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Abstract. We study three different exchange rate regimes in a stochastic OLG model with free capital
mobility and incomplete markets. The regimes are characterized by the type of coordinated seignorage
financed transfer (or fiscal) policy in place. We are especially interested in how the different types of
policies affect the possibility of sunspot equilibria with real and/or nominal effects. The first type of
policy considered, where both governments are inactive does not lead to a Pareto optimal allocation
(in the long run) and there is a continuum of equilibria as well as sunspot equilibria. The second type
of policies are devaluation policies, where the country adversely affected by a shock devaluates. For
most of these policies sunspots may have real affects, giving rise to suboptimal equilibria. If a central
bank unilaterally tries to defend the exchange rate in order to avoid these sunspot equilibria, it may or
may not, depending on its reserves, experience a currency crisis which forces it to give up intervention.
Finally, we consider a type of policies that allow the exchange rate to be constant. For these policies
sunspots cannot have real effects and all equilibria are Pareto optimal, but may affect the exchange rate.
Coordinated intervention by both central banks rules out all nominal sunspot equilibria, but unilateral
intervention does not. A final option, a monetary union also leads to a Pareto optimal allocation if the
two countries agree on transfers to the country adversely hit by a shock, i.e. agree on a coordinated
fiscal policy.

JEL classification number: D52, D60, D84, F31, F42
Key words: currency crisis, exchange rate policies, monetary union, OLG model, perfect currency
substitution, sunspots.
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1 Introduction

The foreign exchange markets seem to have a certain dichotomy to them, which makes it difficult to
capture all their essential feature in one single model. On the one hand, fundamental economic activity
arguably drives the exchange ratein the long run, while on the other hand, in the short run, the exchange
rates seem to be highly sensitive to speculative forces and sentiments in the market. The dual nature of
this market can also be exposed by pointing to the dual nature of the currencies being traded. On the
one hand, each currency has a specific role in its country, being used as a primary means of payments,
and does as such have an intrinsic not easily substitutable role!. On the other hand, the currencies
do not, when traded on the international financial markets, have any intrinsic value and when there is
free capital mobility currencies are close substitutes?; demand is only driven by their return structure.
Many models, dealing with the markets for foreign exchange, emphasize the first aspect for instance by
assuming a cash in advance constraint on what trade can take place in what currency or utility of the
local currency only, i.e. assume no substitutability at all (see for instance Devereux and Engel, 2000
and Obstfeld and Rogoff,2000). In the model presented here another tradition is followed according
to which currencies are perfect substitutes. We use a variant of an OLG model first introduced by
Kareken and Wallace(1981). In this model agents care only about the return structure of the currencies
and this makes the exchange rate sensitive to expectations. As such the model might be useful as
a tool for thinking about the consequences of different exchange rate regimes for the ”expectational
stability” of the economy. One advantage of using the OLG structure for stochastic economies model
is that it is tractable even when agents are heterogeneous. This is in contrast with the infinite horizon
structure often being used. As it turns out, ex-ante heterogeneity among agents (countries) will be
important for the existence of sunspot equilibria in the model studied here and may lead to ex-post
heterogeneity too. We assume that markets are incomplete. Because the exchange rate may potentially
be used to reallocate between countries hit by different shocks, i.e. provide insurance ( an idea similar to
many current studies among those Devereux and Engel, 2000 and Obstfeld and Rogoff, 2000) the choice
between different exchange rate regimes is less trivial than in, for instance, the extension of Kareken
and Wallace by Manuelli and Peck(1990), in some aspects the predecessor to the model studied here.

Three different fiscal policies/exchange rate regimes, as well as a monetary union, are then considered
to see to what degree they may make up for the incompleteness being stipulated. The three regimes are
refered to as respectively free float with non-intervention, floating exchange rates with devaluations, and
policies set to fix the exchange rate. These regimes are studied mainly because, as their labels indicate,
they have some resemblance to regimes that we actually do observe. Also, it is quite natural to study
the first regime, to see if active governments are necessary for efficiency. The two other regimes also
have the appealing feature that they lead to the symmetric Pareto optimal allocation, at least in the
absence of sunspot influence.

Our results can be summarized as follows. Under a free float there is a continuum of equilibria
for none of which the symmetric Pareto optimal allocation is achieved for more than a limited time.
Furthermore, under this regime sunspots may have real effects (sunspot equilibria may dominate some
non-sunspot equilibria and may be dominated by other non-sunspot equilibria)®. We next study a class
of floating exchange rate regimes with devaluations. For all of them it is the case that sunspots may
matter. The effect of these sunspots is real except for a single member of the said class. This single

! Absence of perfect currency substitutabﬂity can be phrased as follows: If the two currencies A and B happen to have
the same return structure then a person in country A will strictly prefer currency A over currency B.

McKinnon (1994 provides a criticism of models with perfect currency substitutabﬂity.

The study of the (real) effects of sunspots originates with Cass and Shell (1983).
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policy is characterized by leaving the agents ex-ante symmetric. With equal investment opportunities
they will also be ex-post symmetric (as is the case in the model of Manuelli and Peck,1990) which, in
turn, means that sunspots cannot affect the allocation of commodities. We also study the role of central
bank intervention for these types of policies. If the two central banks coordinate, the exchange rate
can be kept at the right levels for the policies to work as intended, but a single central bank may not
be able to defend the exchange rate in the long run and currency crises may appear. Similar results
are found for an exchange rate regime with devaluation, where the monetary policy of one ountry is
passive, while that of the other country is active. Finally, when the policy is set to fix the exchange
there may also be multible equilibria, but these only have nominal effects, affecting the exchange rate,
but leaving consumption untouched at the symmetrical Pareto optimal allocation. The analysis thus
shows that when there are two currencies the currency regimes can be chosen to ”complete” otherwise
incomplete markets. If the two countries form a monetary union direct subsidies have to replace the
former arrangement. A monetary union removes endogenously created expectational instability but if
the two countries are unable to create, in another way, the necessary insurance against country specific
shocks, the cost of this expectational stability may be too high.

In studying the existence of sunspot equilibria under devaluation policies we rely on Chiappori,Geoffard,
and R. Guesnerie (1992) who provide a very general link between indeterminacy and the existence of
local sunspot equilibria. Some technical aspects of our results may be of independent interest. The
indeterminacy exposed under the devaluation policy is different from what is ordinarily found in OLG
models (or in finite horizon incomplete markets models); it is present due to the fact that the two
currencies are subject to an inflation tax. Also, we show that when both governments are passive, only
for sunspots that are correlated with fundamentals can sunspot equilibria exist. Finally, we provide
examples of sunspots equilibria where, when the sunspots are correlated with fundamentals, the quali-
tative features of the equilibrium differs from the case where the process of sunspots is independent of
the process of fundamentals.

The analysis that is probably most closely related to ours is found in King, Wallace, and Weber(1992)
(KWW). Here an intermediate case between complete lack of and full substitutability of currencies is
modeled by assuming that some traders have a cash in advance constraint in only one currency while
others have it in any of the two currencies. Like in the present study, the main concern is with the
influence of indeterminacy on welfare, however in their model there is no fundamental uncertainty and
thus no "fundamental” need for insurance. Briefly put, the conclusion of KWW is that when markets
are complete (i.e. agents can insure against sunspot related shocks) the choice between floating and
fixed exchange rates is immaterial, while when markets are incomplete, ineflicient sunspot equilibria
may be present under floating exchange rates. The fact that the this kind of expectational instability
may be present, even though only some agents (”a speculative fringe” in the words of KWW) regard
the currencies as perfect substitutes lends some support to our concentrating on the case of perfect
substitutability. The present study differs in at least two fundamental ways. Here, an exchange rate
regime is to be chosen both with an eye to how it makes up for the incompleteness of markets and
how vulnerable it is to expectational instability. Furthermore, the role of central bank intervention
and the possibility and nature of currency crises is being studied. Other models have studied the issue
of expectational stability without assuming perfect substitutability. In fact, the elaborate model of
Woodford(1991) aims exactly at studying how increased substitutability may decrease the expectational
stability of the economy*. Neumeier (1998) provides a general equilibrium study of the trade-off between
a monetary union and multiple currencies in a finite horizon incomplete markets setting with cash in

*See also Weil (1991) for a simpler analysis along the same lines.
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advance constraints. It is argued that a monetary union may be regarded as a commitment to reduce
”non-fundamental” uncertainty injected into the system via the monetary policies of the different central
banks. But a monetary union also reduces the span of the assets available, since there will no longer
be bonds denominated in different currencies which can react differently to idiosyncratic fundamental
shocks in different countries. This trade-off is then studied. The possible selffulfilling nature of currency
crises is studied in, among others, Burnside, Fichenbaum, and Rebelo(2000) and Obstfeld(1996), both
which are concerned with small open economies. In these studies, like in the one presented here, it
is found that for some fundamentals (policy variables) there may be a positive probability both of
a crisis and of no crisis while for others there is zero probability of a crisis. Burnside, Eichenbaum,
and Rebelo(2000) emphasize the potential destabilizing effects of the financial sector caused by the
governments’ guarantees to bail out domestic banks. Such an arrangement, it is argued, may make the
occurence of a currency crisis 'more likely’ if the bailout is financed by seignorage. Thus like in the
present study, the use of seignorage may create the instability that makes sunspots possible.

2 The model and equilibrium

The model® has two countries, A and B, each with an overlapping generation structure of representative
agents. Thus at each date, ¢, the are in each country two agents, one old and one young. Since agents
only consume when they are old, we can without confusion use the labels A and B for residents in
countries A and B respectively. Whenever we in the following introduce stochastic variables these are
supposed to be defined on some underlying probabilty space (2, S, ). Also, distributions of stochastic
variables are denoted by P. When agents take expectations they use this probability space, their
(perfect) knowledge about the stochastic variables defined on it, and all information available up to and
including the current date; we write F; to emphasize the latter assumption. Thus in equilibrium agents
have rational expectations. The endowment structure is as follows. When young, an agent in any of the
two countries receives the amount e of the single commodity. When old, he receives a positive random
amount of the same commodity; at date ¢, eg; and eg; for the two countries A and B respectively.
We assume that the processes {e4;}+ and {ep;}; are i.i.d. and mutually independent and also that:
e > |ear — ep¢| a.s. . This last assumption allows for full risk sharing to take place under the exchange
regimes with active government policies.

Agents only receive utility of consumption, Cet, ¢ = A, B when they are old®, this utility being u(C.)
in both countries, where u is defined on %, strictly increasing, strictly concave, and C?. The agents of
this economy want to transfer their initial real wealth, e, to the last period of their lifes. Since there are
no restrictions on capital mobility in this model, this can be done by placing this wealth in a portfolio of
one or two currencies (named after their countries). No other assets are available and markets are then
incomplete (no short-selling can take place) although this incompleteness may not matter, depending
on the particular exchange rate regime and equilibrium. Since the two countries are facing idiosyncratic
risk but are ex-ante symmetric, it is of special interest to see, which institutional arrangements achieve
the symmetric Pareto optimal allocation where Cy; = Cg; = € + %(6,415 +epe) = CF.

