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Abstract

We show that the distribution of any portfolio whose components jointly follow a location-

scale mixture of normals can be characterised solely by its mean, variance and skewness. 

Under this distributional assumption, we derive the mean-variance-skewness frontier in 

closed form, and show that it can be spanned by three funds. For practical purposes, 

we derive a standardised distribution, provide analytical expressions for the log-likelihood 

score and explain how to evaluate the information matrix. Finally, we present an empirical 

application in which we obtain the mean-variance-skewness frontier generated by the ten 

Datastream US sectoral indices, and conduct spanning tests.

Keywords: Generalised Hyperbolic Distribution, Maximum Likelihood, Portfolio Frontiers, 

Sortino Ratio, Spanning Tests, Tail Dependence.
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Figure 1a: Standardised bivariate normal
density
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Figure 1b: Contours of a standardised bivari-
ate normal density

Figure 1c: Standardised bivariate asymmetric
Student t density with 10 degrees of freedom
(η = .1) and β = (−3,−3)′
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Figure 1d: Contours of a standardised bivari-
ate asymmetric Student t density with 10 de-
grees of freedom (η = .1) and β = (−3,−3)′

Figure 1e: Standardised bivariate LSMN with
a Bernoulli mixing variable and β = (−3,−3)′
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Figure 1f: Contours of a standardised bivari-
ate LSMN with a Bernoulli mixing variable
and β = (−3,−3)′

Notes: The Bernoulli mixing variable of Figures 1e and 1f is such that it has mean E(ξ) = 1 and
Pr(ξ = 0.6) = 0.04.
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Figure 2: Exceedance correlation for symmetric and asymmetric location-scale mixtures of normals
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Notes: The exceedance correlation between two variables ε∗1 and ε∗2 is defined as corr(ε∗1, ε
∗
2| ε∗1 >

κ, ε∗2 > κ) for positive κ and corr(ε∗1, ε
∗
2| ε∗1 < κ, ε∗2 < κ) for negative κ (see Longin and Solnik,

2001). Symmetric t distribution with 10 degrees of freedom (η = .1) and Asymmetric t distribution
with η = .1 and β = (−3,−3). Asymmetric Bernoulli denotes a location-scale mixture of normals
with β = (−3,−3) and mixing variable such that it has mean E(ξ) = 1 and Pr(ξ = 0.6) = 0.04.
By construction, corr(ε∗1, ε

∗
2) = 0 in all cases.



BANCO DE ESPAÑA 48 DOCUMENTO DE TRABAJO N.º 0909

Figure 3: Mean-Variance-Skewness frontier of a LSMN. Example 1.

(a) Three dimensional representation
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(b) Mean vs. Standard Deviation
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(c) Mean vs. Asymmetry
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(d) Standard Deviation vs. Asymmetry
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Notes: The mean-variance frontier is plotted with dotted lines. Dash-dot lines are used for the
skewness-variance frontier, which maximises asymmetry for given standard deviations. In this case,
the asymmetry-variance frontier portfolio weights are proportional to −b. Thin solid lines indicate
several iso-asymmetry, iso-variance and iso-mean contours on panels (b), (c) and (d), respectively.
Thick solid lines represent the location of the optimal portfolios that an investor who maximises the
Sortino ratio for different target expected returns would choose. This example has been obtained
with a five-dimensional LSMN with b = −ι5 in which the mixing variable is the Bernoulli variable
ξ = 2, 10, with Pr(ξ = 2) = .1.
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Figure 4: Mean-Variance-Skewness frontier of a LSMN. Example 2.

(a) Three dimensional representation

�0.2
�0.1

0
0.1

0.2

�2
�1

0
1

2
0

0.2

0.4

0.6

0.8

1

1.2

σ 0

μ0

phi0
1/3

(b) Mean vs. Standard Deviation
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(d) Standard Deviation vs. Asymmetry
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Notes: The mean-variance frontier is plotted with dotted lines. Dash-dot lines are used for the
skewness-variance frontier, which maximises asymmetry for given standard deviations. Thin solid
lines indicate several iso-asymmetry, iso-variance and iso-mean contours on panels (b), (c) and (d),
respectively. Thick solid lines represent the location of the optimal portfolios that an investor who
maximises the Sortino ratio for different target expected returns would choose. This example has
been obtained with a five-dimensional LSMN with b = −ι5 in which the mixing variable is the
Bernoulli variable ξ = .1, 10, with Pr(ξ = .1) = .1.
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Figure 5a: Sampling distribution of the log of vech′[V E
T (φ̂T ) − VT (φ̂T )]vech[V E

T (φ̂T ) − VT (φ̂T )]
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Figure 5b: Sampling distribution of the log of vecd′[V E
T (φ̂T ) − VT (φ̂T )]vecd[V E

T (φ̂T ) − VT (φ̂T )]
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Notes: Obtained from a Monte Carlo study with 1, 000 replications of sample size T = 1, 000,
except VT (φ̂T ), which is the sampling variance of the ML estimators in 30,000 samples of the same
size. E refers to the standard errors obtained by either the outer-product of the gradient (O),
numerical Hessian (H), or the simulated unconditional information matrix (I).
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Figure 6: Mean-Variance-Skewness frontier of the the US Datastream indices and change induced by
adding the World ex-US Datastream index

(a) Three dimensional representation

�0.05
0

0.05

�0.5

0

0.5

0

0.5

1

1.5

μ0

phi0
1/3

σ 0

(b) Mean vs. Standard Deviation

0 0.5 1 1.5

�0.06

�0.04

�0.02

0

0.02

0.04

0.06

φ0
1/3=0.1

φ0
1/3=0.3 φ0

1/3=0.5

σ0

μ 0

US sectors
US sectors+World ex�US

(c) Mean vs. Asymmetry

�0.06 �0.04 �0.02 0 0.02 0.04 0.06

�0.6

�0.4

�0.2

0

0.2

0.4

0.6

σ0=0.6

σ0=0.9

σ0=1.2

μ0

ph
i 01/

3

US sectors
US sectors+World ex�US

(d) Standard Deviation vs. Asymmetry
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Notes: Frontier of daily excess returns with moments expressed in percent terms. Results based
on the GH distribution, whose parameters have been estimated by maximum likelihood. Thick
lines represent the contours obtained from the ten US indices, while the contours of the frontier
obtained including the World ex-US index are represented with thin lines. The mean-variance
frontier is plotted with dotted lines, while dash-dot lines are used for the skewness-variance frontier.
Asterisks (circle) are used to plot the positions of the individual US indices (World ex-US index).
The results correspond to a representative day whose mean vector and covariance matrix are set
to their unconditional values. Straight lines represent the location of the optimal portfolios that
an investor who maximises the Sortino ratio for different target expected returns would choose,
where the thin (thick) line is based on the 10 US sectoral indices (10 US sectoral indices and the
World ex-US index).
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