minimum MSE estimator of s, is given
by the expression

04B)0J(F)pu(B)p,(F)
0(B)O(F)

$ =uB,F)x, =V, Xis (3.1)

which, under appropriate assumptions concerning the starting conditions (Bell,
1984) extends to nonstationary series. In the stationary case, v(B, F) is the
Wiener-Kolmogorov filter and in general, we shall refer to Eq. (3.1) as the WK
filter. Direct inspection shows that the WK filter is the ACGF of the model

0(B)z; = 0{B)¢pu(B)b,, (3.2)

with b, white noise with variance V. Since 0(B) is invertible, the model is
stationary and its ACGF will converge. Unless the model for the series is a pure
AR, the filter (3.1) will extend from — oo to oo. Its convergence however
guarantees that, in practice, it could be approximated by a finite filter and, in
most applications, the estimator for the central periods of the series can be safely
seen as generated by the WK filter (3.1). This estimator obtained with the
‘complete’ filter will be denoted ‘historical’ or ‘final’ estimator and shall be
the one of interest until Section 5.

Given the overall ARIMA model, the effect of different admissible
decompositions will show up in the MA part of (3.2), through the
polynomial 0y(B) and the variance V. To see the dependence of the estimation
error on the chosen decomposition, we use the following result from Pierce
(1979).
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Lemma 1. Let e, denote the estimation error e, = s, — 8, = i, — n,. Then e, can be
seen as the output of the ARM A model

0(B)e, = 04B)0,(B)d,, (3.3)
where d, is white noise with variance (V V).

Notice that Assumption 3 guarantees that e, will always have a finite variance.

4. Historical estimation error and admissible decompositions

As mentioned in Section 2, each admissible decomposition is characterized by
a particular allocation of the noise to the two components. Let s, and n, denote
an admissible decomposition of x,; then g (w)=gdw)+ gw). Let, for
we[0,7], V; = ming{w), and V} = ming,(w). The total amount of additive
noise in x, that can be distributed between the components is equal to
V.=V, + V, Following an approach similar to Watson (1987), we shall
express each admissible decomposition in terms of a parameter « that reflects
the particular noise allocation. Denote by s° and n? the decomposition with
s, canonical and n, with maximum noise, and let g®(w) and gl(w) be the
associated spectra of the components (these functions are straightforward to
obtain from the overall ARIMA model; see, for example, Burman, 1980). Since
any admissible component s* is equal to s{ plus an amount of noise with
variance in the interval [0, V], the spectra of s¥ and n{ can be expressed as

g?((,{)) = g?(w) + OCVus (413)
(o) = gl(w) — oV, (4.1b)
with € [0,1]. The two canonical decompositions (one with s, canonical, the
other with canonical n,) can be seen as the two extreme cases o = 0 and o = 1.
The time domain equivalent of Egs. (4.1a) and (4.1b) can be expressed as
OXBOUF)V: = 0JB)OJF)V{ + ap(B)p(F)V ., (4.2a)
0xB)OAF)V 3 = 0)(B)ONF)V, — 0 B)u(F)V (4.2b)
where the superindex denotes the admissible decomposition under considera-
tion. The two expressions in Egs. (4.2a) and (4.2b) also hold in the nonstationary

case. Our aim is to derive an expression that relates the variance of the
component estimation error, V(e?), to the parameter a. For 0 < o« < 1 denote the
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estimators of the components by
§? = U:(Ba F)xt’ ﬁ? = vz(Ba F)xb (43)

where the WK filter is (k = s,n) vj(B,F) =Y /2 ovf (B’ + F/). Thus § and
7 correspond to the decomposition with canonical §,, and §} and 7} to the one
with canonical n,.

Lemma 2. Let ¢ = s¥ — § = A — n}. Then,
V(ef) = V(ed) + (1 — 200 o)V, — hoV 2o, (4.4)

where e is the error in §, v2 is the central weight of v)(B, F), and hy is given by
Eq. (1.9).