There is a government in each of the two countries, which each can issue its currency in negative or
positive amounts and make transfers to or tax their own citizens (in fact the current old). If we denote
the real transfer/tax in country ¢ = A, B at date ¢ by S.; and the outstanding money at the beginning
of period t by M. we then have the budget constraint of the government: AM. = Scp.s where pgy

®The model and the polices defined below are taken from Nielsen(1998).
%Note that an immediate consequence of this assumptions on agents’ preferences is that sunspots of the type studied in
Azariadis(1981) - sunspots that amount to random redistributions between young and old - will never be present.
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is the price of the commodity in terms of currency ¢ and AM, = My — My Since governments’
outlays are financed by seignorage the choice of S4 and Sp gives rise to particular exchange rate regimes,
to be described below. When considering a particular exchange regime and its associated (stationary)
equilibrium we could think of the horizon of the economy as stretching from —oo to +00. Under another
interpretation the horizon is from 1 to +oc and in that case we have to specify what happens to the
initial old under a specific new regime. This in turn depends on what kind of institution was in place
before the regime started. Were the two economies for instance monetarized, but in autarky, or was
there already some interaction between the two economies? We choose not to be too specific on this
matter. It is here worth stressing one more time that this model is not concerned with the distribution
between generations; In any reasonable equilibrium the current old will in each period consume all
available commodities. The issue is rather insurance, the distribution of risk across agents in the same
generation. Thus the scope for trade is not in physically differentiated commodities but in assets that
deliver the commodity in specific states. This is clearly a very crude proxy for observed economic
activity between countries. But it does allow us to capture the financial aspect of the markets for
foreign exchange that we wish to emphasize while at the same time providing the model with a solid
foundation for welfare analysis. At the bottomline then, at date 1 there is available for consumption
by the old the stochastic quantity 2e 4+ e4y + ep1 of the commodity. We assume that this quantity is
divided between the initially old in such a way that they are not worse off, than they would have been
if the unspecified original institution would not have been displaced. With these remarks about the
model in place, an equilibrium where both currencies are in circulation can be defined.

We let M 4 and Mp denote the initial aggregate money holdings of the old of currencies A and B,
respectively.

Definition 1: Equilibrium
A stochastic sequence {7 s, TB1, Cat, CBt, Sat, SBts Mat, MBe, pat, pBLYZ, € (%i X R2 x %i_l_)oo s.t. for
all ¢, a.s. we have

(1) Moy =My,c= AvB

(ii) et solves the problem:

Maz epo Eru

(2t i) o 5en emhn
(iil) (ma¢ + TBe)pare = Mas + parSas

(2— T4 — TBe)PBie = MpB: + PB1SB:

% + Sae+ear + ]}\fgf + 5Bt + et = 2e + ea + eBy

(iv) Mogy1r = Mot + petSat,c = A, B

and furthermore,

(V) Ccl = Z?Mcl + Scl + €q,c= AvB
Cetp1 = (Wct PAL 4 (] — moy)BEE )€+€ct+1 + Setr1,c=A,B,t> 11

PAt41 PBty1

The requirement that M. > 0,¢ = A, B means that both currencies are in demand. The second
condition states that both agents pick portfolios, in terms of fractions of real wealth invested, that
maximize their expected utility. The third requirement states that total demand for currency A and
B (on the left) is equal to total supply, namely what is sold by the old and what is sold (in negative
or positive quantities) by the government, and furthermore that total demand of the commodity (on
the left in the third equation) is equal to what is supplied. By Walras’ law this third requirement is
redundant. Finally, (iv) provides a dynamical relation between the stocks of the two currencies in two
consecutive periods and (v) defines what consumption is in this equilibrium.
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Let us briefly note that one equilibrium for this economy would give the same real outcome as autarky,
where each country is isolated from the other. If we let S, = 0 and p. = ]\ZC,W and M., = M.Vt
then with m4; = 1, 75 = 0, and (s, = e + €4, Vi we have an equilibrium, where each country only

consumes its own endowments. This would also, for any (feasible) transfer process, be the case if there
were no free capital mobility. The outcome is clearly Pareto dominated by the consumption process
(Cr.CYe,

In order to study the equilibria arising from different policies it is convenient to formulate the
equilibrium conditions in terms of fewer variables. Using the equilibrium condition (74 + Tp¢)pace =
Mai 4+ parSar = Maq we get that

DAt ( M pi44 ) ( Mty )_1 _ (TAt+1 + TBe1)e — Sart1
=\ ( =

(2)

PAt+1 TAt+ TBe)E TAt41 + TBi+1)€ — SAtt1 (Ta:+ TBL)E
and similarly,
PBt  _ (2 — TAt41 — TBe41)€ — Sheg1 (3)
PBt+1 (2 — TAt — 7TBt)€

In the following, for notational convenience, subscript ¢ is sometimes not used, when the designation
of the period is irrelevant. Sometimes we will then use a prime on (portfolio) variables as in 7r:4 to
differentiate between current (74) and future ones. Also, when we suppress reference to the period, C*
refers not to the sequence, but to e + %(6,4 + ep). Now define for any 74,75 s.t 74 + 75 € (0, 2), any
stochastic variables, 7r:4,7r;3, S4, and Spg, s.t. (7r:4 + 7r;3)e —S4>0and (2- 7r:4 - 7r;3)e -9 >0, a.s.,
and any information Z7°

;o _ , (m)y +Tp)e — 54 B (2—7, —7g)e— 5B ‘
Zc(ﬂ-Avﬂ-Bvﬂ-Avﬂ-BvsAvstz)—E [u (ﬂ-c A+ TR +(1 ﬂ-c) 2 74— TR +ec+ 5
((ﬂ;l—l—ﬂé)e—SA_(2—7r:4—7r;3)e—53)|I]762A7B
TA+ TR 2—7T4—THB

Then consider the following definitions:

Definition 2: Temporary Equilibrium
(Ta,7B,594, 98B, 7r:4, 7r;3, S;l, 5;3) and information 7 s.t.

(i) m. €[0,1,c=A,B, ta+7€(0,2), (ma+7Ble—54>0, (2—714—7ple—S>0
(ii) a.s. 7. € [0,1],c= A, B, 74+ 75 € (0,2), (74 trg)e— S, >0, (2—7,—7gle— 55 >0
(iii) ZC(FA,FB,FA,FIB,SA,SIB,I)I 0,c=A,B as. N

Definition 3: Equilibrium
A stochastic sequence {mas, 7By, Sat, SBi}5S, such that a.s.: Vi, with 7 = {74s, TBs SAss SBs ) orts
(T At TBt, SAt, SBty TAt+1, TBt+1, SAt+1, Spi+1) and Z; form a temporary equilibriumill

It is then easy to see, that if we have an equilibrium* as defined in Definition 3 we also have an
equilibrium as defined in Definition 1. In period 1, set M, = M. c = A,B. Then let p, be s.t.
% = (m41 +7B1)e— S41 and % = (2—7a1 —7B1)e — Sp1. Finally, let M43 = (741 + 7B1)epar and
Mps = (2 — 741 — TB1)epp1- In any other period, ¢, M4, and Mp; are given and given 74y, TBs, Sat,

and Spy, we can then define pay, pai, Maryr1, and Mpyq in the same manner as for the first period.

"That is for any sub o-algebra of S.
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3 Description and interpretation of the three main regimes

As earlier stated, the role of the governments’ policy is to create options for insurance arrangements
between the agents of the two countries. This captures to some extent what we see in reality: Individual
agents cannot (in an efficient way) fully insure against country specific macroeconomic shocks. A
negative shock in one country may then, for instance, be met with an expansionary fiscal policy and
a devaluation, both measures to increase demand for domestic products and thus to increase domestic
income to compensate for the negative shock. To the extend that the income in the foreign country
decreases as a result of the revaluation of its currency, a transfer has, in effect, taken place.

We consider only coordinated policies®, that is the two countries agree to pursuing a certain policy
and stick to the rules stipulated by that policy?. Many policies result in the Pareto optimal allocation
C* = {Cf}. In particular, the governments could in principle agree to a redistribution, through taxes,
that independently of the portfolio holdings of the the current old would result in the consumption C*.
Such a policy may have to depend not only on current and past shocks but also on current prices and
portfolio holdings, implying that the informational requirements are strong. We concentrate on policies
that arguably have some resemblance to observed policies, work through the "market”, and for which
the transfers, S4 and Sp, only depend on current and past (macroeconomic) shocks.

We then concider two active policies or regimes and, in addition, the consequences of a policy of
no intervention. These policies are defined in terms of the taxes/subsidies, S.,¢ = A, B, which by

10, The first policy, Policy 1s

the governments’ budget constraints also define their monetary policies
(’s” for 'symmetric’), has a straight forward interpretation as a devaluation policy. The country, c,
that experiences a relatively negative shock, e.; < maxz{eay, eps}, issues money using the proceeds to
subsidize its own citizens, while the other country does not issue any money. As a result the currency of
country ¢ devaluates and the agents that hold this currency, presumably both foreigners and residents,
pay a seignorage tax. The result will be a transfer from the foreign country to the home country, making
up for the relatively negative shock. This policy resembles what Obstefeld and Rogoff(2000) call ”an

optimal float”. Let Ae; = eg; — e4y.

Definition 4: Policy 1s

Sar = tmax{0,ep; — e4¢} = Tmax{0, Ae;}
Spt = Tmax{0,e4; — epr} = Tmax{0, —Aes}
where 7 € (1/2,00] B

The intention of this study is to focus on policies that can be interpreted as having some observed coun-
terpart, and as being the outcome of an agreement between the two countries. We mostly concentrate on
symmetric policies, but one might argue that in some of the exchange rate arrangement observed there
is an implicitly agreed upon asymmetry. In such arrangements one country is "passive” (the phrase
"anchor” country has been used in some contexts) , while the other is ”active” in pursuing a policy of
for instance devaluations or fixing the exchange rate. In the context of the simple model being studied
here, such an asymmetric arrangement can, for the case of devaluations, be presented as follows:

8 Obstfeld and Rogoff(ZOOO) also focus on coordinated policies.

? As in Canzoneri (1989 transfers between countries, here for insurance purposes, are broght about by seignorage which
hits both residents and foreigners. But while we assume cooperation between countries, Canzoneri assumes the opposite
which leads to suboptimal inflation levels.

OTn conjunction with these policies there may be further reallocations between the old in period 1 only. These realloca-
tions would be chosen to guarantee that noone is worse off in the new regime and are left unspecified.
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Definition 5: Policy la
Sat=0
Spt = 7(ear — epy) for suitably chosen 7

As we shall see, Policy 2 results, in the absence of sunspots, in a constant exchange rate. In effect this
policy designs a tightly coordinated monetary and fiscal policy in the two countries in order to keep
the money stock increasing at the same rate in the two countries. Also this policy has a counterpart in
Obstfeld and Rogoff under the title "an optimal fix”.

