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Abstract

We construct a model to analyze the two types of tender procedures used by
the European Central Bank (ECB) in its open market operations. We assume
that the ECB minimizes the expected value of a loss function that depends
on the quadratic difference between the interbank rate and a target interest
rate that characterizes the stance of monetary policy. We show that when the
loss function penalizes more heavily interbank rates below the target, fixed rate
tenders have a unique equilibrium characterized by extreme overbidding. We
also show that variable rate tenders have multiple equilibria characterized by
varying degrees of overbidding, and that in these tenders an equilibrium without
overbidding can be obtained by preannouncing the intended liquidity injection.
Finally, our empirical analysis supports the assumption of an asymmetric loss
function for the ECB.
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1 Introduction

The monetary policy instruments chosen by the European Central Bank (ECB)! in
order to implement its monetary policy are (i) minimum required reserves, (ii) open
market operations, and (iii) standing facilities. The reserve requirement helps to
ensure that the euro area banking system has an aggregate liquidity deficit which is
covered by two main types of open market operations: the main refinancing operations
and the longer-term refinancing operations. The former (latter) are liquidity providing
collateralized transactions with a weekly (monthly) frequency and a maturity of two
weeks (three months). The banks can also obtain or place overnight liquidity at the
marginal lending and deposit standing facilities.

The refinancing operations can be conducted via either fixed rate or variable rate
tenders. In fixed rate tenders the ECB announces an interest rate and the banks bid
the amount of liquidity they want to borrow at this rate. If the aggregate amount bid
exceeds the amount of liquidity that the ECB wants to provide, each bank receives
a pro rata share of this liquidity. In variable rate tenders the banks bid the amounts
they want to borrow and the interest rates they are willing to pay. In this case,
bids with successively lower interest rates are accepted until the total liquidity to be
allotted is exhausted.

Up to now the longer-term refinancing operations have been conducted via variable
rate tenders. On the other hand, from the beginning of the Monetary Union in
January 1999 until June 2000 the main refinancing operations were conducted via
fixed rate tenders. A striking feature of these tenders was the very high degree of
overbidding by the banks. For example, the median allotment ratio (i.e. the ratio
between the allotted amount and the total amount bid) during this period was 6.10%,
with a minimum value of only 0.87%. In fact, the decision to switch to variable rate
tenders taken by the Governing Council of the ECB in June 2000 was justified as “...a
response to the severe overbidding which has developed in the context of the current

fixed rate tender procedure.”?

Strictly speaking we should refer to the monetary policy of the Eurosystem, which comprises
the ECB and the national central banks of the countries that have adopted the euro. However since
the Eurosystem has no legal personality and is governed by the decision-making bodies of the ECB,
with a slight abuse of terminology, in this paper we will simply use the latter term.

2The switch to variable rate tenders had been advocated among others by the 1999 International
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The purpose of this paper is to propose a theoretical model of the tender pro-
cedures used by the ECB in order to analyze the equilibrium behavior of the banks
under fixed and variable rate tenders. The model can shed light on various issues
like the source of the overbidding in fixed rate tenders, the differences between single
variable rate tenders (also known as uniform or “Dutch”) and multiple variable rate
tenders (also known as discriminatory or “American”), and the possible effects (in
both fixed and variable rate tenders) of announcing the desired liquidity injection
prior to the tender.

The model has a large number of identical risk neutral banks that can obtain
liquidity from the central bank or in an interbank market. The central bank provides
liquidity through a fixed or a variable rate tender. It is assumed that the interbank
interest rate is a decreasing function of the liquidity allotted by the central bank in the
tender, and also depends on the realization of a liquidity shock. The main difference
between this setup and a standard multiple unit auction is that the seller (the central
bank) does not want to maximize revenue. Instead, the central bank wants to steer
the interbank rate towards a target rate that characterizes the stance of monetary
policy.? Formally, we assume that the central bank minimizes the expected value of a
loss function that depends on the quadratic difference between the interbank rate and
the target rate. This expectation is taken conditional on the information collected by
the central bank on the future realization of the liquidity shock.

We show that when the loss function of the central bank is symmetric, fixed and
variable rate tenders (both Dutch and American) have the same multiple equilibrium
outcomes. Moreover, in these outcomes there is always some overbidding. On the
other hand, when the loss function of the central bank is asymmetric in the sense of
penalizing more heavily interbank rates below the target, then the nature of equilibria
does not change for variable rate tenders, but fixed rate tenders have now a unique
equilibrium characterized by extreme overbidding. In addition, we show that except
in this latter case, the set of equilibrium outcomes becomes larger (and even includes

an equilibrium without overbidding) when the central bank announces its intended

Capital Markets report of the International Monetary Fund, and the 2000 Monitoring the European
Central report of the Centre for Economic Policy Research.

3In the 1999 Annual Report it is stated that “The ECB tended to orient its allotment decisions
towards ensuring an average interbank overnight rate close to the tender rate.”
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liquidity injection prior to the tender.

The intuition for these results is the following. When the loss function is asym-
metric, the central bank is more concerned about letting the interbank rate fall below
the target, and for this reason it supplies less liquidity than the one required to keep
the average interbank rate equal to the target rate. In fixed rate tenders, the differ-
ential between the average interbank rate and rate at which the liquidity is provided
generates an expected profit for the banks which is increasing in the quantity allotted.
Hence, they have an incentive to increase the size of their bid. In contrast, in variable
rate tenders, the banks fully compensate this differential by offering higher rates, so
in equilibrium they will be indifferent as to the amount bid (as long as it exceeds the
central bank’s desired liquidity injection). On the other hand, when the loss function
of the central bank is symmetric, the average interbank rate will be equal to the target
rate, and fixed and variable rate tenders will have the same outcomes.

In order to address the issue of whether overbidding is a problem, we extend the
model to the case where the banks differ in the amount of collateral available for
borrowing from the central bank. In this case we show that, in fixed rate tenders,
when the loss function of the central bank is asymmetric, the high collateral banks
will get a higher payoff than the low collateral banks. To the extent that different
banking practices in the various countries of the euro zone imply that banks with
similar balance sheets may have very different levels of collateralizable assets,* we
conclude that fixed rate tenders may lead to unequal treatment of banks by the ECB.
It is important to stress that with a perfectly competitive interbank market, liquidity
can be redistributed across the area at no cost, so this would not be a problem of
efficiency but a problem of distribution (of rents from the ECB to the banks).

Given the difference in the outcomes under symmetry or asymmetry of the loss
function of the central bank, we use data from the 76 fixed rate tenders conducted
during the period January 1999 - June 2000 to estimate the asymmetry parameter of
the loss function of the ECB. The results indicate that this parameter is significantly

different from zero, which is consistent with the extreme overbidding behavior of

4 A distinction is made between two categories of collateral. Tier one assets consists of marketable
debt instruments fulfilling uniform euro area-wide eligibility criteria specified by the ECB. Tier two
consists of additional assets, marketable and non-marketable, which are of particular importance for
national financial markets and banking systems and for which eligibility criteria are established by
the national central banks, subject to ECB approval. See ECB (1998, Chapter 6).
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the banks in these tenders. In addition, the switch to variable rate tenders that
took place in June 2000 provides a natural experiment to test our theoretical model.
We show that the evidence on the behavior of the marginal interest rate of the 9
American auctions conducted during the period June - August 2000 is in line with
the predictions of the model.