Lemma 2 expresses the variance of the component estimation error as a
second-order polynomial in «, with coefficients that can be obtained from the
‘observed’ ARIMA model. Considering that V(e?) is the variance of model (3.3)
and v?, is the variance of model (3.2), both for the case of canonical s, and that
hy is the variance of the inverse model (1.6), the three coefficients of Eq. (4.4) can
be easily computed as the variance of ARMA models with the AR polynomial
always equal to 0(B). (Simple ways to compute the variance of an ARMA
process are found in Box et al. (1978) and Wilson (1979).)

Since Eq. (4.4) implies that V(e) is a parabola in o with a finite maximum,
within the interval 0 < o < 1 its minimum will always be at one of the two
boundaries. Hence,

Corollary 1. V(e}) is always minimized at a canonical decomposition.

Up to now, the two components s, and n, have been treated indistinguishably.
Without loss of generality, we denote by s, the component with the largest
central weight in the WK filter that provides its canonical component estimator.

Standardization rule 1. v9y = vy .

Now it becomes possible to identify which of the two canonical decomposi-
tions has minimum estimation error.

Lemma 3. Under the standardization rule 1, the historical estimator MSE is
minimized for the decomposition with canonical n,.

Lemma 3 provides a simple procedure to determine which canonical de-
composition yields minimum component historical estimation error. For each
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of the two components compute the central weight of the WK filter that yields
the estimator of the component in its canonical form. Then, set as canonical
component the one with the smallest weight (i.e., add all noise to the one with
the largest weight). Notice that, from the two canonical specifications, the
central weights of the WK filter can be simply computed as the variance of
the ARMA model (3.2). Two remarks seem worth adding:

(a) Since vy o measures the contribution of observation x, to the component
estimator, the precision of the estimator is maximized by assigning all
additive noise to the component for which that contribution is largest.

(b) In the important application to seasonal adjustment, if s, denotes the
seasonal component and n, the SA series, it is often the case that v), < v) o
and hence the most precise estimator of s, and n, are obtained with a canoni-
cal seasonal component decomposition.

5. Preliminary estimation error, revisions, and admissible decompositions

Up to now we have considered estimation of the components for an infinite
realization of the series. Since the WK filter converges in both directions, as
mentioned in Section 3, it can be safely truncated and, for most series lengths,
the estimator for the central periods can be seen as the one obtained with the
complete filter (the historical or final estimator). While it seems reasonable that
a data-producing agency, wishing to produce historical series as precise as
possible, minimizes the error in the final estimator, it also seems reasonable that
someone involved in short-term monitoring or policy-making would seek to
minimize the error in the estimator for the most recent periods, in order to avoid
error-induced actions. Given that for the most recent observation the WK filter
cannot be applied, a preliminary estimator has to be used instead. We proceed
to consider the error in this preliminary estimator.

We shall assume that the series is long enough for the weights of the filter to
have converged in the direction of the past. In the vast majority of practical
applications this is not a restrictive assumption, and it allows us to associate the
finite-sample effect on the preliminary estimator with the unavailability of future
observations. Let ;4 denote the estimator of s, when the last observation is
X, +x We can write the error in the preliminary estimator, d;;+x = S, — Syji+x as

dt|t+k =€ + ji+io

where e, = s, — §; is the error in the final estimator §, discussed in the previous
sections, and 7,4, = 5, — S+ is the ‘revision error’ in the preliminary es-
timator. As seen in Pierce (1980), under assumptions 1-3, the two errors, ¢, and
Fie+1> are independent. Furthermore, in the stationary case, from Eqs. (1.3) and
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(3.1), the estimator $; can be expressed as