Definition 6: Policy 2

Sae = ﬁ(eBt - €At) = ﬁﬁet
St = %@Bt - €At) = %Aet

where ¢ € (0,1 — 7”7)(62“;_63)] Ui+ 751@(65‘6_63), 2)l

The assumption made earlier, guarantees that the two intervals above are non-empty. In a companion
paper (Nielsen,1998) it is shown that Policy 2 is the only policy (chosen from a set of policies depending
on current real shocks and past information) that results in the allocation C* when agents have rational
beliefs (as defined in Kurz, 1994). This is one reason to study this policy. Another is that it leads to
the exchange rate, x; = p—AZ, being constant while achieving the allocation €. However it is not the

PB
only such policy. Notice that when the exchange rate is constant, i.e. x;_1 = x; we have Ry, = FA=L =

PAt
pf)”f = Rp;, in other words the gross return on both currencies are the same. Suppose then that we
have a particular equilibrium, where Cy; = Cp; = Cf,Vt and 24 = 2441, Vt. Using ( 2 ) and ( 3 ) we

would have

Tep1€ — Saty1 (2= mey1)e — SBit1

Top—————— + (1 — 7) + ectr1 + Set41 = Ct*-|—1vc =AB (4)
T 2—my
Tep1€ — Satpr (2= Teg1)e — SBegr
= (5)
Tt 2— Tt
where m; = 74, + ;. Combining (4 ) and ( 5 ) we get
eat + Sar = eBi + B¢ (6)
Finally, using ( 6 ) in ( 5 ) we get
S _
Tip1 = Te+ (1 —my) Bitl +(2—7Tt)—€Bt+1 2€€At+1 (7)

Clearly, there may be (f.i. for e large enough) many policies, S4 and Sp and portfolio sequences {7}
that fulfil ( 6 ) and ( 7 ) (which together with the requirement that C'4¢11 + Cpegr = 207, imply ( 4)
and ( 5 )) such that me > 544, Vt and (2 — 7)e > Spy, Vi, i.e. such that the policies are feasible. Note
that these policies require that at any date, ¢ + 1, individual agents pick exactly the portfolios that
make 744 fulfil ( 7 ) although, since both currencies have the same return, these individual agents are
indifferent between all possible portfolios. Now, if we impose on the policy that =, is a constant, = 7,
this means that (1 — ﬂ)% + (2 — m)SBEAL = 0,V d.e. that Sp; = %(em — e4¢) so that we have
Policy 2. Thus Policy 2 is in this sense the "simplest” constant exchange rate policy that results in the
Pareto optimal allocation C™*.

Note in passing, that any feasible policy 5S4 and Sp that fulfils ( 6 ) leads to the allocation C*.
When ( 6 ) holds the two agents have the same budget sets and hence, by strict concavity of u, their
consumption will be identical: C4; = Cpy, Vt. But, since in equilibrium C4¢ + Cpy = 2C7, the result
follows. In particular, for all policies that fulfil ( 6 ) sunspots cannot have any real effects.
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4 The consequences of the three regimes and of a monetary union

In this section we ask the following questions for each of the three active/passive policies studied: (i) is
there an equilibrium that achieves C*, (ii) are there equilibria in which sunspots play a role, and (iii)
if so, do sunspots have real effects. We will also consider the possibility and consequences of central
bank intervention. Finally, we define what we mean by a monetary union for the model considered and
consider what will be the consequences of such an arrangement.

4.1 No Intervention

As a beginning, it is natural to ask about the consequences if the governments do not pursue an active
policy and in particular do not try to affect the movements of the exchange rate. Such a policy could in
the context of the model at present be interpreted as a free float. Since the two governments keep the
money supply constant, the policy could also be interpreted as the counterpart to what Obstfeld and
Rogoff(2000) call "world monetarism a la McKinnon”. However, under that interpretation we would
expect that one or both central banks of the two countries would attempt to keep the exchange rate
fixed. Let us at first ignore that possibilty. The first question then is, if the market can by itself establish
an equilibrium in the currency market that compensates for the absense of a preset complete market
structure.
When S4; = Sg; = 0 we have

DAt T4l DAt 2— T
R = =% and Rpiy1 = = + (8)

PAt+1 T PAt+1 2—my

where, recall, 7 = 74, + 7. Thus for any 7 € (0,2) and any 7" > 1, any 7e,¢ = A, B, s.t. 7 =
m, ¥t > T, is an equilibrium of this economy from T and onwards since in that case the exchange rate
is constant implying that agents are indifferent between all possible portfolios (there is no risk sharing
between agents).

C™ cannot be achieved
In the following we show that C* cannot be achieved when governments are passive, but that for a
limited (stochastic) number of periods C7} is possible. If C7 is the consumption in some state and at

some ¢ we have

1
[Tet—1Rat + (1 — 7ot ) Rpele + €0 = € + §(€At + ep¢),c=A,B
implying that

1
€ — §A€t TBt-1

e(l1-7pi1) 1 —7Bia

e+ %Aet TAt—1
Rp; = -
e(l —ma—1) 1 —Tae

RAt and RBt =

R4y

These two equations can only hold if 7 4¢_1 is different from wp;_1. For that case, solving them gives

12— 71 — 1A 1 2—m A
Rap=1+ =~ TAt—1 FBtlﬁ:1+_$ﬁ (9)
2 TAt1 —TBt-1 € 2TAt—1 — TBi-1 €
174 TRi—1 Ae 1 Ty Ae
RBtzl——Atl—l_ L e i—1 Aey (10)
2TA1-1 — TBi-1 € 2TAt—1 — TBi-1 €
Note that it then follows that R4 — Rps = ————24¢t_ S0 if the consumption, C7, is achieved, we

TAt—1—TBt—1 €

have that

1 1
Epafu(e + ~ B _
e(TAt—1 — TBe—1) emiule £ 2(6"“ +epe))(ept —ea)] =0
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Era[u(C7)(Rae = Rpy)] =




where the last equality follows from the fact that eg; and ey4; are identically and independently dis-
tributed. In other words, at any date ¢ — 1, if the consumption is C} on the following date, the first
order conditions, (iii) of Definition 2, hold for the two agents.
Combining ( 8 ) with ( 9 ) and ( 10 ) we then have to check if there is a stochastic sequence {74, 7B}
s.t. a.s.,Vt
T 2—mim1 Aey 2— 7 1 Ti_1 Aey

‘ 1
Tat# TRy —— =14+ -—"—= " " and — T =1-—
-1 2T p1—1 — TBi-1 € 2— T 2T p1—1 — TBi-1 €

and s.t. m; € (0, 2),Vt. Each of these two equations is equivalent to

1(2—miq)miq Ae
Ty = Te—1 + —w—t = H(WAt—h?TBt—hA@t) (11)
2TAt—1 — TBt—1 €

Note in passing that the stochastic relation described here is a martingale. So the question is, if there
is a stochastic sequence {r4;, m5;} with values in [0,1]? s.t. ( 11 ) holds and 7; € (0,2),V? a.s. The

. 1B
answer turns out to be negative. If ;1 € (0,2) and 741 € [0,1],c = A, B, we have % >1

D TAs_1—TBi_ )
and 2=TA=17TB=1 > 1§ other words that
|7TAt—1—7TBt—1| -

1 (2—ms_ 11 1
L2=moy)7i 1 > —,Vt, as. (12)
2|Tat—1 — TBe—1] € — 2e

Suppose we were in an equilibrium where ( 11 ) held and 7; € (0, 2),V¢ a.s. . In such an equilibrium
Ae; and (mg¢—1,7B¢—1) would be independent. This implies that there is some k£ > 0 s.t. for all 7" > 1
there is for a.a. w € Q some ¢! st for ¢/ < ¢t < ¢+ T —Aet >~ k. Then choose T such that

} TAt—1—TBt—1

. U 2—
% > 2. We then have for a ¢’ (depending on w) wy g =7y + Zi:‘l—t/-l—l %#Atﬁ%% > Ty + % > 2,
a contradiction. We conclude that in the non-intervention regime, with probability 1, C7 cannot be

achieved indefinitely.

CT can be achieved for a random number of periods
However, there is an equilibrium that achieves C} for a positive (random) number of periods. The
general principle is as follows. For any t — 1, let m,_1 be given. If there is some (7441, 7B—1) With
Tat—1 + Tpi—1 = Te—1 and was # 7pe s.t. H(Tai—1,7Bi—1,Ae;) € (0,2) w. probability 1, let 7, be
determined by ( 11 ), and the consumption in next period will be the random variable C}. Consequently,
with the gross returns on the two currencies defined by ( 9 ) and ( 10 ) the first order conditions will hold
for the chosen (7441, 7B:-1), as was shown above. Else, if we cannot find (74,1, 7p—1) with the desired
properties, let 75 = m;_1,Vs > t. Then the exchange rate is constant and the two representative agents
are indifferent between any portfolio holdings, especially some (744-1, TBt—1) S.t. Ta—1+TBi—1 = Ti—1.
The two countries will then consume the autarky allocation from period ¢ and onwards.

An example will demonstrate the possibility of such an equilibrium. Start with 7y = 1 and let 4 be
close to but below 1. For any ¢, given 7y define m4; and 7p; as follows. If 7y < 1 let w44 = g7t and
T = (1 — q)ﬂ't. Else let 1 — m4¢ = q(2 —m)and 1 — 7= (1 — q)(2 — m). Thus

. 2—7Tt A@t
oy <1, My =T+ ——t 2% a0 13
if 1 <1, 7rt—|—2(2q_1) ; an (13)
. T Ae
if T > 1, Ti41 = T + 2(17252)715 (14)
T eq

When 7, &= 1 we see that 41 € (0, 2). At the first date ¢, at which with positive probability 741 ¢ (0, 2)
for the relevant of the two equations ( 13 ) and ( 14 ), let 744y = 7 with probability one. In such an
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equilibrium it may seem for a long time that the Pareto optimal allocation, C'* is achieved and thus
that the passive policy is achieving its goal. But eventually one of the currencies will be driven to near
extinction and after that the exchange rate markets can no longer provide the role of insurance needed
for Pareto optimality.

Sunspots

Clearly, there is a continuum of equilibria in the case of non-intervention and this should lead us to
suspect that sunspots may matter. A very simple type of sunspot equilibria can be defined based on the
equilibria just presented. Let {0} be a sequence of extrinsic stochastic variables taking values in {0, 1}.
Consider the example given above and modify the equilibrium as follows. For any given date, ¢ and
given 7, define the continuation as follows. If both o, = 1 and 7441 € (0, 2) with probability 1 (using
the relevant of the two equations ( 13 ) and ( 14 )) let 7441 be defined accordingly. Else let 7411 = 7.
A variant of this sunspot equilibrium would freeze the two countries at autarky, i.e. at the constant
portfolio holding 74 the first time where o; = 0. Note, that the first of these sunspot equilibria are not
Pareto dominated by the non-sunspot equilibrium it is derived from, since in the sunspot equilibrium,
generations far into the future may achieve perfect risk sharing, where they would be in autarky in the
non-sunspot equilibrium.

One may wonder if any other Pareto optimal allocations than C* can be achieved under the non-
intervention regime. In the appendix we show that this is not the case. Also to be found in the appendix
is another example of a sunspot equilibrium. In this equilibrium, unlike in the one sketched above, with
probability 1 sunspots will matter at all dates, although their influence will be diminishing. Finally,
observe that the sunspot equilibria exhibited are characterized by (the effects of) the sunspots being
correlated with fundamentals. We cannot have an equilibrium where sunspots have real effects and where
{7} is independent of fundamentals. In that case all agents would choose the same portfolios implying
that their real return would be e, i.e. we would have the autarky consumption, C. = e+ e.,c = A, B
for all sunspot states.

Remark: Central bank intervention

Suppose the purpose of the policy is to keep the exchange rate constant. Since sunspots may matter
under this policy there is then a need for central bank intervention. If the two central banks coordinate
they can keep the exchange rate at the desired level, but it will then only be the growth of world real
money supply that is kept at 0 and not that of the individual countries. One individual central bank
with limited reserves may not be able to keep the exchange rate constant, since when it is constant,
agents are indifferent between all portfolios and currency crises may then appear in the same way as is
treated in more detail below.