The closest reference to our work is the paper by Nautz and Oechssler (1999).
They construct a model of strategic bidding in fixed rate tenders in which there
is no interbank market and the banks minimize a quadratic loss function in the
deviations between the liquidity allotted by the central bank and the liquidity required
by them. Their main result is that the fixed rate tender game does not have an
equilibrium. Catalao Lopes (2000) compares the performance of fixed and variable
rate tenders in the context of a model with an interbank market. She shows that
switching from the former to the latter ameliorates the overbidding problem. Pérez-
Quir6s and Rodriguez-Mendizébal (2000) propose a model of the behavior of the
interbank rate over the reserve maintenance period that tries to explain the evidence
for Germany before and after the adoption of the euro. Finally, Bindseil (2000) focuses
on whether the central bank should announce its forecast of the autonomous liquidity
creation factors before the tender.

The paper is organized as follows. Section 2 presents the model. Sections 3 and
4 analyze the equilibrium of fixed and variable rate tenders, respectively. Section
5 extends the previous results to the case where the banks differ in the amount of
collateral. Section 6 contains our empirical estimation of the asymmetry parameter of
the loss function of the ECB. Section 7 offers a some concluding remarks. Appendix
A presents a simple model of the interbank market that is used to motivate the
equilibrium interest rate equation that appears in the text, and Appendix B contains

the proofs of all the results.

2 The Model

Consider a model with two dates (¢ = 0,1) and two types of agents: a central bank,
and a continuum of measure one of identical risk neutral private banks. At date 0

the central bank provides an amount of liquidity / using one of several possible tender
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procedures to be described in detail below. At date 1 there is an interbank market
where the private banks can trade their excess liquidity at an interest rate r.

The equilibrium interest rate in the interbank market is given by
r=a—pl+e, (1)

where o and (8 are positive coefficients, and ¢ is a random disturbance with zero
mean. Equation (1) has two main features. First, the equilibrium interbank rate
depends negatively on the liquidity [ provided by the central bank at date 0. Second,
it is subject to random shocks. Both features are rationalized in the model of the
interbank market presented in Appendix A.°

At date 0 the central bank observes a signal n which is correlated with the liquidity

shock €. Specifically, we assume that
e=n+u, (2)

where 17 and u are independent random variables with zero mean, so E(e | n) = 7.
We also assume that 7 has a compact support [1,7], and we let F(u) denote the
cumulative distribution function of w.

The interpretation of these shocks is as follows: e captures the effect on the
equilibrium interbank rate of autonomous liquidity creation and absorption factors
(like changes in cash holdings, net government deposits with the central bank, etc.),
while 1 captures the estimate that the central bank has on this effect based on its
forecast of these factors, and wu is the error term.

The central bank wants to steer the equilibrium interbank rate r towards a target
rate 7 that characterizes the stance of monetary policy. If the liquidity injection were
done at date 1, the central bank could effectively ensure that » = 7 by setting
j_ 0o r+e

5

5In this model the representative bank is subject to a reserve requirement that has to be fulfilled
on average over a two-date maintenance period. The averaging provision means that bank reserves
held on any date are perfect substitutes for the purpose of satisfying the requirement. As noted
by Campbell (1987) and Hamilton (1996) among others, this implies that interbank rates follow a
martingale. Moreover, the equilibrium interbank rate at the first date of the maintenance period
will be a weighted average of the interest rates of the marginal lending and deposit facilities, with

weights that are, respectively, decreasing and increasing in the liquidity initially provided by the
central bank.
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This corresponds to the procedure used by the Federal Reserve System in its open
market operations.’

However, in our framework the central bank has to decide on [ before the liquidity
shock ¢ is realized, so the equilibrium interbank rate r will in general differ from
the target rate . In setting the liquidity injection [ at date 0 we will assume that
the central bank minimizes the conditional expected value of a loss function that
depends on the quadratic difference between the interbank rate r and the target rate

7. Specifically, we assume the following objective function

El(r =) + 71, (r = 7)* | n], (3)

where 1;, 7 is an indicator function that takes the value 1 when r < 7. Although
the parameter v could in principle be negative, we will restrict attention to the case
v > 0. If v > 0 the central bank loss function is asymmetric, with interbank rates
below the target 7 penalized more heavily than rates above the target. If v = 0 the
loss function is symmetric.

Given this objective function, the following result characterizes the desired liquid-

ity injection of the central bank.

Lemma 1 The central bank desired liquidity injection is described by the function
a—7ry+7n
s, (n) = =21, @

where 1 is increasing in vy with ro = 7.

The liquidity supply function s(n) is linearly increasing in the signal n. This means
that when the central bank will want to inject more liquidity when it anticipates tight
conditions in the interbank market (i.e. observes a high 1). On the other hand, for
v > 0 we have r, > ry = 7, so a central bank with an asymmetric loss function will
want to provide, ceteris paribus, less liquidity than a central bank with a symmetric
loss function.

Substituting the function s, (n) into the interest rate equation (1), and taking into

account the definition of u in (2), gives

r=ry+u, (5)

6Tt should be noted that, although feasible, this type of fine-tuning operations are not usually
executed by the ECB.
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which implies E(r | n) = r,. Hence a central bank with a symmetric loss function
will try to achieve an interbank rate that, on average, is equal to the target rate 7,
while a central bank with an asymmetric loss function will aim at higher average
interbank rates. These implications of Lemma 1 will be useful to provide intuition

for the results in the following sections.

3 Equilibrium Analysis of Fixed Rate Tenders

Suppose that at date 0 the central bank provides liquidity to the banks through a fixed
rate tender. In this procedure the representative bank submits a bid b and receives
an allotment [ at the target interest rate r, which is announced by the central bank
prior to the tender.

To begin with we shall assume that the bid b cannot exceed the amount of collateral
¢ that the bank holds, so b € [0, ¢|]. We also assume that the minimum desired liquidity

injection (that is, the one that corresponds to the lowest signal n) is positive, so

5y(n) >0 (6)

and that the representative bank has sufficient collateral to cover the maximum de-
sired liquidity injection (that is, the one that corresponds to the highest signal 7) ,

SO
s,(7) < c. (7)
If s denotes the liquidity that the central bank decides to provide, and b* is the
total amount bid then
= min{b,b—ib}. (8)
According to this expression, the bank gets the amount b it bid unless the total
amount bid b* exceeds the amount s that the central bank wants to inject, in which
case the bank gets the fraction s/b* of the amount bid b.
The tender procedure is modeled as a noncooperative game between the central
bank and the representative bank. The game is sequential: the central bank decides on
s after observing the total amount bid b*. Moreover, we assume that the representative

bank knows the loss function of the central bank (in particular, the value of the
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asymmetry parameter ), but it does not observe (nor the central bank reveals) the
value of the signal 7 on the liquidity conditions in the interbank market at date 1.
In a symmetric equilibrium it must be the case that b = b*, so the central bank

provides an amount of liquidity equal to
[ = min {b*, s} . 9)

Substituting this expression into the interest rate equation (1), gives the following

equilibrium interbank rate
r=a— @min{b*, s} +e. (10)

The next result characterizes the dominant strategy of the central bank in the

fixed rate tender game.
Lemma 2 In the fived rate tender the central bank will choose s = s,(n).

The reason why s = s,(7) is a dominant strategy is easy to explain. In deciding
on its provision of liquidity, the central bank has to take into account the constraint
that the liquidity injection [ cannot exceed the total amount bid b*. If this constraint
is not binding, by Lemma 1 we have s = s,(n). On the other hand, if this constraint
is binding (that is, if s,(n) > b*), since the central bank’s objective function is con-
tinuous in s, strictly convex for s < b*, and constant for s > b*, it is clear that any
s > b* will be optimal, so we can take s = s,(n).