=8B, Fla,= - + & 1a,1 + &0t + &1 + o+ Eplir
+ &prtrps1 + o =& By + &5 (F)aar+1, (5.1)

where the weights & ; are determined from the identity

The preliminary estimator $,;,+, can be obtained by taking conditional expec-
tations at time t 4+ k in Eq. (5.1), yielding Sy, = &, (B)a,+y since Erar, ; = 0 for
j > 0. Therefore, the revision in the concurrent estimator can be expressed as

o0

Itlt+k = éj(F)aHkJrl = z és,jat+j' (5.3)

j=k+1
Under suitable assumptions concerning the starting values, expression (5.3)
remains valid for the nonstationary case. Since Eq. (5.2) implies that the filter

&S (F) converges, expression (5.3), properly truncated, can be used to compute
the ACGF of 7+, in particular

M

V(rt|t+k) ~ Z fsz,j» (5.4)

j=t+k+1

where M is the truncation point. For the admissible decomposition associated
with a, let the components preliminary estimation error and revision error be
denoted df;+, and 7,1y, respectively. In the previous section we looked at the
dependence of ef on «. Now we look at the dependence of ;1 and of dfj, 4, on
o. From Egs. (1.8), (3.1) and (5.2) it is seen that

n(B)&(B, F) = vi(B, F). (5.5)

Equating coefficients of B in Eq. (5.5), it is obtained that
U:,o = z f?,jﬂ'j, (5.6)

where 1§, is the coefficient of x, in the estimator (4.3). Denote by v (k) and by
ho(k) the sum of the first (k + 1) terms in the r.h.s. of Eq. (5.6) and of Eq. (1.9).
respectively; thus,

vsolk) = o + misq + -+ i (5.7)
hok) =1+ 7%+ - + 7. (5.8)
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Lemma 4. The variance of the revision error in the preliminary estimator §jj, +y is
given by

V(rfieed) = V(rgesi) + 2[050 — 020(k)1V 2 + [ho — ho(K)1V a0, (5.9)

where the superscript O denotes the decomposition with s, canonical.

Consequently, as a function of o, the variance of the revision in a preliminary
estimator is a parabole with a finite minimum and hence, within a finite interval,
the maximum will be attained at one of the boundaries. Thus:

Corollary 2. For ae[0,1], V(rf+r) is maximized at one of the two canonical
decompositions.

Corollary 2 generalizes the result in Maravall (1986), and shows an unpleas-
ant feature of the canonical decompositions: they may imply relatively large re-
visions. However, when o,,, the value of o that minimizes Eq. (5.9), falls outside
the interval [0,1], while one of the two canonical decompositions maximizes the
variance of the revision error, the other canonical decomposition minimizes this
variance. Our main concern, however, is not the revision error per se, but the
total error in the preliminary estimator of the signal. The dependence of the
variance of this error on the particular admissible decomposition selected is
shown in the following lemma, obtained by using expressions (4.4) and (5.9) in
Vidiin) = VIE) + V(i

Lemma 5. The variance of the error in the preliminary estimator $,, +y is given by
the second-degree polynomial in o

Vidieed) = V(dijer) + (1 = 200o(k)V o0 — ho(k) Ve, (5.10)

where d?p+k is the error that corresponds to the canonical s,.

As a function of «, thus, the variance of the total error is a concave parabole,
which implies the following result.

Corollary 3. For ae[0,1], V(dj;+x) is minimized at a canonical decomposition.

As a consequence, when the effects of the historical estimation error and of the
revision error are aggregated, it still remains true that a canonical specification
yields the most precise preliminary estimators of the components. In order to
determine which one of the two canonical decomposition displays that property
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we modify the Standardization rule 1 as follows. For a particular admissible
decomposition, express the preliminary estimator as

S+ = v3(B, F, k)x,, (5.11)

where v(B, F, k) denotes the asymmetric truncated filter (centered at x;). The
decomposition with s, canonical yields sAﬂH « and ﬁﬂH » Wwhile that with
n, canonical yields §,1|,+ «and ﬁ}“+ « It will be convenient to consider the filter that
yields the preliminary estimator of u,, that is

Uy = vu(B, F, k) x,. (5.12)

The parameters vg (k) and hy(k), defined by Egs. (5.7) and (5.8), have a simple
interpretation in terms of the filters that provide the preliminary estimators of
the components, as shown by the following lemma.

