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Abstract

This paper develops bootstrap methods for testing whether, in a Pnite sample,
competing out-of-sample forecasts from nested models are equally accurate. Most prior
work on forecast tests for nested models has focused on a null hypothesis of equal
accuracy in population N basically, whether coelcients on the extra variables in the
larger, nesting model are zero. We instead use an asymptotic approximation that treats
the coelcients as non-zero but small, such that, in a bPnite sample, forecasts from the
small model are expected to be as accurate as forecasts from the large model. Under
that approximation, we derive the limiting distributions of pairwise tests of equal mean
square error, and develop bootstrap methods for estimating critical values. Monte Carlo
experiments show that our proposed procedures have good size and power properties for
the null of equal Pnite-sample forecast accuracy. We illustrate the use of the procedures
with applications to forecasting stock returns and infRation.
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1 Introduction

In this paper we examine the asymptotic and Pnite-sample properties of bootstrap-based
tests of equal accuracy of out-of-sample forecasts from a baseline nested model and an
alternative nesting model. In our analysis, we address two forms of the null hypothesis of
equal predictive ability. One hypothesis, considered in Clark and McCracken (2001, 2005)
and McCracken (2007), is that the models have equal population-level predictive ability.
This situation arises when the coelcients associated with the additional predictors in the
nesting model are zero and hence at the population level, the forecast errors are identical
and thus the models have equal predictive ability.

However, this paper focuses on a di"erent null hypothesis, one that arises when some of
the additional predictors have non-zero coel!cients associated with them, but the marginal
predictive content is small. In this case, addressed in Trenkler and Toutenberg (1992),
Hjalmarsson (2006) and Clark and McCracken (2008), the two models can have equal pre-
dictive ability at a bxed forecast origin (say time T) due to a bias-variance trade-0" between
a more accurately estimated, but misspecibed, nested model and a correctly specibed, but
imprecisely estimated, nesting model. Building upon this insight, we derive the asymp-
totic distributions associated with standard out-of-sample tests of equal predictive ability
between estimated models with weak predictors. We then evaluate various bootstrap-
based methods for imposing the null of equal predictive ability upon these distributions
and conducting asymptotically valid inference. In our results, the forecast models may be
estimated either recursively or with a rolling sample. Giacomini and White (2006) use a
di"erent asymptotic approximation to testing equal forecast accuracy in a given sample,
but their asymptotics apply only to models estimated with a rolling window of bxed and
Pnite width.

Our approach to modeling weak predictors is identical to the standard Pitman drift
used to analyze the power of in-sample tests against small deviations from the null of equal
population predictive ability. It has also been used by Inoue and Kilian (2004) in the
context of analyzing the power of out-of-sample tests. In that sense, some (though not all)
of our analytical results are quite similar to those in Inoue and Kilian (2004).

We di"er, though, in our focus. While Inoue and Kilian (2004) are interested in examin-
ing the power of out-of-sample tests against the null of equal population predictive ability,

we are interested in using out-of-sample tests to test the null hypothesis of equal Pnite



sample predictive ability. This seemingly minor distinction arises because the estimation
error associated with estimating unknown regression parameters can cause a misspecibed,
restricted model to be as accurate or more accurate than a correctly specibed unrestricted
model when the additional predictors are imprecisely estimated (or, in our terminology, are
OweakO). We use Pitman drift simply as a tool for constructing an asymptotic approxima-
tion to the bnite sample problem associated with estimating a regression coelcient when
the marginal signal associated with it is small.

Although our results apply only to a setup that some might see as restrictive N direct,
multibstep (DMS) forecasts from nested models N the list of studies analyzing such forecasts
suggests our results should be useful to many researchers. Applications considering DMS
forecasts from nested linear models include, among others: many of the studies cited above;
Diebold and Rudebusch (1991); Mark (1995); Kilian (1999); Lettau and Ludvigson (2001);
Bachmeier and Swanson (2005); Butler, Grullon and Weston (2005); Cooper and Gulen
(2006); Giacomini and Rossi (2006); Guo (2006); Rapach and Wohar (2006); Bruneau, et
al. (2007); Bordo and Haubrich (2008); Inoue and Rossi (2008); and Molodtsova and Papell
(2008).

The remainder proceeds as follows. Section 2 introduces the notation and assumptions
and presents our theoretical results. Section 3 characterizes the bootstrap-based methods
we consider for testing the joint hypothesis of equal forecast accuracy. Section 4 presents
Monte Carlo results on the bniteDsample performance of the asymptotics and the bootstrap.
Section 5 applies our tests to evaluate the predictability of U.S. stock returns and core PCE

inRation. Section 6 concludes.