The representative bank chooses its bid b € [0, ¢] in order to maximize
Ell(r—7)]. (11)

That is, the bank maximizes the expected return obtained by placing in the interbank
market at the interest rate r the quantity [ allotted by the central bank at the rate
7. This objective function is justified in the model of the interbank market presented
in Appendix A.

The following result characterizes the equilibrium of the fixed rate tender.

Proposition 1 In the fixed rate tender, when the loss function of the central bank

is asymmetric (y > 0) there is a unique equilibrium in which the representative bank

8
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bids b = ¢, whereas when the loss function is symmetric (v = 0) any bid b € [so(7), c|
constitutes an equilibrium. In either case, the central bank provides an amount of

liquidity equal to s,(n), and the expected equilibrium interbank rate is r..

To explain the intuition for this result notice that, when v > 0, the equilibrium

interest rate equation (10) together Lemma 1 implies that for any b* we have
E(r) = Elo — fmin {b*, sy(n)} + €] > Ela = fs,(n) + n+u] =7, > 7.

Hence when the loss function of the central bank is asymmetric, the expected equi-
librium interbank rate will always be above the interest rate 7 at which the central
bank allocates funds in the tender. Since the quantity allotted to the representative
bank is an increasing function of its bid, it follows that the bank has an incentive to
bid the maximum amount c.

On the other hand, when v = 0, the equilibrium interest rate equation (10) to-

gether with Lemma 1 implies
E(r) = Ela — Bmin {b*,so(n)} + €] > FEla — Bso(n) + n+u] =ry =7,

with strict inequality for (high) realizations of 7 for which b* < s¢(n). Hence if b* <
so(77) we have E(r) > 7, so the representative bank has an incentive to bid the
maximum amount ¢, which contradicts the assumption b* < s¢(7) < ¢. Therefore we
must have b* > so(7]), in which case E(r) = 7, the payoff of the representative bank
is always zero, and b = b* is an equilibrium bid.

The preceding discussion can be summarized as follows: Proposition 1 implies
that, on average, the equilibrium interbank rate r will be above the central bank
target rate 7 if and only if the loss function of the central bank is asymmetric. Hence
when v > 0 there is a unique equilibrium characterized by extreme overbidding,
whereas when v = 0 there is a continuum of equilibria such that the total amount
bid is greater than or equal to the central bank’s maximum liquidity injection.”

We next analyze what would happen if prior to the tender the central bank reveals

its information 7 (or, equivalently, announces its desired liquidity injection s,(n)).®

"Thus the equilibrium correspondence jumps discontinuously at the point v = 0.
8Observe that since the function s.,(n) is increasing and the representative bank knows the pa-
rameter vy, then learning the value of s,(n) is equivalent to learning n.
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The sequence of moves in the game between the central bank and the representative

bank is now reversed, with the central bank moving first.

Proposition 2 If in the fixed rate tender the central bank preannounces the liquidity
s,(n) it intends to provide, there is no change in the equilibrium bid when the loss
function of the central bank is asymmetric (v > 0), whereas when the loss function
is symmetric (v = 0) any bid b € [so(n),c| constitutes an equilibrium. In either
case, the central bank provides an amount of liquidity equal to s,(n), and the expected

equilibrium interbank rate is 7.

The intuition for this result is easy to explain. When v > 0 the announcement
has no effect on the equilibrium bid, since as noted above, for any b*, the expected
equilibrium interbank rate will always be above the interest rate 7 at which the central
bank allocates funds in the tender. Hence the representative bank has an incentive
to bid the maximum amount c. On the other hand, when v = 0 we have E(r) > 7 if
and only if b* < so(n), so we now rule out equilibrium bids below s¢(7).

Up until now, we have assumed that the bid b submitted by the representative
bank cannot exceed its collateral c. The results when the bank is allowed to bid any
b € [0,b], with b > ¢, are easy to derive using the same arguments as in the proofs of
Propositions 1 and 2. When the central bank does not announce its desired liquidity
injection, the equilibrium bid will be b, if v > 0, and any b € [so(7), b], if 7 = 0. And
when the central bank announces s, (n) prior to the tender, the equilibrium bid will
be b, if ¥ > 0, and any b € [s¢(n), b], if ¥ = 0. Finally, there will be no equilibrium
when v > 0 and b = oo.

The case b = 0o is relevant in the light of the statement of the ECB of 2 February
1999 clarifying that “...the valid interpretation of the General Documentation allows
tender bids not actually covered by collateral at the time of submission of the bids,
and just requires the financial capacity to have the collateral on the date of settlement
of the tender.” For this reason, the nonexistence of equilibrium for v > 0 deserves
further analysis. Nautz and Oechssler (1999) get the same result, and then propose a
myopic adjustment process that generates an increasing sequence of bids. However,
this process implicitly assumes some bounded rationality on the part of the banks
which does not seem very plausible (at least after the initial learning is completed).

An alternative approach would be to modify the model in order to get back existence.

10
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’ Such penalties

For example, one could introduce penalties for “excessive bidding.’
are in fact contemplated in the ECB’s General Documentation (1998, p.30) that
“...provides for the possibility to check underlying assets available to counterparties
in order to detect cases of excessive bidding and to impose penalties if such excessive
bidding is evidenced.”? Exploring in detail this alternative is left for future work.
The results in this section indicate that overbidding by the banks in the fixed
rate tender is explained by the asymmetry of the loss function of the central bank,
specifically its reluctance to see interbank interest rates fall below the target rate 7.
In this case the central bank supplies less liquidity than that needed to ensure that
E(r) =7, so it is rational for the banks to bid the maximum possible amount; and
if there is no such upper bound (or there are no penalties for “excessive bidding”),
an equilibrium does not exist. On the other hand, if the loss function of the central
bank is symmetric, there is a continuum of equilibria in which the banks are always
rationed, unless the central bank preannounces its desired liquidity injection, in which

case there is also an equilibrium without overbidding (that is with b* = so(n)).

4 Equilibrium Analysis of Variable Rate Tenders

In variable rate tenders, the representative bank bids an amount b at an interest
rate 7. The central bank orders the bids according to the interest rate offered, and
successively lower interest rates are accepted until the total liquidity to be allotted is
exhausted. In the single rate (or uniform or “Dutch”) auction the interest rate applied
for all satisfied bids is the marginal interest rate (the lowest interest rate accepted). In
the multiple rate (or discriminatory or “American”) auction the interest rate applied
is the rate offered for each accepted bid.

In variable rate tenders the behavior of the central bank is identical to the one
described in the previous section, namely it chooses to supply the amount of liquidity
s+(n). This follows from the assumption that the central bank only cares about the
deviations of the equilibrium interbank rate r from the target rate 7, and not about

the marginal (or the average) rate applied to successful bids in the tender.

9 “Excessive bidding is considered to have taken place if the counterparty could not possibly have
delivered sufficient underlying assets to cover its tender bid, when taking account of its holdings of
securities and its borrowing potential” (ECB, 1998, p.30).

11
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We next examine the equilibrium outcome of the two types of auction.

4.1 The Dutch Auction

In the Dutch auction the representative bank chooses its bid b € [0,¢| and offered

interest rate 7 in order to maximize

Ell(s)(r = 7(s))]

where
b, if either ¥ > 7, or ¥ < 7* and s > b*
I(s) =4 min {b,£b}, if 7 = 7 (12)
0, if 7 <7r* and s < b

_ . (13)
r*, otherwise

{ r, ifr<r*ands > b*
and b* and 7* denote, respectively, the amount bid and the interest rate offered by
all the other banks (assuming a symmetric equilibrium).