Lemma 6. (a) vl o(k) is the weight of B® in the filter vO(B, F,k).
(b) ho(k) is the weight of B® in the filter v (B, F, k).

Without loss of generality, denoted by s, the component with the largest
weight for x, in the filter that provides the preliminary estimator of the compon-
ent in its canonical form, i.e.:

Standardization rule 2. v0 (k) = vy o(k).

Lemma 7. Among all admissible decompositions, the most precise preliminary
estimators are obtained for the decomposition with canonical n,.

Corollary 4. Let Egs. (1.1), (1.2a) and (1.2b) represent the admissible decomposi-
tions of a given ARIM A model under Assumptions 1-3. To select the decomposi-
tion with smallest MSE in a preliminary estimator of s, and n,,

(a) compute the weight of x, in the two filters that provide the preliminary
estimators of the components specified in their canonical form;

(b) choose the decomposition with canonical component the one with the smallest
weight.

Since when k — co, from Egs. (5.7) and (5.8), v2o(k) = v0 and ho(k) — ho,
expression (5.10) becomes (4.4), in agreement with the fact that, for k - oo, the
preliminary estimator becomes the historical one. A particular case of consider-
able importance is when k = 0. The associated estimator, $,;,, is denoted the
‘concurrent’ estimator. Obviously, to use the most precise concurrent estimator
(i.e., the estimator of the signal for the most recent period) could be a reasonable
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choice for an agency involved in short-term economic policy and monitoring. By
setting k = 0 in Egs. (5.7) and (5.8), it is seen that hy = 1, and v24(0) = &2,.
Expression (5.10) becomes V(dfi) = V(df) + (1 — 2E20)V, 00 — V2a?, the stan-
dardization rule 2 becomes & > &1 o, and the decomposition with most precise
estimators is the one that sets n, canonical and adds all noise to s,.

Although historical and preliminary estimators have minimum MSE at
a canonical specification, the particular canonical specification may well not be
the same. Thus there may be models for which the historical seasonally adjusted
series is best estimated with a canonical seasonal component, while the concur-
rent seasonally adjusted series is best estimated with a canonical trend. The
switching of solutions will, of course, happen when the two standardization rules
give different results. Focusing attention on historical and concurrent estima-
tion, from Lemmas 2 and 5, the following corollary is obtained.

Corollary 5. Under the standardization rule 1, when &0 < (1 — V,)/2, the histori-
cal estimation error is minimized with a canonical n, and the concurrent estimation
error is minimized with a canonical s,. Otherwise, n, canonical minimizes both types
of errors. (Under the standardization rule 2 (with k = 0), replacing &2 with v%, and
V., with hyV, in the inequality, the same result holds.)

The possible switching of solutions is an inconvenient feature since, in prac-
tice, it could mean that agencies producing historical series and agencies in-
volved in short-term policy would use different seasonally adjusted series.
Perhaps the most sensible procedure would be, in the case of switching solu-
tions, to publish the most percise historical estimator, and to use the most
precise concurrent esimator for internal short-term policy making.

6. Examples
6.1. Trend-plus-cycle model

We begin with the same example of Section 2. The model is that of Eq. (2.2)
with 0(B) = (1 4+ 0.364B — 0.025B?), and accepts a ‘trend-plus-cycle’ decomposi-
tion, where the admissible decompositions are given by components of the type
(2.3). The identity (1.5) becomes

(1 +0.364B — 0.025B%)a, = (1 — 0.7B)(1 + 0,B)ay, + (1 — B)(1 + 0,B)a,.
(6.1)

Since Eq. (6.1) is an identity among MA(2) processes, the associated system of
covariance equations consists of 3 equations while the unknowns are the
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4 parameters 0, 0,, V,, and V,, so that the model is not identified. As seen
before, a way to reach identification is by adding the restriction 0, = 0, which
yields the decomposition (2.1), with V= 5V, = 0.621 (model (2.2) is standard-
ized by setting V, = 1). From this initial decomposition, it is found that for
we[0,n], min g(w) = g4mn) = V/4 = 0.155. Similarly, min g,(®) = ¢,(0) = 0.062,
and hence the amount of additive noise that can be exchanged between the
components is V,, = 0.217, the sum of these two minima.