2 Theoretical results

We begin by laying out our testing framework when comparing the forecast accuracy of two

nested models in the presence of weak predictive ability.



2.1 Environment

The possibility of weak predictors is modeled using a sequence of linear DGPs of the form

(Assumption 1)*

— / * — v/ * / =12 =
Yraer = X Ip F Ut T X ol ot XT2(T 77 ) + Ureer, (D)

EXT,]_’tLIT’H.! " EhT’1,t+! =Qforal t=1,..T,.T+P#".

Note that we allow the dependent variableyt 1+, the predictors xt 1t and the error term
uTt+1 to depend uponT, the initial forecasting origin. This dependence is necessitated by
the triangular array structure of the data. However, throughout much of the paper we
omit the additional subscript T for ease of presentation.

At each origin of forecastingt = T,.. T+ P#", we observe the sequencgyt s, X’T,1,s}ts=1 .
Forecasts of the scalaryt+1, " $ 1, are generated using aK %1,k = ko + ki) vector of
covariates xt,1t = (Xt o1, Xf 15;), and linear parametric modelsx} ; !, i = 0,1. The
parameters are estimated using OLS Assumption 2) under either the recursive or rolling
schemes. For the recursive scheme we ha\ﬁg’t =argmin - t‘l! o1 (Yrse1 # Xris! )2
i =0, 1. for the restricted and unrestricted, respectively. The rolling scheme is similar but
the number of observations used for estimation is held constant as we proceed forward across
forecast origins and henced;; = argmin-. -1 et te (YTser # X 12 1= 0,1,
We denote the loss associated with thée'-step ahead forecast errors asnf(jH = (Y1 #
X/T,i,t pi’t)z, i =0,1, for the restricted and unrestricted, respectively.

The following additional notation will be used. For the recursive scheme letH;(t) =

l [ o
(t71 i XTisUtser) = (171 &5 hriser) and Bi(t) = (t71 ) X7isXf ;)% and for

| .
the rolling case letHr;(t) = (T1 L2\, 1. XTisUtse1) = (T1 L4 141 hris+1)

!
and Bi(t) = (T 1 tS;!t_! 141 XTisXfis) "L In either case, debne, foii = 0,1, Bj =
i, !
limt_oo(ExT,isX ;)% For Ury = (hh . vedxr1xf,,)), V = J-!;L v #,

where #;;, is the upper block-diagonal element of # debned below. For any ( %n)
matrix A let |A| denote the max norm andtr (A) denote the trace. For Ht i(t) dePned

above, J the selection matrix (Iy,xky, Okoxk;)’s #2 = lim1_cEuf,,, and a (k1 %K)

matrix A satisfying A& = By Y 2(#3'Bod + B1)B[ "2 let fir 14y = # 1ABY %hr 1

and Hr1(t) = # 1AB Y ®Hy4(t). For the selection matrix Jz = (0, xko: ks xk;)" debne

Fqi= JéBlJz and Fl(t) = JéBl(t)Jz. If we debne$ﬁﬁ’1(i) = lim T —o00 EﬁT,l,t+! ﬁfl’,l,t+! _js

'The parameter ! | 1 does not vary with the forecast horizon " since, in our analysis," is treated as bxed.



by , :
then Sgp 1 = $pp 10+ o (S (D) + $;.ml(|)). Let W (s) denote ak; %1 vector standard
Brownian motion and dePne the vector of weak predictor coe!cients as%= (0 1xk,,! 52)’-
To derive our general results, we need three more assumptions (in addition to our as-
sumptions (1 and 2) of a DGP with weak predictability and OLSPestimated linear forecast-

ing models).

! !
Assumption 3: (@) T-2 [T} UriUf, & r#j where#j =lim T~ [ E(Ur Vs, )

forall j $ 0, (b) #1215 =0all j $ ", (C) SUPrs11<T+p E|Urs[?4< ' someq > 2, (d) The
zero mean triangular array Ut (# EUt ¢ = (h} 3\, vedXt 10X} 1 # Ex7 10X 1)) satisPes

Theorem 3.2 of de Jong and Davidson (2000).