In words, the representative bank gets the amount bid b if it offers an interest
rate 7 higher than the interest rate 7* offered by the other banks, or if ¥ < ¥ and r

happens to be the marginal interest rate in the auction. It gets

S
s
win {1, 21]

if it offers ¥ = r*. Finally, it gets 0 if it offers ¥ < 7 and 7* is the marginal interest
rate of the auction. Notice that when 7 = 7 (which will obtain in a symmetric
equilibrium) the only difference between this objective function and the one in the
previous section is the fact that now the bank pays the marginal interest rate r*,
instead of the target rate 7, for the quantity allotted.

It is important to stress that in the analysis that follows the representative bank
is assumed to know both the interest rate r that characterizes the stance of monetary
policy, and the value of the parameter v that characterizes the loss function of the
central bank. Obviously, this raises the issue of how the central bank may signal the
rate 7. We will come back to this issue at the end of this section.

The next result characterizes the symmetric equilibrium of the Dutch auction.

12
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Proposition 3 In the Dutch auction, any bid b € [s,(T), c| at the interest rate 7 = r,
constitutes an equilibrium in which the central bank provides an amount of liquidity

equal to s,(n), and the expected equilibrium interbank rate is r..

Proposition 3 shows that when the loss function of the central bank is symmetric
the outcome of the Dutch auction is the same as the outcome of the fixed rate tender:
the banks bid a sufficiently large amount (that implies that they are always going to
be rationed) at the rate 1o = 7 (which is the expected equilibrium interbank rate).
On the other hand, when the loss function is asymmetric there is no longer a unique
equilibrium at the corner with maximum bids, but a continuum of equilibria in which
the banks bid a sufficiently large amount at the rate r, (which is now the expected
equilibrium interbank rate).

Thus in the Dutch auction the nature of equilibrium is the same for all v > 0.
The reason for this result is that the banks correct for the bias in the loss function
of the central bank by offering an interest rate that equals the expected equilibrium
interbank rate and for which their payoff is always zero.

We next analyze what happens when the central bank reveals n (or, equivalently,

announces its desired liquidity injection s.(n)) prior to the tender.

Proposition 4 If in the Dutch auction the central bank preannounces the liquidity
s+(n) it intends to provide, any bid b € [s(n),c] at the interest rate ., constitutes an
equilibrium in which the central bank provides an amount of liquidity equal to s.(n),

and the expected equilibrium interbank rate is .

The only difference between this result and Proposition 3 is that now the range of
equilibrium bids is [s(7), ], rather than [s,(7), ¢|, so there is always an equilibrium
without overbidding. Moreover, one can argue that the announcement of intended
liquidity injection by the central bank may serve as coordination device for the banks
in the presence of multiple equilibria, in which case the equilibrium in which the
banks bid b = s,(n) may actually obtain.

Finally, in the case where the representative bank is allowed to bid any b € [0, b],
with b > ¢, it is easy to derive that, for any v > 0, any bid b € [s,(7),b] (or any
b € [s,(n),b] when the central bank reveals 1) at the interest rate 7., constitutes an

equilibrium. Thus even when b = oo an equilibrium always exists.

13
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4.2 The American Auction

In the American auction the representative bank chooses its bid b € [0, ¢| and offered

interest rate 7 in order to maximize
Ell(s)(r —7)],

where [(s) is given by (12).

The American auction is the same as the Dutch auction except that now the
bank always pays the interest rate r offered, instead of the marginal interest rate
of the auction 7(s). Despite this difference, following the arguments in the proofs of
Propositions 3 and 4 one can show that the equilibrium outcomes of the American
auction are the same as those of the Dutch auction. Hence the representative bank
will bid any b € [s,(7), | (or any b € [s,(n), c] when the central bank reveals 7) at
the interest rate 7 = r,, and its equilibrium payoff will be zero.'

A concern that arises in the case of variable rate tenders is how the central bank
may signal the stance of monetary policy. In fixed rate tenders, this is achieved by the
announcement of the interest rate r at which the liquidity allotted is going to provided.
In variable rate tenders the marginal interest rate is endogenously determined, so
this signal is no longer available. In its decision of June 2000 to switch from fixed
to variable rate tenders in the main refinancing operations, the ECB addressed this
problem by introducing a minimum bid rate, and stating that “for the purpose of
signalling the monetary policy stance, the minimum bid is designed to play the role
performed, until now, by the rate in fixed rate tenders.” In the context of our model
one can check that the constraint that the interest rates offered by the banks be
greater than or equal to the target rate 7 does not alter any of the arguments in
the proofs of Propositions 3 and 4, so we have exactly the same characterization of
equilibria.

A second concern is whether the volatility of the interbank rate would be higher
with variable rate tenders. But as long as the central bank can signal effectively

the target rate 7, equation (5) together with Propositions 1-4 imply that Var(r) =

9Notice that if the bank offers a lower rate 7 < 7. its payoff will be zero (since I(s) = 0), while
and if it offers a higher rate 7 > r, its payoff will be negative (since E[l(s)(r —7)] = b(r, —7) <0),
so these deviations are not profitable.
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Var(u) regardless of the type of tender and regardless of whether the central bank
preannounces its intended liquidity injection.

The results in this section show that if the loss function of the central bank
is asymmetric, and as long as the central bank can signal effectively the stance of
monetary policy, switching to variable rate tenders makes it possible achieve equilibria
with moderate overbidding at no cost in terms of the volatility of the interbank
rate. Moreover, in the case where the central bank preannounces its desired liquidity

injection an equilibrium without overbidding may be selected by the banks.

5 The Model with Heterogeneous Banks

This section extends our previous results to the case where the banks differ in the
amount of collateral that they hold for borrowing from the central bank. Specifically,
we postulate a cumulative distribution function of collateral, H(c), with support [0,7¢],
and consider the equilibrium of the fixed and variable rate tenders.

In this setup, assumption (7) is replaced by the following assumption

5@ < [ e dH(@), (14)

that guarantees that the banks have an aggregate amount of collateral that is greater
than the central bank’s maximum liquidity injection.

The strategy of a bank with collateral ¢ in the fixed rate tender is given by a
function b(c) that describes the amount bid as a function of its collateral. Two cases
will be considered. In the first case we require b(c) € [0,c|, while in the second we
let b(c) € [0,b], with b > ¢, but require the bank to have enough collateral to cover
the allotted amount.!! Similarly, in variable rate tenders the strategy of a bank with
collateral ¢ is a pair (b(c),7(c)) that describes the amount bid and the interest rate
offered as a function of its collateral. As in fixed rate tenders, we will consider the
cases b(c) € [0, ] and b(c) € [0, b).

The following result characterizes the equilibrium of fixed rate tenders.

Proposition 5 In the fized rate tender with b(c) € [0, c], when the loss function of

the central bank is asymmetric (v > 0) there is a unique equilibrium with b(c) = c,

1 As noted in Section 3, this is what the ECB requires.
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whereas when the loss function is symmetric (v = 0) any feasible function b(c) such
that [$b(c) dH(c) > s,(7) constitutes an equilibrium. On the other hand, in the fized
rate tender with b(c) € [0,b], when v > 0 there is a unique equilibrium implicitly
described by
) b*c -
b(¢) = min {W7 b} , (15)
where b* = [T b(c) dH(c), whereas when v = 0 any function b(c) such that

b(c) < min { Sf?%) ,E} , (16)

where b* = [$b(c) dH(c) > s,(T), constitutes an equilibrium. In any of these cases,
the central bank provides an amount of liquidity equal to s,(n), and the expected

equilibrium interbank rate is 7.