CONCLUSION: NON-INTERVENTION

When there is no intervention by governments (or central banks), i.e. no active monetary or fiscal
policy, the returns on different currencies are entirely determined by demand conditions in the markets.
It has been demonstrated that it is possible to design a random process of demands that achieves perfect
risk sharing for a limited (random) time. However, in the long run such risk sharing is not achieved
without active policies by the two governments. Moreover, when the governments are passive there is
no guarantee that risk-sharing will be obtained even in the short run, since there is a continuum of
equilibria for many of which (like the one in the appendix or the autarky equilibrium) risk sharing is
less than perfect from date 1 onwards.
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4.2 Devaluations
4.2.1 Symmetric Policies

We consider first a family of policies (54, 55) = (Tamaz{0,ep —e4}, Tgmaz{0,e4 —ep}) ( suppressing

supAe
e

reference to time) where > 7. > 0 and show that for the reduced family, where

T4 =TB > 1/2 (15)

there is an equilibrium such that 7., = 7.,Vt,c = A, B and the consumption is the Pareto optimal
allocation, C*. Else, if ( 15 ) does not hold, there is no such equilibrium for policies within the family
considered. The interpretation of this family of policies is straigtforward. The government in country
¢ makes a transfer to its own citizens if the shock they experience is relatively adverse and finance
this transfer by issuing money. Since the other country does not issue money, this monetary expansion
makes country ¢’s currency depreciate. If we are in an equilibrium and C* is achieved, for constant 74
we must have

T 2—7

B lU/(C*) (71'/6 — tamaz{0,ep —es} (2 7)e — Tgmaz{0,e4 — eB})] 0

This equality can only hold if 72 = "2 i.e. if 15 = 2_7”7',4. Inserting this in the expression for the

equilibrium consumption of agent A, equalizing to C™, and rearranging we get:
maz{0,eg — €4} 2—71  max{0,e4 —ep}

1
AT - —(1=ma) 4 Py +ramaz{0,ep —ea} = S(ep—ea) (16)

If e4 > ep (which happens with positive probability) this equality implies that 1_%7',4 = 1/2, while if

e4 < ep it implies that (=24 4 1)74 = 1/2. Both these equalities can only hold if 7 = 1 which in turn

T4—1/2 (
TA

implies 74 = 75 = 7. It also follows that 74 = and consequently we require 7 > 1/2) and thus

T = %. Since ( 16 ) now holds, C'4 = C*, and consequently Cg = C*. The first order conditions, (i)
of definition 2, hold and with 7 = 1 and 7 < % we have that also (ii) of the definition is fulfilled.
Hence the desired equilibrium is achieved. Note that when e is large relatively to sup{e4 —ep}, 7 may
be chosen to be very large implying that, in equilibrium, citizens of country ¢ hold most of currency ¢

and that the reactions, in terms of 54 and Sp, are large.

Sunspot equilibria

So far we have only studied the (in terms of 744 and wp¢) determinstic and stationary equilibria as-
sociated with the (reduced) family of devaluation policies. Below we show that (a) associated with
each member of this family there is a continuum of deterministic equilibria and a continuum of sta-
tionary Markov sunspot equilibria and (b) except when 7 = 1, the real part of these equilibria matters
(i.e. sunspots matter). In doing this we use the results of Chiappori, Geoffard, and Guesnerie (1992),
henceforth CG&G. Therefore, consider the system Z = (Z4,Zp)? (T for transpose). We then have
Z(1- 21_77 %, 1—%, 21—7) = (0,0)T (where we now and below suppress reference to $4 = 7 max{0,eg—e4},

Sp =r1max{0,e4—ep},and 7). It is then straight forward to see that the technical Axiom A of CG&G
holds''. Assuming that JpZ is invertable, locally, the equilibrium is determined by

aﬂ'A aﬂ'A
-1 87714 871’;3
B = _(OOZ) 81Z = Arg Orp

7 7
Im, Img

1 This axiom states a relation between the derivatives of the deterministic and stochastic versions of the dynamical
system.
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where 0pZ is the Jacobean of Z with respect to the first two variables, 74 and 7p and 01 Z is the
Jacobean of 7 With respect to the last two variables, 7r:4 and 7r;3, both Jacobeans being evaluated in
(1- ﬁ, 27, 1-— ﬁ, ﬁ) Below we show:

(i) 0oZ is actually invertible.

(ii) B has two real eigenvalues, one being 0 the other being > 1.

This means that the assumptions of CG&G’s Theorem 3 holds, in particular Assumption(R) The
conclusion of this theorem is that for any sufficiently small neighbourhood, N of (1 — ﬁ, 27, — ﬁ, %)
and for any k > 2 there are k different points in N such that there is a stationary Markovian sunspot
equilibrium with support being these k points. Note that we also need N to be so small that (i) and

(ii) of Definition 2 holds.

Proving (z) and (zz)
Letting Ry = ¢ — rmax{0,eg — ¢} , Rp = ¢ — Tmax{0,¢y —ep}, 74 =1—

874 n aZA 874
o7 = T A o or
0 aZp 97p 4 aZB
ar arg

_ 1
27, and T = 5~ we have

Here, 224 = 928 — E[y"(C*)(R4 — Rp]? while 224 = E[u"(C*)(R4 — Rp)(—7aRa + (1 — 74)Rp)] —

? aﬂ'A aﬂ'B .
E[W/(C*)(R4+ Rp)] and 228 = E[u"(C*)(Ra — Rp)(~75Ra + (1 — 75)RB)] — E[u'(C*)(Ra+ Rp) =
El"(C*)(Rs — Rp)(—(1 —m4)R4 + maRp)] — E[u/(C*)(R4 + Rp)] - the last equality following from
the fact that 74 = 1 — 7. ) )
It follows that the determinant, det 0o Z = gif: [gif: + = azB + 8Z"‘] = %QE[U’(C*)(RA—I—RB)] >0
So 097 is invertible. Furthermore,

024 0924 07
ar',  on A
81Z: ( % azg ) - —g

I
oy

[ [
Im, Img

where £ is the matrix with 1 in all positions. The equality follows since % isthe samefore = A, B,k =
s

A, B (and equal to F[u"(C*)(Ra — Rp)(2ra — 1)] + Eu'(C™)2e = Eu’(Ck*)Qe). Consequently,

YN 324 + 3Zp _ 3Zs 0Za n 9Z4 _ 3Zp
s Ama ar ar Ama ar ar
- _ A
det 0572 . . . ; ; .
d 824 8Zp |, dZ4 9Z4, 9Zp |, 924

Ira 87T+87T L 87T+87T
Since this matrix is singular, one eigenvalue is 0. The other is traceB which is

924 .
or’y, 0Z4 E[u/(C*)]2e B E[u/'(C*)]2e

_ — = 1
detdZ dwy  E[u'(C*)(Ra+ Rp)] E[u/(C*)(2e — Tmax{ey — ¢,y —eg})] -

This concludes the proofs of the two claims, (i) and (ii).

Why do we have sunspots influence in this model?

Agents are forced to invest in one of the two currencies even though, due to seignorage, the expected
gross return on them, is less than one in the stationary equilibrium. This gives rise to an instability.
Let us show this formally. Agent ¢ solves the problem:

e— 8 2-7)e—Sp |

q 2—7
BANCO DE ESPANA / DOCUMENTO DE TRABAJO n° 0102
12



with solution #.(7, 7). We also let 7.(r) = #.(,7) and study this function further. If the current
ageregate holding, 7, is equal to the future aggregate holding, 7', the first order conditions for agent A

reduce to
Plroma) = E [u, (e B 7TArmax{O, €B— €4} . 7TA)TIMX{QO, €4— €} +ea+ Tmax{0, e — 6,4}) )
s -
(TmaX{O,eB—eA} TmaX{O,eA—eB}) 0
T 2—7 N

“the expectation is w.r.t. the stochastic variables, e, S.,c = A, B. W}z differentiate 74 implicitly w.r.t.
= and evaluate in (1,1— ).

g_f: —(1- 217)7215 [0/(C™)l(max{0, e - e5})* — (max{0, e — e4))”]] -
72 E [u"(C*)[max{0,e4 — e} — max{0,ep — €4} max{0,e4 — ep}] +

TF [u'(C*)[max{0,e4 — eg} + max{0,ep — €4 }]]
The first element of this sum is equal to 0, the last is > 0 and the second is equal to
—72E [u'(C*)[ea — ep] max{0,e4 —ep}] > 0
04 _

Consequently, 724 =

—72E[u"(C*)[ea — eg] max{0,e4 — eg}] + 7E [u/(C*)[max{0,e4 — eg} + max{0,ep — 4 }]]
—T?E[u"(C*)[ea — eBl?]

We have (e4—ep)? = (e4 —ep)[max{0,e4—ep}—max{0,eg—e4}] and thus by symmetry and indepen-
dence of the distributions of e4 and ep that E[u”(C*)(es—ep)?] = 2E[u"(C*)(es—ep) max{0,es4—ep}].
In concl}lsion, % > 1/2 and since % = %Lf it follows that % + %Lf > 1. In other words, when
7 and 7 increase with the same amount (starting from 1 in the stationary deterministic equilibrium)
then 74 + mp increases more. By continuity this continues to hold in some neighborhood N of 1 and

this is, in the end, what makes the deterministic stationary equilibrium indeterminate.

The indeterminacy described in two dimensions
Notice that

er‘ + ZW? = traceB > 1. Since in the temporary equilibrium, it is only the 7' = 7r:4 + 7r;3
Ta

that matters this shows the following, which we refer to as "two dimensional indeterminacy”:

3z, 7 with © < 1 < 7 such that Vr € (z,7),3!' 7 = H(x) and (74,75, 74, 7g) with |7 — 1]

<|r-1|,74+ 7 =7, and 7r:4 + 7r;3 =7 such that(ﬂ'A,ﬂ'B,ﬂ'A,ﬂ'lB) form a temporary equilibrium

What is proved in CG&G is essentially that this indeterminacy implies the existence of stationary local
sunspot equilibria.

Revaluation policy

The two countries may also decide for a revaluation policy, according to which the country that
experiences a relatively favourable shock revaluates, i.e its goverment buys money and levys a tax on its
citizens. The policy would have the following form: S4 = —7 max{0,e4—ep}, Sp = —Tmax{0,epg—e4}
and, with mqg = 1 — 21_7 and 7 = %, (™ is achieved. With this policy we do not observe said instability,
i.e. the equilibrium is (locally) determinate. This policy does not seem to have a real counterpart.
Furthermore, in the companion paper, Nielsen(1998) it is shown that this policy will not lead to the ex-
post optimal allocation C* when agents have (generic) rational beliefs, instead of rational expectations.
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The effects of sunspots

When 7 =1, e4 4+ 54 = e4 + max{0,ep — €4} = ep + max{0,e4 —ep} = ep + Sp, i.e. ( 6 ) holds and
as was noted before sunspots cannot have any real effects. For any other 7 the sunspot will have real
effects. To see this write out the consumption at date ¢t + 1 of agent A as a function of the aggregate
portfolio holdings:

TAt 1—may

9 _
Te+1 _I_(l_ﬂAt)Ll) €‘|‘(1_7T—)SAH—1_
¢

T 2—7Tt

Catp1 = |Ta SBi41 + €441

2—7Tt

Suppose that it were the case that for all ¢ and [all states, (74¢, T75¢) that given that state, m¢1 were
non-random. Consider then a t and a state (w4, 75¢) s.t. given that state (T4¢y1, TBeq1) is random,
taking each of the two values (7}, 7%) and (74, 7%) different from each other, with positive probability.
By assumption then

Th+ T =T34+ T = T (17)

Furthermore, there would be states 7% and 7% s.t. P(my2 = 7/ (74141, TBig1) = (Fi,ﬂ'é)) =1,j=
1,2. Suppose without loss of generality that 72 > 7*. This together with ( 17 ) would mean that

O7te

fo(rh + 7k, 7%) > 7.(7h + 74, 71) (because o > 0) i.e. that 7! > 72,¢ = A, B implying, in turn

because of ( 17 ), that (7}, 7)) = (74, 7%), a contradiction. In conclusion, in a sunspot equilibrium, at
some dates ¢ ;41 has to be random conditional on date ¢ information.