Starting from the decomposition (2.1), if we substract from gy(w) its minimum
0.155, the resulting spectra can be factorized to obtain the model for the
canonical signal (for a simple algorithm to factorize a spectrum see Maravall
and Mathis, 1994). This model is found to be

Vs® = (1 + B)a% V0 =0.155. (6.2a)

Since the noise removed from s, is added to n, factorizing the spectrum
(gu(@) + 0.155) yields the model for the component n?,

(1 +0.7Bn? = (1 + 0.433B)a%, V2 =0.301. (6.2b)
From models (2.2) and (6.2), expression (3.2), (3.3), and (1.6) indicate that the
variance V(e}), the central weight of the WK filter for $, v, and the coeflicient
ho of Lemma 2 are the variances of the processes
0(B)z, = (1 + B)(1 — 0.443B)b,, V, = V2V) =0.047,
0(B)z, = (1 + B)(1 + 0.7B)b, V, = V2 =0.155,
0(B)z,=(1 +0.7B(1 — B)b,, Vy=V,=1,

respectively. This yields V(el) = 0.101, v2, = 0.441, hy, = 1.653, and using
Eq. (4.4), for any admissible decomposition

V(e?) = 0.101 + 0.026 — 0.078 0. (6.3)

The historical estimation error variance is seen to be minimized for o = 1, that
is, for the decomposition with canonical n,, in which case V(e}) = 0.049. This
could have been found from Lemma 3. The decomposition with canonical n, is
found by removing min g,(w) = 0.062 from g,(w), and adding it to g{w) in the
initial decomposition (2.1). Factorizing the resulting spectra yields the models.

Vst = (1 —0.084)al, V?I=0.739,

(1 4+0.7Bn! =(1 — B)al, V©!=0.018.



344 A. Maravall, C. Planas | Journal of Econometrics 92 (1998) 325-353

Proceeding as before, v} o is the variance of the model O(B)z, =(1- )2b,, with
V, = Vs =0.018, and hence equal to 0.200. Thus, since v0, = 0.441 > v, ,, the
notation for the components conforms to the standardization rule 1 and Lemma 3
can be directly applied. For this example, thus, the MSE of the historical estimators
of the two components are minimized when the cycle is made canonical.

Concerning preliminary estimation, we focus on the concurrent estimator and
its one-period revision. In order to obtain the error variances for any admissible
decomposition, from Eq. (5.10), we need the parameters V(df;+1), v2o(k) and
ho(k), for k =0,1. The first parameter V(d;),+,) is equal to the sum of V(ep),
already computed, plus V(r?|,+ ), which can be computed through Eq. (5.4). For
this we need the coefficients in F/(j = 0,1, ..., M) of the filter £2(B, F), given by
Eq. (5.2). For this example.

(1 + BY1 + FY1 + 0.7F)

“0(B,F) = V°
SBE) =V B0 + 036aF — 0.025F%)

= V{n(B,F).

In order to express the filter #(B, F) as the sum of a filter in B and a filter in F,
we first write the numerator and denominator of #(B,F) as
(1 + B)0.7 + 1.7B + B*)F? and (1 — B)( — 0.025 + 0.364B + B*)F?, respective-
ly, and then obtain the partial fractions decomposition:

Co 4 Cq +CzB+C3BZ
1-B —0.025+0.364B + B*

n(B,F) = (6.4)