Thus when the loss function of the central bank is asymmetric, the banks bid
the maximum amount compatible with satisfying the collateral requirement with
probability one. If b(c) is constrained to belong to the interval [0,c| they bid their
collateral ¢, while if b(c) may belong to [0,b] they bid either the maximum amount b

or the maximum amount that ensures that the collateral requirement

=) <.,

is satisfied for all n € [n,7], which gives (15). In both cases the equilibrium payoff of
a bank with collateral c is given by

Wb(c) (ry — 7).
Since the function b(c) is non decreasing and r, — 7 > 0, it follows that the high
collateral banks get a higher payoff than the low collateral banks. On the other hand,
when the loss function is symmetric, there are multiple equilibria in which all the
banks get a zero payoft.

A simple numerical example will serve to illustrate these results. Suppose that the
loss function of the central bank is asymmetric (7 > 0) and that collateral is uniformly
distributed in the interval [0, 1]. Then in the case b(c) € [0, ¢] the banks bid b(c) = ¢,
while in the case b(c) € [0,b] (and assuming that s, (7) = 1/3 so (14) is satisfied)
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one can check that the banks bid b(c) = min{3b*c, b} with b* = b(3 + 1/3)/6.'? Since
v > 0 implies that the expected equilibrium interbank rate r., will be greater than the
tender rate 7, the central bank will be effectively transferring rents to the banks in
proportion to their bids. The distributional implications of the two alternative cases
are shown in Table 1. The example illustrates how banks with higher collateral get
a higher proportion of these rents, and how the distribution becomes more uneven

when the banks can only bid up to their collateral.'®

Table 1 Share of rents going to banks

in different quartiles of the distribution of collateral.

1st quartile

2nd quartile

3rd quartile

4th quartile

6.25%

18.75%

31.25%

43.75%

9.38%

27.23%

31.70%

31.70%

It is important to note that to the extent that different banking practices and
traditions in the various countries of the euro zone imply that banks with similar
balance sheets but located in different countries may have different ¢’s, and provided
that the loss function of the ECB is asymmetric, the fixed rate tender procedure
implies unequal treatment of banks. In particular, those banks located in countries
with a higher structural level of collateral will get a higher share of the total rents
that the ECB hands over by keeping the average interbank rate above the tender rate
7.

We next consider what happens when the central bank uses variable rate tenders.

Proposition 6 In variable rate tenders with b(c) € [0,c|, any feasible function b(c)
such that [$b(c) dH(c) > s,(7), together with the function 7(c)

an equilibrium. On the other hand, in variable rate tenders with b(c) € [0,b], any

function b(c) such that
b(c) < min{ b f ,5} :
$+(7)

12Tn this latter case the banks with collateral ¢ < b/3b* ~ .42 bid an amount b(c) = 3b*c which is
linearly increasing in ¢, whereas the banks with ¢ > b/3b* bid the maximum amount b(c) = b.

131t is worth noting that the second distribution does not depend on the upper limit b. This is a
general result that follows from the fact that the equilibrium bid b(c¢) is proportional to b.

= ry, constitutes
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where b* = [$b(c) dH(c) > s,(T]), together with the function 7(c) = r.,, constitutes an
equilibrium. In either case, the central bank provides an amount of liquidity equal to

s4(n), and the expected equilibrium interbank rate is ..

As in the model with identical banks, the nature of equilibrium is the same for
all v > 0. The bids of the banks may now be different, but they all offer the same
interest rate ., which is the expected equilibrium interbank rate for the value of ~y
that characterizes the loss function of the central bank, so their payoff is always equal
to zero.

Hence we have shown that using fixed rate tenders when the loss function of the
central bank is asymmetric may lead to unequal treatment of the banks, and that

this problem disappears under variable rate tenders.

6 Is the Loss Function of the ECB Asymmetric?

In previous sections we have shown that the equilibrium outcome of fixed rate tenders
critically depends on the symmetry or asymmetry of the loss function of the central
bank. In this section we use data for the period 4 January 1999 - 27 June 2000 in
which the ECB conducted 76 fixed rate tenders to test whether the parameter v of
its loss function is significantly different from zero. In addition, we use data for the
period 28 June - 23 August 2000 in which the ECB conducted 9 variable rate tenders
to get some preliminary evidence on the predictions of our model.

Since a symmetric loss function implies that, for fixed rate tenders, the differential
between the interbank rate r and the tender rate r will on average be zero, an indirect

and simple way of testing the null hypothesis v = 0 is to test whether
p=E(r)—r=r,—7=0.

The results for the period January 1999 - June 2000 are shown in Table 2a. In this
table the tender rate 7 is the interest rate of the main refinancing operations of the
ECB, and two alternative measures of the interbank rate r are considered: the 1-week

euro interbank offered rate (Euribor-7) and the euro overnight interest rate (Eonia).*

MEuribor is the rate at which a prime bank is willing to lend funds in euro to another prime
bank, and is computed as the average of the daily offer rates of a representative panel of prime
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It is worth noting that when comparing the interest rates on interbank deposits with
the rate of the main refinancing operations there are two potential biases that might
affect the spread r—7. First, differences in credit risk: The main refinancing operations
are collateralized while interbank deposits are unsecured, which may bias the spread
upwards. Second, differences in maturity: The interest rate on the main refinancing
operations has a positive term premium when compared to rates on less-than-two-
week deposits, which may bias the spread downwards.!® In the case of Euribor-7, the
difference in maturity is only one week and credit risk is likely to be very small (since
it is a rate offered to prime banks), so the two biases are probably negligible. On the
other hand, Eonia might be subject to higher biases, pointing in opposite directions
so their net effect is difficult to evaluate, but it is the interest rate corresponding to
the most active segment of the interbank market.

To check the robustness of the results three alternative samples have been consid-
ered for the Eonia rate: a sample including only the days of settlement of the tender
(with n = 76 observations), a second sample including all days except those corre-
sponding to the end of the monthly maintenance periods of the reserve requirement
(with n = 367), and finally the whole sample (with n = 385).1% In each case, the point
estimate i, its standard error, the p-value of the one-sided test of the null hypothesis

= 0 (against the alternative p > 0), and the sample size are reported.

Table 2a Estimation of y = E(r) — 7 for the period January 1999 - June 2000.

r = Euribor-7 | r = Eonia | » = Eonia | » = Eonia
i 13 .08 .08 .07
(s.e.) (.02) (.02) (.01) (.01)
[p-value] .00] .00] .00] [.00]
n 76 76 367 385

banks. Eonia is an effective overnight rate computed as a weighted average of the interest rates on
unsecured overnight contracts on deposits denominated in euro reported by a panel of contributing
banks.

15 Unfortunately, the market for two-week deposits is not active enough as to offer reliable interest
rates.

16We have not used these three samples with the Euribor due to the overlapping nature of the
data.
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The four columns of Table 2a convey the same qualitative result: p is significantly
greater than zero, and therefore the null hypothesis of a symmetric loss function for
the ECB can be rejected, even at a confidence level of 1%.

One criticism that can be made about these results is that they do not take
into account the fact that, from November 1999 until June 2000, the ECB raised
the interest rate of the main refinancing operations in five occasions. To the extent
that this decisions were anticipated by the banks, they would have had an incentive
to front-load their demands for liquidity, thereby putting an upward pressure on
interbank rates. To check whether our estimate of ;1 may be biased by this effect, the
first row of Table 2b reports the results for a sample that excludes the data for the
two weeks prior to an interest rate change, while the second row restricts the sample
to the year 1999 in which there were two interest rate changes of opposite sign. As
in Table 2a, the first column of Table 2b uses Euribor-7 as the interbank rate, while
the last three columns use Eonia for, respectively, only the days of settlement of the
tender, all days except the last days of the maintenance periods, and all days within

the prespecified sample.