Then consider a date, ¢ and a state, (744, Tp¢) s.t. given that state, m;yq is truely random. If it were
the case that C'4¢41 were not effected by 711 this would, since {7} is independent of {e4¢, ep;}, mean

that T4 = =74t which is equivalent to
Tt 41 2—my

T
Tar = Ef (18)

If ( 18 ) holds (which it does when 7 = 1) %T max{0,eg;—eas} — %T max{0,e4;— €pt} + €4 is not equal

to 1(eas + ep) (unless 7 = 1) with probability 1 and thus C} is not achieved. The conclusion is that,
locally, sunspots do matter.

Example of sunspot equilibrium
We provide an example of how to construct sunspot equilibria for the case 7 = 1'2. When 7 = 1, in
any equilibrium, 744 = 7p¢ and C4y = Cp; = CF. Suppose then that there are two sunspots, 1 and 2

P Pio
Py Py

to be determined. In equilibrium, letting 7; be the aggregate portfolio associated with sunspot +,

z [iu'(C*) (me— 94 B (2—71'2')6—53) P,

i1 m 2=

with transition matrix

=0,j=1,2

Letting X = E[u/(C*)S4] = E[u/(C*)Sg] > 0 and Y = E[u/(C*)e] > X this equality can be written as

1 1 2 lr 2-m
X - —|+Y A
[ WJ] ; [WJ

2—m; 2—m;

P;=0

1
2—71']

If different from 0, we can divide through by ( — L) to get
J

2 P .
Zi:l ﬂ-ZP]z ﬂ-]

T, —1 =0

X+Y

2 This example is taken from Nielsen(1998).

BANCO DE ESPANA / DOCUMENTO DE TRABAJO n° 0102
14



Letting 4 € (0,1) be the solution to X —Y 4 = 0 we then require that
Pj17T1-|-Pj27T2=7Tj‘|'(1—7Tj)qJ:172 (19)

If we pick m < 1 < w2 s.t. (ii) of Definition 2 holds for 7y and w2, then since, for j = 1,2, my <
Ti+(l=mj)g= g+ (1—¢)m; < m2 we can find a Markov matrix s.t. ( 19 ) holds. The result is a sunspot
equilibrium where, as in Manuelli and Peck (1990), the sunspots have an influence on the exchange rate,
but not on the real part of the economy, i.e. consumption. Note, that in contrast to Manuelli and Peck
the sunspot equilibria considered here are stationary.

Central bank intervention

To avoid the type of sunspot equilibria described, the central banks of the two countries may consider to
intervene on the markets to keep the exchange rate at the level found in the stationary Pareto optimal
equilibrium without extrinsic uncertainty. Let us call this Equilibrium S§*(7) and equip the associated

variables with an *, including the exchange rate, 27 = igz. In this equilibrium the aggregate real
demand for each currency is 7fe = e at all dates. The central banks would then have to make up for
any differences between this "target” demand and the demand by private agents. If the two central
bank coordinate to defend the exchange rate'® in a devaluation regime, this is certainly possible. Central
bank ¢ can always meet any demand for currency ¢. But whenever the price levels are kept at (p%,, pg,)
at all dates, the central banks do not have to be active, since aggregate real demand will then be e.
The very credibility of the possible intervention makes intervention unnecesary. It is then when only
one central bank with limited foreign reserves tries to defend an excange rate that currency crises might
appear.

A script for a currency crisis
In the context of our model a natural definition of a currency crisis is a situation where one central
bank intervenes to defend the exchange rate, successfully or not. Consider the case where central bank
A has foreign reserves in the amount of R units of currency B. We assume that this central bank is
committed to intervention whenever called for and, in line with the rational expectations framework
we are working within, that this is known by all agents. Many variations in terms of information and
sequencing of events could be considered, but this is outside the scope of this contribution. We will
merely provide an example, plus two variants, of how a currency crisis could be described in our model
and show that they may appear. In the examples we consider there are three phases. In the pre-crisis
phase the equilibrium values are like in $*(7) and the central bank does not have to intervene. In the
crisis phase the central bank is active on the markets for the two currencies. In the post-crisis phase the
economy is either back at the stationary equilibrium, we could say the intervention was successful, or is
behaving like one of the equilibria we have been studying, a sunspot equilibrium or an equilibrium in
which the economy slowly moves back towards the stationary equilibrium. The main example considers
the case where the central bank is unsuccessful with probability one and where the crisis only lasts one
period. The two variants of this example consider respectively the case where the crisis lasts two periods
and where intervention is successful with positive probability. Since we assume that only central bank
A intervenes, a crisis can only occur in which it is forced to sell some or all of its foreign reserves. We
now turn to describing the equilibrium, S(T) with a currency crisis. Thereafter existence is considered.
The transfers are fixed at all dates, S4; = 7 max{0,ep; — €a:}, Spr = Tmax{0,es; — ep;} . For
t < T the equilibrium is evolving exactly like in the stationary equilibrium §*(7). At date T', after the
realization of e47 and ey the currency crisis occur, but central bank A is able to keep the prices at

13Something that does not seem to be observed in reality.
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Py and pyp (and thus the exchange rate at 27.) by selling all of its reserves. This justifies our assuming
that all variables at 7" — 1, in particular 7471 and 7wg7_1, are the same as in $*(7). The support
of the aggregate portfolio at date 7' + 1 in this equilibrium, #741 = Fa741 + TBT41, 15 {71, .0, T
The probabilities of these aggregate portfolios, known at date T', are P = (]31, .. ,Pk} The portfolio
choices at date T are 747 and Tg7, with sum 77, that solve:

.. Tle — 5 2—71%e — 9
mag - PUE Ju(g——5 + (1 - q)( )* F et Ser) (20)
a o 2wt ol
i—1 T Prre T PZre

Finally, R = pgp[nh —77]e (in particular 775 > 7). This means that by selling off all its foreign reserves
the central bank can keep the prices at (p*,,p5r): Total demand (including that of central bank A)

for currency A is
E3
* o~ Par ok~ * * ~ ok *
PATTAT + Rp* = Parfar + parlrr — Frle = phrrre
BT

and since supply, M 3 +p% 54T, is unchanged, p%, is indeed still the equilibrium price. The equilibrium

on the market for currency B then follows.
We arrive at ( 20 ) as follows. p.r = pip,c¢ = A, B and the portfolio holdings, 7.7 solve

Par PBT
maxE{ - e+ (1— )= e+ ecrt1 + Ser 1}
g quT-H ( q)pBT-H o o

Furthermore, we have that

MAT+1 = qrepar = Mg + parSar — prR =mrepur — prR (21)
Pt Pt
Mary1 = (2= 7r)eppr = Mg + perSer + R = (2 — n%)eppr + R (22)

At date T + s, T4 solves

paAT PBT
max I {q%e +(1- q)~7+56 +eT4s+1 + ScT-|—s+1}
q PAT +s+1 PBT+s+1
and we have
MaT o11 = T4 s€PpATss = MATvs + PAT1sSAT 15 (23)
MB7ris41 = (2— T745)ePBT+s = MBT+s + PBT+55BT+s (24)

Combining ( 21 ) and ( 23 ) and ( 22 ) and ( 24 ) we arrive at ( 20 ).

(i) For the case where the continuation equilibrium is not affected by extrinsic uncertainty, we simply
have k = 1 and A7 ys41 = H(T74s) for s > 1.

(ii) For the case where the continuation equilibrium is a sunspot equilibrium, 7.7y is stochastic,
in {#', ..., 7%} with probability 1, and iff #7,, = #7 there are #4174, TBT4s With Far4s + TBT4s = 77
s.t., for a transition probability {P7%}, .74, solves

k

. Fle— 8 s 2—7)e— 9 s
mat, Z P"'E U(q% +(1- q)( )2_ ﬁjBTJr g €cThst1 T SeTts+1)
=1

Eristence of a one-period currency crisis

Refer to the two dimensional indeterminacy described earlier. For case (i) suppose that 77 — % €
BT

(z,7). This will be the case if R is sufficiently small or p; sufficiently large. Then let 7! = 7% — %.
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For case (ii) suppose that there is some sunspot equilibrium with support {#!,...., 7%} s.t.

R
< H(rp — ——) (25)
bpre€
R
> H(np — ——) (26)
Ppr€

Again, this is the case if R is sufficiently small. Let m.(P) be the solution to ( 20 ). Then for P =

(1,0,..,0), 74(P) + 7p(P) < 75 — %, while for P =(0,0,..,1), 74(P) 4+ 7p(P) > 75 — ]%. There
N ~ _Ppr BT

is thus some P s.t. m4(P)+ 7p(P) = 1} — P

such that with the prices p%, and pjp the reserves of the central bank A are exactly exhausted when it

. For this P the aggregate portfolio of the agents is

defends the prices/exchange rate. The fact that a currency crisis may happen at date 7' does not mean
that it will actually happen. At date T agents have to come to believe that there will be a change of
regime at date T4 1 and the occurence of such a self-fulfilling belief is in itself extrinsic to the economy.

Other types of currency crises

Consider next a two-period crisis. In the first of the two crisis periods, T" and T + 1, the central
bank uses some, but not all of its reserves to, successfully, defend the currency or exchange rate. In
the second period, T+ 1, it uses the rest of its reserves but is not able to maintain the prices at pj, .,
and ppr,,, the prices being pary1 and pprq instead. This explains why agents, in period T, are not
choosing the portfolios 7%, and 75, and thus why the central bank has to intervene at that date. In
period T + 2 the equilibrium switches to some other continuation equilibrium and the prices in that
equilibrium together with the current prices p4r4+1 and ppr41 determine, the portfolio choices, T 4741
and Tp741 with a sum different from 1. The details are found in the appendix.

Note in passing, that if the central bank is always able to successfully defend the exchange rate in
two consecutive periods a currency crisis will never appear. For if it successfully defends the attack in
the second of the two periods, the agents will hold the aggregate portfolio 77 = 1 in the first period, so
there will be no need to defend in that period. A sufficient conditions for the impossibility of currency

attacks at all dates is then p]? > 2¢ for all ¢, where R is the reserves available at date t (since pj, is
Bt

increasing over time, this inequality can only hold for R’ increasing).

Let us return to the one period crisis. If ( 25 ) and ( 26 ) hold, it is possible to construct an
equilibrium where there are positive possibilities, P* and P respectively, of the following two events:
(a) at T+1 the equilibrium values continues to be the stationary Pareto optimal equilbrium, in particular
the aggregate portfolio continues to be 77 ; = 1, (b) the equilibrium values switches to those of the
sunspot equilibrium. So the distribution the agents are using, in making their portfolio choices at
date T is now: Conditional on (a), 7741 = 1 with probability 1 , and conditional on the event (b),
Tre1 = #° with probability P, Again we can choose suitable P* P’ and P such that the reserves of
the central bank are exactly exhausted. In this equilibrium, a currency crisis happens at date 7', but
with probability P® the government is successful in keeping the exchange rate at the optimal level and
hence consumption Pareto optimal. Of course, a new currency crisis may then arise at a later date.