The coefficients ¢, ¢y, ¢, and c¢3 are determined by removing denominators in
Eq. (6.4), and equating coefficients of B, B, B, and B* in the left- and right-
hand side of the resulting identity. This yields a linear system of equations with
solution ¢, = 5.078, ¢; = 0.827, ¢, = 1.378, and ¢; = — 1. The filter n(B, F) can
then be expressed as 5(B,F) =n (B) + " (F), where y~(B) = 5.078(1 — B) !
and 7 (F) = (— 1 4 1.378F + 0.827F)(1 + 0.364F — 0.025F?)!. Thus, multi-
plying by V2, &% = 0.788 for j < 0; &% = 0.633, &9 = 0.270, & = 0.026, &% =
—0.003, &9, =0.002, % = — 0.001, and 5;3. ~ 0 for j> 5. Expression (5.4)
yields V(r{},) = 0.074, and hence V(dﬂ,) =V(e)+ V() =0. 175 For the one-
period revision of the concurrent estimator, since V(d;) = V(df,+1) + (£2,)7, it
follows that V(df)+,) = 0.103. The coefficients ho(k) are found through Eq. (5.8),
with n(B) = (1 4+ 0.713B)V/0(B). In particular 7, = 1, 7; = — 0.664, and hence
h(0) = 1, h(1) = 1.441. Finally, from Eq. (5.7), v20(0) = 0.633, and v{ (1) = 0.453.
Plugging these values in Eq. (5.10), it is obtained that

V(dZ) = 0.175 — 0.057a — 0.04742, (6.5)

V(dZj+ 1) = 0.103 + 0.0200 — 0.068>. (6.6)
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Fig. 5. Estimation error variance for different admissible decomposition (first example).

Expression (5.9) provides also the variance of the revision error; for the concur-
rent estimator

V(rfi) = 0.074 — 0.0830 4 0.03102, (6.7)

The four variances (6.3), (6.5), (6.6), and (6.7) are represented in Fig. 5. For this
example, consideration of different estimators does not produce any switching
of solutions, and the specification with canonical n, (x = 1) always minimizes
the estimation error variance. (It is straightforward to find that &}, = 0.150 <
55{0 = (0.633, and hence the standardization rule 2 is also satisfied). The variances
of the concurrent, one-period revision, and final estimation errors are given in
Table 1. The use of a canonical n, component instead of a canonical s, cuts in less
than half the variance of the error.

6.2. The ‘airline model’

We consider a class of models appropriate for monthly or quarterly series
with trend and seasonality. The model is given by

VV.x, = (1 + 0,B)1 + 0,8, (6.8)
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Table 1
Estimation error variance: Trend plus cycle example

Concurrent One-period Final

estimator revision estimator
Canonical seasonal component (x = 0) 0.175 0.103 0.101
Canonical seasonally adjusted series 0.070 0.055 0.049

(@=1)

Table 2
Variance of error in final estimator: Airline model. s,: seasonal component; n,: SA series

0, Model Spec. 0,=0 0, = —025 0,,=—05 0, = —0.75
0.75 Canonical s, 0.410 0.504 0.436 0.259
Canonical n, 0.407 0.504 0.439 0.267
0.50 Canonical s, 0.308 0.377 0.327 0.195
Canonical n, 0.300 0.376 0.337 0.220
0.25 Canonical s, 0.226 0.274 0.239 0.144
Canonical n, 0.210 0.271 0.255 0.190
0 Canonical s, 0.164 0.197 0.173 0.106
Canonical n, 0.138 0.186 0.191 0.168
—0.25 Canonical s, 0.121 0.143 0.129 0.081
Canonical n, 0.082 0.119 0.139 0.146
—0.50 Canonical s, 0.096 0.113 0.106 0.070
Canonical n, 0.042 0.070 0.095 0.118
—0.75 Canonical s, 0.077 0.118 0.116 0.076
Canonical n, 0.019 0.036 0.054 0.074