Table 2b  Estimation of y = E(r) — 7

for the period January 1999 - June 2000 under alternative samples.

r = Buribor-7 | »r = Eonia | » = Eonia | » = Eonia

i A1 .05 .04 .03
(s.e.) (.01) (.02) (.01) (.01)
[p-value] .00] [.01] .00] [.00]
n 64 64 308 325

1L 10 .03 .04 .03
(s.e.) (.02) (.02) (.01) (.01)
[p-value] .00] [.12] .00] [.01]
n 51 51 247 259

Moving from Table 2a to either the first or the second row of Table 2b reduces the
estimated value of u, so expectations about interest rate changes do seem to matter,

but f is still significantly different from zero (except for the 1999 sample when only
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the days of settlement of the tender are considered). Hence we can safely reject the
null hypothesis of a symmetric loss function for the ECB.

A more direct test of the null hypothesis v = 0 can be performed by exploiting
the first order condition that characterizes the optimal decision of the central bank

(see Lemma 1):
El(r—7) + 71, m(r—7) [ n] =0.

Since according to our model the liquidity provided by the central bank in each ten-
der, s,(n), is a function of the signal n, we can estimate y by the Generalized Method
of Moments (GMM) using as instruments a constant and the liquidity effectively pro-
vided by the ECB through its main refinancing operations.!” The results for the four
alternative samples considered in Table 2a are summarized in Table 3a. In this table
we report the point estimate 7, its standard error (robust to both heteroskedasticity
and autocorrelation), the p-value of the one-sided test of the null hypothesis v = 0

(against the alternative v > 0), the p-value of the Sargan test, and the sample size.

Table 3a Estimation of the ECB’s loss function parameter
for the period January 1999 - June 2000.

r = Euribor-7 | r = Eonia | r = Eonia | » = Eonia
~ 59.9 2.61 2.92 1.82
(s.e.) (35.1) (1.58) (1.22) (.84)
[p-value] [.04] .05] [.01] [.02]
Sargan [p-value] [.45] [.63] [.53] [.71]
n 76 76 367 385

There are no substantial differences in the qualitative results in the four columns of
Table 3: the null hypothesis of a symmetric loss function for the ECB can be rejected,
and the instruments chosen pass the Sargan test without difficulty. The important
quantitative difference in the estimated value of v using Euribor-7 (column 1) and
Eonia (columns 2-4) is due to the fact that, as reported in Table 2a, the average

differential between Euribor-7 and the rate of the main refinancing operations is 13

I"Note that at each point in time there are two main refinancing operations outstanding, so we
have taken as instrument the sum of amounts injected in them.
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basis points, while the differential between Eonia and this rate is only 7 or 8 basis
points. In order to rationalize this difference within our model, we require a much
higher value of v in the former case.

To check whether our estimate of v may be biased by expectations of changes in
the stance of monetary policy (in particular interest rate increases), Table 3b reports
the results for the same samples as in Table 2a: the first row excludes the data for
the two weeks prior to an interest rate change, while the second restricts the sample
to the year 1999. As before, moving from Table 3a to Table 3b reduces 7, but for
most of the cases we can still reject the null hypothesis of a symmetric loss function
for the ECB (at a 10% confidence level).

Table 3b Estimation of the ECB’s loss function parameter

for the period January 1999 - June 2000 under alternative samples.

r = Euribor-7 | » = Eonia | r = Eonia | r = Eonia
A 43.6 1.43 1.54 .82
(s.e.) (26.7) (1.05) (.83) (.56)
[p-value] [.05] .09] [.03] [.07]
Sargan [p-value] [.49] [.58] [.98] [.81]
n 64 64 308 325
~ 46.3 .67 1.18 .60
(s.e.) (35.0) (.67) (.78) (.54)
[p-value] [.09] [.16] [.07] [.14]
Sargan [p-value] [.55] [.75] [.75] [.96]
n o1 51 247 259

All in all, the empirical evidence is consistent with an explanation of the overbid-
ding by the banks in the fixed rate tenders conducted by the ECB until June 2000
based on its aversion to seeing interbank rates fall below the tender rate. The ECB
then supplied less liquidity than that required to keep the average interbank rate
at the level of the tender rate, and the banks run for the rents associated with the
differential between these two rates.

As noted in the Introduction, the tender system used by the ECB in its main

refinancing operations was changed to variable rate (American) tenders in June 2000.
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In its press release, the ECB noted that the switch to variable rate tenders should
not be interpreted as a change in the stance of monetary policy, but simply a way
to deal with the overbidding problem. Thus we have an ideal setting to check the
predictions of our theoretical model.

In what follows we look at the evidence on three specific implications of our
analysis of variable rate tenders: (i) the marginal auction rate should be equal to the
expected interbank rate, (ii) the marginal rate should coincide with the average rate,!
and (iii) the degree of overbidding should be smaller than under fixed rate tenders.
In addition, assuming that the loss function of the central bank is not altered by the
change in the tender system (i.e. that the parameter 7 is the same), the difference
between the marginal and the minimum bid rate should be equal to the difference
between the expected interbank rate and the tender rate prior to the change.

The evidence on these predictions for the first 9 variable rate tenders conducted by
the ECB is as follows. First, the mean spread between the interbank rate (for the days
of settlement of the tender) and the marginal auction rate has been 8 basis points for
the 1-week Euribor, and -1 basis point for Eonia. These figures are smaller that those
observed under the previous system, and the one for Eonia is essentially zero. Second,
the mean difference between the average and the marginal auction rate has only been
1 basis point. This is strikingly small, since one would have expected a fair amount of
dispersion of the bids during an initial learning period. Third, the median allotment
ratio has been 49.10%, which is 8 times higher than the corresponding figure for the
period under fixed rate tenders. Finally, the mean spread between the marginal and
the minimum bid rate has been 7 basis points, which is in line with the estimated
values of 1 in Table 2a. Hence we conclude that the evidence collected so far from the
variable rate tenders is consistent with the predictions of our model, although formal

statistical testing will have to wait until there is more data.

7 Concluding Remarks

We have developed a model of the tender procedures used by the ECB in its open

market operations. The model has two novel features. First we endogenize the

18This rate is the weighted average interest rate at which liquidity is supplied by the ECB.
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behavior of the central bank by postulating an objective function that depends on
the deviations between the interbank rate and a target rate that characterizes the
stance of monetary policy. Second we assume that there is an efficient interbank
market in which the banks can always get liquidity, so their objective in participating
in the central bank tenders is not to cover their liquidity needs but to profit from
differentials between the interbank rate and the tender rate.

The analysis shows that when the central bank is more concerned about inter-
bank rates below the target than about interbank rates above the target (i.e. when
its objective function is asymmetric), fixed rate tenders have a unique equilibrium
characterized by extreme overbidding. The reason for this result is simple: the cen-
tral bank tries to avoid low interbank rates by restricting the supply of liquidity, and
this opens a differential between the expected interbank rate and the tender rate
which the banks try to exploit by increasing the size of their bid. In contrast, vari-
able rate tenders allow the banks to compete away this differential by offering higher
rates, so in equilibrium they will be indifferent as to the amount bid (as long as the
aggregate bid is sufficiently large to accommodate the central bank’s desired liquidity
injection).