4.2.2 Asymmetric Policies

The policies we consider here stipulate that 54 = 0 (country A is passive), while S = 7(e4 — ep).
Note that these policies imply that both revaluations and devaluations take place and, what is more
problematic (if we compare with reality), both inflation and deflation occur in country B. In order to

BANCO DE ESPANA / DOCUMENTO DE TRABAJO n° 0102
17



achieve C™* in a stationary equilibrium where the aggregate portfolio is constant we need:

1—my
2—7

1
Tae+ (1 —my)e — T(@A—eB)—I—eA:e—|—5(6A+eB)EC*

In other words that

9 _
m4=1— QTﬂ-Eﬂ'A(T,ﬂ') and mg=m7-1+

2—m —

“=E =7p(r,7) (=7 —7a) (27)

Then R4 — Rp = 57—=(e4 — ep) and since F{u/(C*)5Z=“4=“£} = 0 we have an equilibrium for any 7

2—m 2—m e

and 7 € (0,2) s.t.

2—T
T

(a) (2—m)e—Tsuples —eg) >0 (b) 1-23Z2€(0,2) (¢) m—1+ €(0,2)

When 7 and 7 fulfil these requirements we say that they are admissible. Note that for 7 € (1/2,1+ ¢),
for some positive ¢, the three conditions hold for 7 in a neighborhood of 1. Note also, that if 7 = 1,
Sa+es=e4 =ep+7(es —ep) =ep+ Sp, i.e. that ( 6 ) holds, so that sunspots can have no real
effects.

We have, for given 7, that %Lﬂff‘ + %Lf = 1. The dynamical system thus has a large degree of nominal
indeterminacy. In other words, for a given policy, 7, in the family considered, there are many stationary
equilibria, each with different aggregate portfolios of the two currencies, but all of them achieving the
consumption C*. A counterpart to this observation is that the eigenvalues of the matrix associated with
the dynamical system (defined is terms of 74 and 75 as in the analysis above) are 0 and 1. This means
that we cannot apply Theorem 3 of CG&G, since they explicitly rule out that any eigenvalue is equal
to 1 and require that some is greater than 1.

We show, for any admissible pair (7,7), that there is a random variable €(7,7) and an a(7,7) € R
such that if #4(7,7) = 7a(, 7)+ a(r,7), #(7,7) = 7(7,7) — (7, 7), and 7 (7,7) = 7 + €(7, 7), then
(i) With probability 1 (7,7'(7,7)) is admissible
(ii) For any random (7r:4,7r;3) s.t., with probability 1, 7r:4 + 7r;3 = 7r/(7',7r) and 7Té € [0,1],c = A, B
(Ta(r,m),7B(T, 7r),7r:4, 7r;3) form a temporary equilibrium (suppressing reference to policies and informa-
tion) .

For given 7 we can then construct a sunspot equilibrium as follows. Choose 71 such that (7,7) is
admissible and w14 = 74(7,7m1), and m1p = (7, 71). Then choose 73 = 7r/(7', 71) and with probability
one, (7,m3) is admissible and (714, 1B, T4(7,72), Tp(7,T2)) form a temporary equilibrium. Then for
any realization of my we let 73 = 7r/(7', T2) = w2 + €(7,m2) and continuing like this we get a sunspot
equilibrium.

Perturbations that are permissible and form temporary equilibria
Solet (,7) be admissible. Let 74 = 1 - 2" +a, 1% = 71— 14+ 4" —a and 7 =7+ where € € {e1, 6},
For a given realization, ¢; the resulting consumptions are
1 1 1-1 €q— €
C',M:C'*—I—[——I—2 ec; o+ Tee; +ar—a B
T

-7 T 2—7

1
where we have used that ”(;’r) — 1—7;,3(;,70 = I;F and Cg; = 20* — (C'y;. Finally, with the perturbed
gross returns s.t. R4(€) — Rp(€) = (£ + 72— )ee + 7%4=°E and letting the probability of ¢; be P; we get
the system: Fy(e, €2, a) =

2 1

1-1 _ _
ZE u (C*—I— [l—l— ! ec;a + Teq—l—aru) ((l—l- ! )eg—I-Te’;ieB)] P;
=1

T 2—7 T 2—T T 2—7 -7
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and Fg(er,ez,a) =

2 1

1 1 1-= — 1 1 —
g EllCT - [——I— ec; o0 — Teq—aru ((——I— )6€—|—T€A eB) P;
P T 2-7 T 2—7 T 2-7 2—7

We have F4(0,0,0) = Fg(0,0,0) = 0 and taking derivatives w.r.t. ¢; and « and evaluating in (0, 0, 0)
we get:

oy 0Fg ., , . (1 1 ) ,
9e = o6, = Eu'(C™) 7r+2—7r eP; > 0 and
aFA _ aFB _ " % T 2 2 . .
e~ da Eu"(C™) (2_ ﬂ) (e4 —ep)” < 0, implying that

OF4 OF 4
det ( SEL % ) = _QZFA@ >0

Pl €6 O
So the implicit function theorem applies: We have implicitly defined ¢; and a as functions of ¢ in a
neighborhood of (0, 0,0). By making e, sufficiently small we can guarantee that (7,7 + €) is admissible
with probability one. Note that, in general, C'4; is not independent of ¢; sunspots have real effects. It is
actually the case that g—é‘; = 0 for the implicit function, but one can also show that in a neighborhood
of (0,0,0)if, in equilibrium, €, is different from 0 so is a.

CONCLUSION: DEVALUATIONS

We considered two types of devaluation policies, symmetric and asymmetric. For the first case we
studied a continuum of policies that bear some resemblance to the devaluations policies seen, at least
historically. According to these policies the government of the country that experiences a relatively
negative shock pursues an expansionary monetary policy, i.e. issues money and transfers this money to
the consumers, (or, in another interpretation, buys the commodity for the money and hands it over to
the (old) consumers). As a consequence the currency of this country devaluates, something that causes
all who holds this currency (including foreigners) to experience a negative net return. The end result
is, in equilibrium, a net transfer from foreigners to the home country. It was shown that for most of
these policies sunspots may have real effects, i.e. there are sunspot equilibria where the exchange rate
as well as the consumption of agents fluctuate in response to the sunspot. The exception was the unique
policy that makes the representative agents (two countries) ex-ante identical. Finally, we asked whether
interventions by one or both central banks can prevent the countries from sliding into a suboptimal
sunspot equilibrium. If the two central banks coordinate, the Pareto optimal allocation can indeed
be defended, but if only one central bank defends the exchange rate this may not be possible. The
conclusions for the asymmetric case are quite similar to those reached for the symmetric case. Only for
one out of a continuum of policies can sunspots not have any real effects. It is obviously the case, also
for this family of policies, that coordinated central bank intervention can make the exchange rate move
in the desired way, while if only one central bank intervenes this may not prevent the allocation from
being eventually suboptimal.

4.3 Policies for a Constant Exchange Rate

Let us first show that for each member of the family of fixed exchange rate policies there is an equilibrium,
where C* is achieved. We already, in the previous section, showed that if 74, = 7p; = q/Q,Vt, cr
is achieved. It is then clear that (iii) of Definition 2 is fulfilled. More generally, for #* € (0,2) if
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A =T = %ﬂ'* C4 = Cg = (" and the first order condition holds:

r

T* 2—7*

e — sriqy(eBirn — ea 2—71)e — gids(epiy1 — €4
U/(Ct*+1)( =Ty (€t t+1) Je = si=ry(€Bt+ t-l—l))]

1 22__73* - % €Bt+1 — €At+1
N e I

On the other hand, the restrictions on g are chosen such that for 7* close to q if mgy = 1y = %ﬂ*,Vt
(i) (ii) of the definition holds. This establishes the counterpart to the Kareken and Wallace (1981)
indeterminacy result. For Policy 2 there is a continuum of equilibria all with different exchange rates
(to be studied shortly). We already observed, that with the family of policies considered, sunspots
cannot have any real effects. In the following, we show that sunspots may have nominal effects. We also
note that if both of the central banks of the two countries stand by the exchange rate, these nominal
effects do not appear.

Since, with the family of policies considered here, the agents are identical, the equilibrium conditions
of Definition 2 boil down to:

Tiy1€  2—m
e (- 55 =0 v 2
Tt4+1€ — %q_—l)AeH-l > 0,:|Vt, a.s. (29)
2 —
(2 — 7Tt_|_1)€ — Q(—ql—)AeH_l > 0, Vt, a.s. (30)
qg—

To get ( 28 ) we used that Et[u’(Ct*H)(%AetH)] = 0 and similarly, Et[u’(CfH)(%AetH)] =

0, while ( 29 ) and ( 30 ) are simply restatements of (ii) of Definition 2. ( 28 ) is equivalent to:
By [W(Ch)men] = By [W/(Chy )] (31)
If {m;} is a martingale independent of {e4y, en:}, ( 31 ) holds. If, furthermore a.s.

7t = __q _supAc << 2— 2= q supAc =x"Vt
20qg—1) e 20¢—1) e

then ( 29 ) and ( 30 ) also hold and we have an equilibrium, where (if {m} is truely random) the

exchange rate will fluctuate in response to a sunspot, but where real variables are left unaffected. Note,
that in this case, since {m;} is then a bounded martingale, by the martingale convergence theorem, it
converges a.s. to some stochastic variable . Let us briefly look at the implications for the exchange
rate.

The exchange rate in the long run

Ti41
T

Ti41

s—1 s—1
Write the exchange rate at date s, 2, as: 23 = a4 H , i.e. logzs = log xa—l—ZIOg
t=1 t t=1

(2~ Tiq1)e — 5ot Aey [mpre — s Ae,]
where T4l _ pAt+1/th-|—1 _ 2(g—1) ) 2(g—1) ‘

Ty PAt/PBt B [2 - Wt]e Tie
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Suppose that 7; = 7*,Vt. Then using the independence of {Ae;} and the strong law of large numbers

we have ) . N
1 Sz_:log 2g= Ve g=hBewm log 2Aq—1)e - 7=RA)
s—1ia 2g—1)e = F=Aei 2Ag—1)e— LAe

2(g—1)e— 22—*—Ae

This means that if & [log D= Lac
be the distribution of Ae we have

< 0(> 0) then logz; — —oo(00) ie. x5 — 0(oc). Letting P

2

2g— 1)e — 22LA o0 2(q— 1)e — =2 2Ag— 1)e + 2%
E |log (g e r c :/ log lg= Ve =5 x Y L log (g= Ve o Y P(dy) =
2q—1)e— 5Ae 0 2qg— Ve~ 5y 20qg—Ve+ &y

o A 102t - (L)
/ log 5

0o P (g e (& Py
For 7% = 4 this expression is 0. Furthermore, for any y the 2ntegrand is decreasing in 7*. Consequently,
for 7* < 4 the expectations is > 0 implying that z; — oo a.s. and for 7* > 4 it is < 0, implying that
s — 0 a.s.. This is as we should expect: If there is less demand for currency A (and thus more for
currency B) there is greater inflation in country A and currency A depreciates against currency B. In
any of the two cases there is a serious inflation difference between the two countries. Since {7;} and
{Ae;} are independent, the conclusion we found for constant 7; implies that if 7, — 7T < q(> q) then
x¢ — oo(0). If {m;} is a martingale, in general, a.s. either of the two will happen.