where 7 is the number of observations per year and, as before, V', = 1. Following
the work of Box and Jenkins (1970), model (6.8) is often referred to as the ‘airline
model’. On the one hand, it is often encountered in practice; it also provides
a convenient reference example, since the parameters 0; and 0, are directly
related to the stability of the trend and of the seasonal component. In particular,
a value of the parameter 0, (or 6,) close to — 1 indicates the presence of a stable
trend (or seasonal) component. For —1 <0; <1 and — 1 <0, < 0*, where
0* is a small positive value (see Figs. 7 and 8), the model accepts a decomposi-
tion as in Egs. (1.1), (1.2a) and (1.2b) with assumptions 1-4. If s, denotes the
seasonal component and n, the SA series, then the components follow models of
the type U(B)s* = 0%B)a%, and V*n* = 0%(B)a%, where 0%B) and 0%B) are, in
general, polynomials in B of order t — 1 and 2, respectively.

We know that the estimators with minimum MSE are obtained at a canonical
specification. Tables 2 and 3 present the final and concurrent estimation error
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Table 3
Variance of error in concurrent estimator: Airline model. s;: seasonal component; n,: SA series

0, Model Spec. 0,=0 0, = —025 0,=—05 0, = —0.75
0.75 Canonical s, 1.257 1.151 0.905 0.521
Canonical n, 1.261 1.557 0.913 0.532
0.50 Canonical s, 0.956 0.873 0.685 0.393
Canonical n, 0.964 0.888 0.710 0.433
0.25 Canonical s, 0.699 0.641 0.505 0.292
Canonical n, 0.710 0.665 0.551 0.369
0 Canonical s, 0.491 0.458 0.367 0.215
Canonical n, 0.498 0.483 0.426 0.327
—0.25 Canonical s, 0.333 0.323 0.269 0.164
Canonical n, 0.326 0.336 0.324 0.292
—0.50 Canonical s, 0.228 0.239 0.214 0.139
Canonical n, 0.193 0.217 0.234 0.244
—0.75 Canonical s, 0.149 0.205 0.207 0.143
Canonical n, 0.097 0.120 0.141 0.161

variance associated with the two canonical decompositions, for t = 12, and for
different values of 6, and 0, within the admissible region. For both types of
errors, the variance is large for models whose spectra are dominated by a very
stochastic trend (values of 0, close to 1). On the other hand, the estimation error
variance is small when the model contains relatively stable components. It is
further seen that the variance of the final estimation error accounts for (roughly)
between 1/3 and 1/2 of the variance of the concurrent estimation error; the
revision error is, thus, typically larger than the final estimation error.

Using, as an example, 0; = —0.34 and 0,, = — 0.42, the coefficients of
expressions (4.4), (5.9), and (5.10) can be derived from the overall ARIMA model
in a manner similar to that illustrated in the previous example. The variances of
the errors are found equal to

V(r4,) = 0.138 — 0.0180 + 0.0574>,
V(dZ) = 0.263 + 0.081a — 0.05107,
V(dZ,12) = 0.153 + 0.0650 — 0.0940,
V(e?) = 0.125 + 0.099x — 0.108a2,

and they are represented in Fig. 6. This example illustrates a case of ‘switching
solutions while the final estimation error is minimized with the decomposition
with canonical SA series, the concurrent estimation error is minimized with the
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Fig. 6. Estimation error variance for different admissible decomposition (second example).

Table 4
Estimation error variance: Airline model example

Concurrent 12-period Final
estimator revision estimator
Canonical seasonal component 0.263 0.153 0.125
(x=0)
Canonical seasonally adjusted 0.293 0.124 0.116

series (o = 1)

decomposition with a canonical seasonal component. Still, as seen in Table 4,
the difference between the errors associated with the two canonical decomposi-
tions is relatively small.

For the monthly and quarterly Airline Model, Figs. 7 and 8 display the lines
that separate the regions of the admissible parameter space where a canonical
seasonal minimizes the final and concurrent estimation error, from that where
the minimum is achieved with a canonical SA series. The area between the
continuous and dotted lines represents the region of switching solutions. Be that
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as it may, what both figures show is that stable trends imply the use of
a canonical trend, while stable seasonals imply the use of a canonical seasonal
component.
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Appendix A.