Our empirical analysis based on the fixed rate tenders conducted by the ECB
from January 1999 to June 2000 shows an average spread between the euro overnight
interest rate and the tender rate of 4 or 5 basis points (depending on the way in
which the sample is constructed). This spread is statistically different from zero,
and supports the assumption of an asymmetric objective function for the ECB. In
addition, the preliminary evidence from the variable rate tenders conducted from
June 2000 is consistent with the predictions of our model.

The framework put forward in this paper is useful for analyzing a number of issues
in variable rate tenders like the difference in the equilibrium outcomes of single rate
and multiple rate tenders (there is none), the advantage of announcing the intended
liquidity injection (there is now an equilibrium without overbidding), and the effect
of introducing a minimum bid rate that signals the monetary policy stance (there is
none as long as the central bank has an effective way of signalling this stance without
it).

Finally, the framework may be useful for analyzing alternative tender procedures.
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For example, for a fixed rate tender in which the central bank commits to satisfy
100% of the bids of the banks at the target rate 7, one can show that there is a
unique symmetric equilibrium in which the representative bank bids an amount b =
(ov — 7) /3 such that the expected equilibrium interbank rate r is equal to the target
rate 7. Although there is no overbidding, the volatility of the interbank rate increases
since now the central bank passively responds to the liquidity demands of the banks
without taking into account its information on the autonomous liquidity creation and

absorption factors.
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Appendices

A The Interbank Market

This Appendix presents a simple model that justifies the equilibrium interest rate
equation (1) as well as the objective function (11) for the representative bank in-
troduced in Section 2. The model incorporates some key elements of the monetary
policy framework of the ECB, in particular the existence of (i) a reserve requirement
determined on the basis of the banks’ average daily reserve holdings over a one-month
maintenance period, and (ii) lending and deposit standing facilities where banks can
obtain or place liquidity, respectively, at interest rates 7 and 7¢ (with 7' > 7).
Consider a model with three dates (¢ = 0,1,2). There is a representative bank
that has to keep a level of reserves at dates t = 1,2 (the maintenance period) such
that
S+ 1) = odo, (17)

where [; denotes the reserves held at date t = 1,2, ¢ is the reserve ratio, and dj is
the reserve base. These reserves are initially borrowed from the central bank at date
0 for the whole maintenance period, and later adjusted in the overnight interbank
market at dates t = 1,2. If [y denotes the reserves borrowed (at the rate 7) from the
central bank, then [; — [y are the reserves acquired by borrowing (at the rate r;) in
the interbank market at date t = 1, 2.

The supply of reserves at dates t = 1,2 is given by I; = o+ v1 + f; and [y =
ly + vo + fo — fi1, respectively, where [ is the liquidity provided by the central bank
at date 0, v; and vy are #id continuous random shocks with zero mean, and f; and
fo are the recourse to the credit (if positive) or deposit (if negative) facilities at dates
t = 1,2. Thus if the standing facilities are not used, reserves follow a random walk
driven by the effect of the autonomous liquidity creation and absorption factors (like
changes in cash holdings, net government deposits with the central bank, etc.).

At date 2 the representative bank is going to set f5 in order to satisfy the reserve
requirement (17). Equating the supply of reserves Iy = [; +vs+ fo — f1 to the demand
lo = 2¢dy — 11, and solving for f, then gives

fo= 2(¢d0 —lp— Vl) - fi—va.
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By arbitrage, the equilibrium interbank rate at date 2 will be equal to the lending rate
7 (the deposit rate 79) if the representative bank uses the lending (deposit) standing

facility. Hence we have

.
TQZ{T if fo>0 (18)

7t if f2 <0
To determine the equilibrium interbank rate at date 1 we assume that the objective
function of the representative bank is to minimize the expected cost of complying with

the reserve requirement, that is

min Fo[2lo7 + (11 — lo)r1 + (I — lo)72]

lo,l1,l2

subject to (17).1? Substituting I, = 2¢dy — {1 from (17) into the objective function

and rearranging yields

min Eyllo(T — r1) + lo(F — 72) 4+ l1(r1 — 72) + 2¢dors). (19)

lo,l1

Since this expression is linear in [y, equilibrium requires
r1 = FEq(rs).
Substituting (18) into this expression then gives
r =7 Pri(fo > 0)+7Pri(fo <0) =7+ (7 — 7)) Pry(fy > 0).

Hence the equilibrium interbank rate at date 1 will be between 7¢ and 7. This implies
that the representative bank will not want use the standing facilities at date 1, so
fi=0and fo = 2(¢pdy— lo— 1) — vs. Since fo > 0 if and only if vy < 2(¢pdg — Iy —v1),

the equilibrium interbank rate at date 1 can be written as
T = ’I/:d + (’f/‘\l - ?d)G[Q(QﬁdO - lo - 1/1)], (20)

where GG denotes the cumulative distribution function of the random liquidity shock
vo. According to this expression, the equilibrium interbank rate at date 1 is a decreas-

ing function of the liquidity [y provided by the central bank at date 0, and from the

19We are implicitly assuming that required reserves are not remunerated. If they were a negative
constant term would appear in the objective function, but all the results would be unchanged. We
also assume that the time intervals are sufficiently small so as to disregard any discounting of cash
flows within the maintenance period.
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point of view of this date it is a random variable that depends on the realization of
the liquidity shock v;. These are the two main features of the equilibrium interest rate
equation (1) introduced in Section 2, which can be seen as a first order approximation
to (20).%

Finally, substituting = Fi(rs) into (19), and leaving out the constant term, we

get the following objective function for the representative bank
n}in Eo[lo(F —11) 4 lo(T — ra)].
0

This function extends to the case of two-period central bank loans the objective

function (11) in Section 2.

B Proofs

Proof of Lemma 1 Substituting (1) and (2) into the objective function (3) leads
to the problem

min B{(a = Bl +n+u—7) | 1] +7/u(l)(a—ﬁl+'r}+u—?)2 dF(u),  (21)

where u(l) satisfies a — 5l + n + u(l) = 7. The corresponding first order condition
that implicitly defines s.,(n) is

u(l)
a—ﬂl+n—?+7/ (@—Bl+n+u—7) dF(u) = 0.
Integrating by parts the last term on the LHS, this condition simplifies to
u(l)
a—,@’l+n—?—7/ F(u) du = 0.

Differentiating this expression then gives
Osy(n) _ 1+~F(u(l))
[

1
oy B+ Fu)] 5

and

Ds,(n) ™Y F(u) du
oy~ Bl AR <

Hence the function s,(n) is linear in 7, with slope 1/8 and an intercept that is de-

creasing in vy, so we get (4) with r, increasing in . Finally, for v = 0 we can explicitly

solve the first order condition to get so(n) = (o — ¥+ n)/5, which implies 7y = 7. B

20This approximation would be exact if the distribution of the liquidity shocks were uniform.
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Proof of Lemma 2 Substituting (10) and (2) into the objective function (3) leads
to the problem

msinE[(a—ﬁmin{b*,S}+7]+U—7/”\)2 | 7]
u(s)
+7/ (o — Bmin {b*, s} + 1+ u—7)* dF (u),

where u(s) satisfies @ — fmin {b*, s} + 1+ u(s) = 7. The function to be minimized
coincides with the convex function in (21) for s < b*, and it is constant for s > b*.
Hence if s, (n) < b*, it is clear that s = s,(n) is also the unique solution to the central
bank’s problem. On the other hand, if s,(n) > b* then any s > b* will be a solution,

so we can take s = s,(n). ®

Proof of Proposition 1 Substituting (8) and (10) into (11), and using the result

in Lemma 2, gives the following objective function for the representative bank
bE lmin {1, #} (@ — Bmin {b*, s,(n)} +e — ?)] .