In the appendix it is shown by means of an example that such an extreme behavior may not be
present in a sunspot equilibrium, i.e. z; may fluctuate without ever tending to either 0 or co. Both
types of sunspot equilibria may be thought of as depicting repeated speculative attacks on one or both
of the two currencies. These attacks are rational in the sense that agents have correct expectations
of what is going to happen in the future. The result could be, as we saw, that one of the currencies
becomes almost valueless. For reasons strictly outside the model considered here this may not be deemed
desirable. Our model is also too simple to capture the direct effects of wild fluctuations in the exchange
rate!®, for instance on investments in export businesses. At any rate, if the two central banks are truely
committed to a fixed exchange rate, no speculative attacks can effect this rate. It is only when a single
centralbank is called to defend its own currency by selling its (limited) reserves that the fixed exchange
rate arrangement may break down. We will briefly expose how this works in the present model. But first
let us remark that not only the fear of speculative attacks may prompt the central banks to coordinate.
When the exchange rate is fixed, agents are indifferent between any portfolio of currencies (this is what
makes a fixed rate regime very vulnerable to attacks). However, for the exchange rate to stay fixed, the
aggregate investment in currency A , e has to be exactly equal to 4e i.e. the agents have to coordinate,
a questionable assumption in conjunction with the assumption that there are many small agents in the
economy. When central banks coordinate the individual agents need not do so.

Let {7%,, 75, Ct,CY, s 1)A6t7 o= )Aet,MAt,MBt,pAt,th}t be any Policy 2 equilibrium, Where

7TAt + 75, = q,Vt and the exchange rate is fixed, z; = ggz = 7,Vt. Any sequence {7 ¢, Ty, Cf, Cf

2( )Aetv 2( )AetvMAtvMBtvatvat}t where

MAt = pa(Tar+ TBe)e and MBt = pi(2— T4t — TBe)eE

is then an equilibrium where the two central banks coordinate by always offering their own currency at
the rate 7. In this equilibrium, at any date t, MAt—l—l of currency A is demanded while MAt + Sy is

' Although, in the companion paper, Nielsen (1988) one possible consequence, that agents beliefs become more incorrect
is considered.
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supplied from private agents and the government in country A. If MAt—l—l > MAt + 54; the difference
is made up by central bank A buying AR 4; in foreign reserves, where %ARM = MAt-I-l - MAt + 54¢.
If supply is bigger than demand MAH—I < MAt + S4¢ then central bank B buys currency A to make up
for the difference. The result will be a build-up of reserves over time in each central bank (unless they
exchange them along the way).
Some Further Remarks

Clearly, if only one of the two central banks, say A, tries to defend the exchange rate, with limited
foreign reserves it will most likely be unsuccesful. If MAt > MAt + PatSar + €, € > 0 for sufficiently
many periods, which due to the agents’ indifference between all portfolios under a fixed exchange rate
can certainly happen, its reserves will be exhausted. A transition to a regime where the exchange rate
is floating (but the consumption is still C}) may then take place in the same way as described for the
case of Policy 1s.

The counterpart to Policy la is the case where S4; = 0. If C* is achieved it follows from ( 6 ) and
(7 )that Spy=ea; —eprand 1y = mpy + (1 — mpy )B4 (2 — myog ) BEAL = 1y — “ACSBE and
then clearly, {7} cannot be bounded with probability one so no equilibrium exists. Both countries need
to be active in order for C* to be achieved with a constant exchange rate.

CONCLUSION: FIXED EXCHANGE RATES

Under policy 2 there is an equilibrium where the exchange rate is constant. However, there are also
equilibria where the exchange rate reacts to non-fundamental shocks. Such sun-spot equilibria can be
interpreted as regimes with repeated currency attacks. The real parts of all these equilibria are the
same, namely the Pareto optimal allocation, (C*,C*). This should be contrasted with Obstfeld and
Rogoff(2000) who found the optimal fix to be Pareto dominated by the optimal float!®. The result
on Pareto optimality, also for the sunspot equilibria, relies heavily on the assumption that agents hold
rational expectations and the ex-ante symmetry between agents brought about by the policy. If the
governments want to avoid exchange rate volatility they could do so by making their central banks
coordinate to defend the fixed exchage rate. If on the other hand only one central bank intervenes it is
doomed to fail under repeated currency attacks.

4.4 Monetary Union

In a monetary union there is only one currency and the exchange rate cannot provide for insurance.
In our simple world the only alternative is, that governments agree to make direct transfers across
borders. Consider transfer policy 1s, with 7 = 1. This policy would be funded by a seignorage tax on
the commonly held currency.

For this regime there is (for a given initial money supply) a unique monetary equilibrium. The
problem of the young agents is trivial, they invest all their real wealth in the single currency. So

Miyq = 2ePy = My + Pi(Sat + SBt) = My 4+ Pi(max{ep; — €4¢, €4t — €B¢})

The resulting consumption is, for agent A: C'y; = %%t +eat+ Sar = %[26 —(Sat+ B+ ear+ Sar =
e+ eq:+ max{0,ep; — €4} — %max{eBt — eat,ear — ept) = CF. The interpretation is straight forward
and in line with some arguments concerning the attractiveness of a monetary union. Only with a
coordinated fiscal policy in place, according to which a country (or region) hit adversely by a shock
is subsidized by the rest of the countries in the monetary union can a monetary union achieve Pareto
optimality. If such a coordinated fiscal policy is in place, then the members of the union will reap the

15 Our conclusion is almost the opposite, since most devaluation policies are expectationally unstable.
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benefits of the absence of any extrinsic uncertainty affecting their economic interaction. On the other
hand, if a coordinated fiscal policy can only be partially instituted, there is a real trade-off between,
say, a devaluation policy and a monetary union.

5 Conclusion

The analysis presented here is focused on the possible role of expectation in the markets for foreign
exchange. The model employed for this analysis allows us to provide a rationale for several exchange
rate regimes some of which have rather straight forward interpretations in terms of what has, historically,
been observed!®. These government policies are neccessary remedies to make up for the lack of complete
markets. What is demonstrated, within the context of the model, is that the possibility of sunspot
equilibria should be taken into account when the choice of exchange rate regime is made. Our general
conclusion for the model was that letting the exchange rate float without any government intervention
will only achieve a Pareto optimal allocation for a limited time. If the governments pursue a coordinated
devaluation policy a Pareto optimal allocation may be achieved, however for most of these polices there
are many equilibria for which the exchange rate varies more than called for by fundamentals and which
result in suboptimal consumptions. In the case of a policy aimed at keeping the exchange rate fixed,
sunspots cannot affect fundamentels in our model, but may effect nominal variables. However, we
pointed out that if central banks choose to cooperate a fixed exchange rate can be defended. Currency
crises are always only possible if there is a lack of cooperation between monetary authorities.

Throughout the paper we assumed that agents have rational expectations. This is not a realistic
assumption as argued in the companion paper (see also for instance Elliott and Ito, 1999 and Tay-
lor,1995). There are also reasons to question whether it is an innocuous assumption: diversity of beliefs
and in particular mistaken beliefs may have a considerable impact on the performance of the exchange
rate markets . Seen in this light, the results of this paper can be seen as "lower bounds” on the differ-
ences between different regimes. If there is expectational instability under rational expectations there
will certainly also be so under rational beliefs. In the companion paper where we assume that agents
have, not rational expectations, but rational (and diverse) beliefs we consider all policies within a large
family and including all policies considered here. We then show that only fixed exchange rates with
central bank coordination or a monetary union with fiscal coordination will achieve C™. In particular,
the single devaluation policy, identified to achieve C'* under rational expectations, does not pass the
test when we allow for diverse beliefs. The results in the companion paper could then be considered
as "upper bounds” on to what degree we can distinguish between different exchange rate regimes. To
judge whether the reality is closer to the upper bound one would then have to empirically assess, how
important are the welfare losses that result from mistaken beliefs about the exchange rates.

Models like Obstfeld and Rogoff(2000) are specified to take into account the possible "insurance” role
of flexible exchange rates in adjusting the terms of trade in reaction to asymmetric shocks'”, (something
that is also allowed for in the current analysis, albeit in a much simpler and probably less realistic way).
On the other hand the scope for expectational instability seems more limited in such models and in that
sense the stakes are against a regime with fixed exchange rates. The model considered here assumes
perfect substitutability between currencies, so the stakes are against a regime with floating exchange

Not all combinations being studied can be argued to have real world counterparts. Thus one probably seldom sees
full central bank coordination and maybe not even uncoordinated intervention under a devaluation policy - although this
depends on whether we should think of, for instance, managed floats and pegs with infrequent realignments as being
described by policy 1s or 1a .

Devereux and Engel (2000) question this role.
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rates. There seems still to be some way to go before arriving at a general equilibrium model where
active policies are called for and which is more open to both aspects of the foreign exchange markets.
Appendix

1 No Pareto optimal allocation can be achieved with non-intervention
Any individually rational Pareto optimal allocation for date ¢, (C4¢, Cg¢) has the form (y(C7)2CT, (1 —
Y(C7)2CT), a.s., where v is a function defined on R4, and fulfils for some p € (0,1)

p' [y (CTCT] = (1 = p)u/[(1 = 7 (C7))CT] aus.

When p = 1/2, v = 1/2, and if p > 1/2 then v(C7) > 1/2,YC¥. Following the same procedure as in
the main text, we ask what R4; and Rp; must be for (C’At, CBt) to be achieved. We require

[(Tar—1Rae + (1 — mas—1)Rpile + ear = 7(C7)2CT
[TBi—1Rat + (1 — mpi—1)Rpie + eps = (1 — 7(CF))2CT

It easy to see, that m4;_1 = wpg¢_1 is not possible if these equations hold. They can then be solved to
give: R, =

(1= 7pe-1)y(CF) — (1 — mar)(1 - 7(015*))2 1 2— (Tai-1 + TBi-1) [v(C)epy — (1 — V(Ct*))eAt]l

TAt—1 — TBt-1 TAt—1 — TBt-1

and Ry, = A=t U= O ZTpoi(C8) ) Tt ¥ TB=Ap e (1 () )en]
TAt—1 — TBt-1 TAt—1 — TBt-1 i i €

R Rp= ——————[25(C5) = 1+ (1(Ci)e — (1 = 1(Cear)]

TAt—1 — TBt-1
But then, if v(C}) > (<) 1/2 a.s.

L B{u(C) o [20(C7) — 1+ (1o~ (L= A(C)ead ]} > (<) 0.0 = A B

TAt—1 — TBt-1 TAt — TBt
so the first order conditions of the two agents, required for equilibrium, cannot hold.

2 Perpetual effects of sunspot under non-intervention

Let {m;}; be a martingale s.t. 7, € (0,2),V¢t, a.s.. Furthermore, {m;} is picked such that for all ¢
and all m; there are T(m¢) > 7y > m(m) such that P(my1 = T(my)|m) = P(mpr = m(me)|m) = 1/2.
Finally, assume that this martingale is independent of {e4¢, ep¢}:. Let for given 7y, R4; and Rp; be the
corresponding gross returns and define AR; = %7?) —% and AR, = %7?) —% = —AR;. So
R4+ — Rp: € {AR;,AR:}. We then have that

Eu'(e+ ecry1)(Ragr — Bpeyr)lmi] = 0,c= A, B

and letting m.; = 7m;/2,Vt we have an equilibrium.