Proof of Lemma 2. From Lemma 1,

05(B)OS(F)0:(B)0(F)

ACGF(e?) = V21* DB

(A.1)

Considering Egs. (4.2a) and (4.2b), the numerator can be rewritten as
02(B)OY(F)On(B)OR(F)VIVyY + aV [ — 05(B)OJ(F)p,(B)pu(F)V
+ 02(B)0R(F) ¢ B)pJ(F)V] — o*Vi(B)p(F),

where use has been made of (1.4). Therefore, Eq. (A.1) becomes

ACGF(¢?) = ACGF() + aV,[ — v)(B, F) + v(B, F)] + o>V 2n(B)n(F).
(A.2)

Since vJ(B, F) — v(B, F) = 1 — 202(B, F) and considering Eq. (1.7), equating the
coefficient of B® in both sides of Eq. (A.2) yields expression (4.4). [

Proof of Lemma 3. The series x, can be decomposed as in
x, =0 +n! + u, (A.3)

where s? and n} are the two canonical components, and u, is white noise with
variance V,. The WK filter for u, is given by

_ o, 9BF)
UM(B, F) = Vu W = V,ﬂ'[(B)TC(F), (A4)
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equal thus to the ACGF of the inverse model (1.7), scaled by V. It follows that
V.ho is the central coefficient of the WK filter for u,. Therefore,

USI’O = Ug() + Vuh() (AS)

is the central weight of the WK filter associated with the decomposition that
assigns all white noise to s, (i.e., with the decomposition with n, canonical).
Under the standardization rule 1, v, = v}, or, adding v2, + V ,h, to both sides
of the inequality, 2v0y + V,ho = vho + vlo = 1, where use has been made of
Eq. (A.5) and of x, = A} + §}. Therefore,

1 =200 — Viho < 0. (A.6)

Given that V(e;), as a function of o, is a concave parabola, its minimum will
happen at one of the boundaries (x=0 or o =1). From Eq.(4.4),
Viel) — V() = V,[1 — 200y — V,ho], so that, considering Eq. (A.6), V(e})
< V). O

Proof of Lemma 4. Expression (5.5) can be rewritten ¢(B)EYB,F) =
Vi(B, FY(B) = [10(B.F) + oV SBE10(B) = $(B)J(B.F) + oV $(B(F), or sim-
phfylngs gs(BaF fs (B> F) + aV 7(( ) From Eq (53)’ r?|1+k = Z] k+1 [QSJ +
aV,mila, s, and hence V(i i) = V(rieen) + 20V Q0 Fnr 1 &5m) + VY Zpsamy.

Considering Egs. (1.9), (5.6), (5.7) and (5.8), expression (5.9) is obtained. [

Proof of Lemma 6. From Egs. (1.3), (5.11) and (1.8),
7I(B)S‘\tlt+k = vs(B, F: k)aty (A7)

where the superscript o has been deleted for notational simplicity. Taking
conditional expectations at time t + k, expression (5.1) yields

§t\t+k = ¢(B, F, ka,, (A.8)

where E(B, F, k) is the filter (B, F) truncated at F¥, and use has been made of the
property E,ar = 0 when T > t + k. Comparing Eqgs. (A.7) and (A.8), it is seen
that vy(B, F, k) = E(B, F, k)n(B). Equating the coefficients of B® at both sides of
this identity, if ¢, denotes that of the Lh.s.,

k
= Z fs,ini- (A9)
i=0

For the canonical specification of s,, Egs. (5.7) and (A.9) imply ¢, = v2 (k) which
proves part (a). Part (b) is proved in an identical manner, by noticing that
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Egs. (5.12) and (A.4) imply iy, 1y = a, + mya@, 1 + -+ + may 4, = ©(F, k)a,, and
hence ¢(B, F,k) = n(F, k). O

Proof of Lemma 7. Starting with the decomposition (A.3), the lemma is proved
in the same way as Lemma 3, replacing the v- by the v(k)-coefficients, and h, by
ho(k). O
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