Since this function is linear in the bid b, the bank’s optimal behavior is to bid the
maximum amount c if the coefficient of b is positive, and any b € [0, ¢] if it is zero.

One can show that

E [min {1, 876—(37)} (v — fmin {b*,s,(n)} +¢ — ?)]

—E|E (min{l, SVb(*")}(a — Bmin {b*, 5,(n)} +&—7) | 77)]

»

= F |min< 1
_mm{, o

7(77)} (o — Bmin {b*, 5,(n)} +n — ?)]

= F |min {1, va—(:])} (6 (sy(n) — min {b*, s, (n)}) + 7y — ?]]

_B :,5 max{s, (n) — b*,0} -+ min {1, 5 (1) } (r — ?)]

> fE [max{s,(n) — b, 0}],
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with strict inequality for v > 0, where the first equality follows from the law of
iterated expectations, the second from the application of the conditional expectations
operator, the third from the definition of s, (7), the fourth from that fact that s.(n) —
min {b*, s,(n)} = max{s,(n) —b*,0} = 0 whenever min {1, s,(n)/b*} < 1, and the
inequality follows from (6) together with the result that r, is increasing in v with
ro =T.

Now E[max{s,(n) — b*,0}] > 0 implies that for v > 0 the representative bank
has an incentive to set b = c¢. On the other hand, for v = 0, if b* < s4(7) we have
Elmax{so(n)—b*,0}] > 0, so the bank has an incentive to set b = ¢, which contradicts
the assumption b* < s¢(7) < c¢. Hence it must be the case that b* > s¢(7), in which
case F[max{so(n) — b*,0}] =0 and any b € [so(7]), ] constitutes an equilibrium. B

Proof of Proposition 2 From the proof of Proposition 1, it is clear that the
objective function of the representative bank now becomes

b [min{l, #} (@ — Bmin{b*,s,(n)} +n—7)] .

We have shown that

min {1,258} 0= i (15, ()} + ) > frma{s, 1) = .0},

with strict inequality for v > 0. Now max{s,(n) — b*,0} > 0 implies that for v > 0
the representative bank has an incentive to set b = c¢. On the other hand, for v = 0,
if b* < so(n) we have max{so(n) — b*,0} > 0, so the bank has an incentive to set
b = ¢, which contradicts the assumption b* < s¢(n) < c. Hence it must be the case

that b* > so(n), in which case any b € [s¢(7), ¢| constitutes an equilibrium. B

Proof of Proposition 3 Following the same steps as in the proof of Proposition 1
one can show that if the representative bank offers an interest rate 7 = 7* its objective

function becomes

bE [min {1, S”b(*”) } (o — Bmin {b*, s,(n)} + £ — ?"*)]

—bE lﬁmax{sv('r]) — b*,0} + min {1, S”b—('”)} (ry — ?“)] .
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There are two cases to consider. First suppose that

> 0.

E lﬁ max{s, () — b*,0} + min {1, 57;*”) } (ry — 7)

Then we can only have an equilibrium with b* = ¢, which by assumption (7) implies
s,(7) < b*, so the previous expression reduces to

E [37—(77)(747 - m] _ Elsy(m)]

= o (ry —7") > 0.

Now if the representative bank were to offer ¥ > 7 its objective function would

become
bE [ — Bsy(n) + 1 — 7] = b(ry — )
But then
TW—W>M<TV—77*)>O

b*
implies that the representative bank has an incentive to deviate from 7 = 7*, so there

is no equilibrium in this case.

Next suppose that

E |Bmax{s,(n) — b*,0} + min {1, 871)(*7]) } (ry — ?‘*)] =0.

If 5, (77) > b* we have E[max{s.,(n) — b*,0}] > 0, so it must be the case that r, < 7.

Now if the representative bank were to offer 7 = r, < 7 its objective function would

become
bE [a — Bb" +1n — 1y | 54(n) > b Pr(s,(n) > ).

But since

Ela—=pb"+n—ry | sy(n) > 0] = E[B(sy(n) = %) | s4(n) > ] >0

the bank has an incentive to deviate from 7 = 7*. Finally, if s, (77) < b* the expression

at the beginning of this paragraph reduces to,

Bl
=, -7 =0,

which implies 7, = 7*. Now if the representative bank were to deviate by offering
7 < r* its payoff would be zero, while if it offered 7 > 7* its objective function would
become b(r, — 7*) = 0. Hence any bid b € [s,(7), ] at the rate r = r, constitutes an

equilibrium. W
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Proof of Proposition 4 From the proof of Proposition 3, it is clear that if the

representative bank offers an interest rate r = r* its objective function becomes

b | S max{s,(n) — b*,0} + min {1, wa—(:?)} (ry — ?")] .

As before there are two cases to consider. First suppose that

B max{s,(n) —b*,0} + min {1, 37()(37)} (ry —77) > 0.

Then we can only have an equilibrium with b* = ¢, which by assumption (7) implies

s4(n) < b*, so the previous expression reduces to

SMYZ)—(:?)(?ﬂW —7) > 0.
Now if the representative bank were to offer ¥ > r* its objective function would
become
bla — Bsy(n) +n— 7] = b(r, — 7).
But then
ry— T > va—(y)(m—f*) > 0.

implies that the representative bank has an incentive to deviate from 7 = 7*, so there
is no equilibrium in this case.

Next suppose that

Bmax{s,(n) — b*,0} + min {1, S”bi") } (r, — ) = 0.

If s,(n) > b* we have max{s,(n) — b*,0} > 0, so it must be the case that r, < 7.
Now if the representative bank were to offer 7 = r, < r* its objective function would
become b3 (s, (n) — b*), so the bank has an incentive to deviate from 7 = 7*. Finally,
if s,(n) < b* the expression at the beginning of this paragraph reduces to,

s5(1) -

’Yb—*@ﬁ’v -r ) =0,

which implies 7, = 7*. Now if the representative bank were to deviate by offering
7 < r* its payoff would be zero, while if it offered 7 > 7* its objective function would
become b(r, — 7*) = 0. Hence any bid b € [s,(n),c| at the rate r, constitutes an

equilibrium. W
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Proof of Proposition 5 The result for the case where b(c) € [0, ¢] follows imme-
diately from the arguments in the proof of Proposition 1. For the case b(c) € [0,b],
the same arguments as in the proof of Proposition 1 imply that when v > 0 the
banks have an incentive to bid the maximum amount compatible with having enough

collateral to cover the allotted amount, which gives (15). To prove uniqueness let us
define

D(b) = /()Emin {%E} dH ().

This function is continuous and satisfies

D(b") = b_ /Cc dH(c), forb*<b = 87(_77)b,
$4(1) Jo ¢
and " o) _
D(b*) = _/ cdHc+B/ dH(c), forb*>T
W)= s [ eano B [ o
where

(ol

1)
o) = 21
Hence for b* < b the function D(b*) is linear, and by assumption (14) has a slope

greater than one, and for b* > b one can check that

1

Sy (7)

c(b*)
D) = /O ¢ dH(c) > 0,

D"(b*) < 0, and limy_, D(b*) = b, so the equation D(b*) = b* has a unique solution.
Finally, the result for v = 0 follows immediately from the arguments in the proof of

Proposition 1. &

Proof of Proposition 6 Follows immediately from the arguments in the proof of

Proposition 3. B
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