Next we consider the following perturbations of the distribution of 7441 given 7. For ease of notation
we suppress reference to 7, taken to be given below. Let é be chosen such that P(e4; = €) = 0 and
P(est < €) € (0,1). Then define the perturbed distribution as follows:

. . _ . . 1

P(my1 =T|eart1 > €,epip1 > €) = P (g1 = Tleart1 < €, < €) = 5
. . 1

Pe(ﬂ-t-l—l = f|€At—|—1 >e,epir1 < 6) = 5 — €
- . 1

PE(ﬂ'H_l = 7|€At+1 < €,€B¢y1 > e) = 5 + €
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This perturbation makes 7, and (e4¢,ep¢) dependent, but leaves the marginal distribution of 7, un-
changed. We show that with this new distribution there is a 6 > 0 and a new equilibrium, where the
optimal portfolios are 74; = 7¢/2+ 6 and 7p; = 7/2 — 6. FE° now refers to expectation under the
perturbed distribution.

E[u'(e+ eatp1)(Ratt1 — Rpigr)|md] =
Be [u’(e + eatq1)(Rart1 — BBe1)| Tt (€4tt1, €Be41) > (€,€) V (€ars1,€Bi+1) < (€, é)] :

P((eary1,eBir1) > (€,€) V (eart1,eBir1) < (€,€))

b [ et can Pldesi) Pldepa)(SRG + 0+ A5 - )

+ /05 [/:o u'(e+ earr1)P(dearyr) P(deBtH)[ZRt(% — )+ éRt(% + o]

The first element of this sum is eq]:al to 0, while the second and third are equal to

(/;O |:/Oéul(€-|-€At-|—1)dP(6At+1) P(degiy1)

[ e aaPean) Pldene)) dBR - aR] (32

Since, by the strict concavity of u, u'(e4) < u'(ep) for e4 € (é,ol),eB € (0,¢€) we have

/Oé [/:O u'(e+ earr1)P(desryr) P(depgiyr) < /Oé [/:O u'(e + epip1)P(desry1) Pldegiyr) =
/éoo [/Oé u'(e + €Bt+1)P(d€Bt]H) P(deasy1) = /;o [/05 u'(e + eAt+1)P(d€AtL) P(depip1)

Consequently, ( 32 ) is positive. This] means that agent A wants to invest more in]currency A under
the perturbed distribution. l.e. there is é > 0 such that under the perturbed distribution the optimal
portfoliois 74+ = 7¢/24+ 6. We now only have to show that under the perturbed distribution the optimal
portfolio for B is 7p; = m¢/2 — 6, i.e. that

Efu'(e — 8(Raty1 — Rey1) + €Bep1)(Rart1 — Rpeg)|md] = 0
For any é then, u'(e 4+ AR 11 + 6)AR; 11 = —u'(e — SAR 1 + 6)AR 4y
from which one can show that
Eu'(e — (Raty1 — RBiy1) + €Bip1)(Rare1 — Rpog)|md] =
—Eu' (e + 8(Raty1 — Rpey1) + epry1)(Rart1 — Rpep)|me] = 0

. — - - 1 . .
For instance, E[u'(e+ ARy 1+€eai1)AR 1|71, 4101 > €681 < 6](§_€)P(€At+1 > é,epip1 < €) =

. a1 . .
—E[u’(e — 0AR + €Bt+1)éRt+1|7Tt,€At+1 < €,€Bt41 > 6](5 — €)P(€At+1 < €,€B¢y1 > 6)

and so on. This completes the example. Note, that when the distribution is unperturbated, there is
autarky. Since, each agent ¢, ¢ = A, B can also under the perturbed distribution choose the portfolio
7 /2, resulting in the consumption e 4+ e.;, but does not, the consumption in the sunspot equilibrium
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strictly Pareto dominates e + e.;. Finally, note that the influence of the sunspot will decrease over time,
since the martingale process {m;}, being bounded, converges.

3 A two-period currency crisis

The crisis starts in period 1. Before then, the equilibrium values, identified by a”, are equal to those
prevailing in the stationary Pareto optimal equilibrium with no extrinsic uncertainty, identified by an *.
During the crisis the central bank in country A uses up all its reserves. From period T+ 2 and onwards
the equilibrium values are like in a sunspot equilibrium. In period T we then have:

_ Pir

PATR
PBT

PBT

Mpri1 = (2= 71)ePjr = My + PirSpr + Rr = (2— 77)ePar + Rr

where R; is the amount of reserves that central bank A supplies to the market in period ¢t = 7,7 + 1.
Furthermore, 7.7 solves for ¢ = A, B:

P P7
max E{u|g=—2L ¢+ (1 - ,)=—LL e+ e.ryer + 5o
q€[0,1] { [qPATH ( q) P41 i i

In period T + 1 we have

Matyo = Frp16Paryr = Marir + Pars1Saryr —

Mpryo = (2= 7r11)ePeri1 = Mpry1 + Pery1SpT41 + R

and T.r42 solves, fore = A, B,

PAT-I—I PBT-I—I
max F<{u|g= e+ (1— )= e+ e.rya + Sor
o { [qPATH (1-4¢) Poris +2 +2

From T + 2 and onwards the usual equilibrium conditions apply.
We can then, in the usual way, rewrite the equilibrium returns as follows:

~ Ry
* Tro1€6 — S LBy * 2—-7 e— 5 — =+
PAT _ T+1 AT+1 T Ppria d PBT _ ( T+1) BT+1 Ppria
= € = N Rt an ~ €= * Rr
Pariq T Pre Ppr4a 2—mr+ pr e

Then usmg that RT41 = R— Rt and that MBT-|—2 = MBT-l—l + PBT-I—ISBT-I—I‘I‘RT-I—I = MBT—I—PBTSBT—I-
Rr + Ppr41SpT41 + Rraq = Mgr + R+ Pp74158T41 50 that (2 — #r41)ePpri1 = Mgr + R+

PB7415BT41, 1.6
*

(2—7r41)e — SBT41

Ppri1 =

we get a description of the relevant part of the equlibrium as follows.
7~TAT,~7~TBT,7~TAT+177~TBT+1,RT7(7%17---aﬁk)a(Pla ..., P¥) such that

(1) Ry <R i

(2) Far + Fpr =7} — % €(0,2)
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(3) Ter = frcT(RT, Tr41) where T.7( Ry, 7r/) solves:

ﬂe—SAT_H—I-(R R )4“'—( )e S_le
max F < u q i BT41
0,1 « _ _BRp
g€[0,1] Tr PBTS

(2—1")e — Sprs1 — (R — R)%‘-—l

R
BT41
(2-77)+ P

(1-4¢) + ecrq1 + Ser41

(4) Topyr = Forp1({P'}, #741) where for any probability vector, P* and T € (0,2), 7~TCT+1({Pi},7r/)
solves

ul Fle — Sario (2— 7" — Sprig ;
max ZE L +(1-¢) 5 o +ecrq2 + Serga| ¢ P

and where there are for 1 = 1,2,..,k 7% and 75 summing to 7° where 7} solves

maquE{ [T&ﬁ-(l—q)%—kecﬁ-sc]}])ﬁ (33)
for some transition matrix [P¥].
(5) Finally, we need that both 77, and the #'’s fulfill the feasibility requirements that 7e — 54 > 0
and (2 — m)e — Sp > 0, something which holds in a neigborhood of 7} = 1.
We use the characterization of a two dimensional indeterminacy provided in 4.2.1 . Suppose then that
() 5 — ¢ € (2.7)
(b) There is some sunspot equilibrium [P7*], (#!,...,#%) (i.e. ( 33 ) holds) such that #! < H (75— PET) <
&k

These two requirements hold if % is sufficiently small. Starting by setting R = R we get a one
period currency crisis, with 7743 = H(7; — %), Tr4e = H(fr41) = H(H (7 — %)) and so
on. Since agCT > 0 (for R7 close to R), for Rt in a neighborhood of R there is FI(RT) such that
#ar(Ry, 7 (R7))+7p7(RT, 7 (RT)) = T4 — P* . When R is sufficiently close to R, @' (R7) € (7!, #%)

continues to hold so there is some (P',.. .,Pk) such that
Far({P}. 7 (R7) + fprm({PY, 7 (Rr)) = 7 (Ry)

This concludes the proof. The two period currency crisis depicted hereis ”close” to a oneperiod currency
crisis. One would expect that there would also be two-period currency crises where the government would
spend substantial amounts of reserves in the second period.

4 Perpetual effects of sunspots under Policy 2
As previously stated the equilibrium conditions are

Ee [W(C)men] = B [W(C)] =

together with the boundary conditions on 7;. Let w1 = 7 + 641, Where 4,41 is random, and the
requirement is

Ey [u'(CH) 0] = 0
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Find € such that pu(es +ep > €) € (0,1) and p(es + ep =€) = 0. We then have E[u/(e + (C*)/2)|es +
ep < é] > E[u'(e+ (C*)/2)|es + ep > €]. We now define three distributions for é. Let §* = —1 and

5 W'(C*)/2)P(d(ea + eB))

O = T wlet ()P d(er t en))

where P is the distribution of e4; + eg;. Then for each ¢ define two random variables, é;* and 6;1, as

follows: —
if + >é, o 0 | o &
if e e é, = ——————  else, -
AvTEB "7 max{é", 1} "7 max{é", 1}
and let 6f = —¢6;. Both are assumed to be independent of all variables but e4; + epy.

We then have E[u’(Ct*)éf)] = E[W/(CY)éeartent > €]P(earten: >€)+E[u(CF)b6) |earten: <€]P(ear+
W (CHYP(d(eartent 0o &
Jy ONPEaten) oo ooy pld(en, + ) — fCa(CHP(d(eas + e51)) = 0. Conse-

0]
feoo W (CH)P(d(eactent)) 7€
quently, E[u'(C7)é6)] = 0, also.

Furthermore,

ept < é) =

. o Jo w'(C7)P(d(eas + eBy))
E§ = —Pleg; +egr < é)+ Plegy +egy > € 20 L =
FT ek e < P Pt o O T O Pl eac + em)

o W(CT)P(d(ear+ ept))/ Plear + ei < €)
[ (CP)P(d(ear + epi))/ Plear + epi > €)
E(C})eat + epe < €]
Ew(CY)|ear + et > €]

—Plear +epi < é)+ Pleas +epi < €)

>0

= Plear+epr<é)|—1+

Then E6? < 0. Finally, let §"(7;) = —1 with probability 1/2 and §*(m;) = 1 WitJ probability 1/2,
independently of e4; + eps and let € > 0. Let 0 < 2 < 2™ < T, where z* is the constant equilibrium
exchange rate. Then define {7} as follows. m = g and 72 = 71 + éymin{|r; — T, | — 7 (1 4 €

if 2 < 2 <Tlet mpyy = 1 + 8"min{|m; — 74, |7 — 7%} /(1 + €)

if oy <azlet myyy = m + 6dmin{|7rt — 7rd|, |me — 7} /(14 ¢€) if 7y > ¢ Tl = Ty, else
if 2y > T let myyy = w1 + “man{|ms — 7rd|, T — 7}/ (14+€) if T < ¢ T4l = Ty, else .

This process has the desired properties: z; neither tends to 0 nor to co. The idea of the construction is
as follows. As long as, say, x; < z, we try to make {zs} increase by making 7 decrease if 7; > ¢ since
we know that if 7, < ¢ then {z,} (informally speaking) will (tend to) increase. The desired decrease is
brought about by adding ¢¢, which has a negative expected value to m,. As soon as T; < g we do not
need to change it since the increase in {zs} then takes place. As {z,} increases it eventually crosses
into being > 2 and the process is now governed by one of the other two cases.
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