Assumption 4: (a) Let K (x) be a continuous kernel such that for all real scalars, |K (x)| (
1, K(x) = K(#x) and K (0) = 1, (b) For some bandwidth L and constanti ) (0,0.5), L =

O(P"), (c) Forall j>" #1,EhT 141 hT 1t+1_;j =0, (d) The number of covariance terms @

=
used to estimate the longbrun covarianc&yq debned in Section 2.2, satispes# 1 ( P<

Assumption 5: limp 1o P/T = & ) (0," ).

Assumption 3 imposes three types of conditions. First, in (a) and (c) we require that
the observables, while not necessarily covariance stationary, are asymptotically mean square
stationary with Pnite second moments. We do so in order to allow the observables to have
marginal distributions that vary as the weak predictive ability strengthens along with the
sample size but are Owell-behavedd enough that, for example, sample averages converge in
probability to the appropriate population means. Second, in (b) we impose the restriction
that the "-step ahead forecast errors are MA(# 1). We do so in order to emphasize the
role that weak predictors have on forecasting without also introducing other forms of model
misspecibcation. Finally, in (d) we impose the high level assumption that, in particular,
ht 1¢+1 satisPes Theorem 3.2 of de Jong and Davidson (2000). By doing so we not only
insure that certain weighted partial sums converge weakly to standard Brownian motion,
but also allow ourselves to take advantage of various results pertaining to convergence in
distribution to stochastic integrals.

Assumption 4 is necessitated by the serial correlation in the multi-step { -step) forecast
errors N errors from even well-specibed models exhibit serial correlation, of an MA(# 1)

form. Typically, researchers constructing at-statistic utilizing the squares of these errors



account for serial correlation of at least order" # 1 in forming the necessary standard error
estimates. Meese and Rogo" (1988), Groen (1999), and Kilian and Taylor (2003), among
other applications to forecasts from nested models, use kernel-based methods to estimate the
relevant long-run covariance? We therefore impose conditions sulcient to cover applied
practices. Parts (a) and (b) are not particularly controversial. Part (c), however, imposes
the restriction that the orthogonality conditions used to identify the parameters form a
moving average of Pnite order' # 1, while part (d) imposes the restriction that this fact

is taken into account when constructing the MSE+1 statistic discussed later in Section 2.
Finally, in Assumption 5 we impose the requirement that limp 1 o P/T = & ) (0," ).
This assumption implies that the duration of forecasting is Pnite but non-trivial.

This last assumption, while standard in our previous work, di"ers importantly from
that in Giacomini and White (2006). In their approach to predictive inference for nested
models, they assume that a rolling window of Pxed andcnite width is used for estimation
of the model parameters (hence lira .. P/T ="' ). While we allow rolling windows, our
asymptotics assume that the window width is a non-trivial magnitude of the out-of-sample
period and hence limp 7. P/T ) (0," ). This di"erence in the assumed window width,
along with our assumption that the additional predictors in the nesting model are weak, is
fundamentally what drives the di"erence in our results from theirs and in particular, allows

us to derive results that permit the use of the recursive scheme.

2.2 Asymptotics for MSE-F, MSE-t with weak predictors

In the context of non-nested models, Diebold and Mariano (1995) propose a test for equal
MSE based upon the sequence of loss di"erentiald},, = 0., # 07.,,. If we dePne
MSE = (P#"+) 1 I a2, (=01, 8= (P# "+t LA =
MSEo# MSEy, $4q(1) = (P # " +1) = e @y # B8 # B, Sya(#]) = $44()),

and Syg = P_f K (M )$44( ), the statistic takes the form
j=-p dd

MSE-t:(P#"+1)1’2%#L. (2)

Sud
Under the null that x12: has no population level predictive power foryi+:, the population
di"erence in MSEs, Euj,,  # EuZ,,, will equal O for all t. When x12; has predictive power,

the population di"erence in MSEs will be positive. Even so, the Pnite sample di"erence

2For similar uses of kernelbbased methods in analyses of nonbnested forecasts, see, for example, Diebold
and Mariano (1995) and West (1996).



need not be positive and in fact, for a given sample size (say,= T) the di"erence in bnite
sample MSEs,E63 1., # E6{ 1, ,, may be zero, thus motivating a distinct null hypothesis
of equal Pnite-sample predictive ability. Regardless of which null hypothesis we consider
(equal population or equal bnite-sample predictive ability), the MSE+ test and the other
equal MSE tests described below are onebsided to the right.

While West (1996) proves directly that the MSE-t statistic can be asymptotically stan-
dard normal when applied to nonbnested forecasts, this is not the case when the models are
nested. In particular, the results in West (1996) require that under the null, the populationb
level long run variance ofd., be positive. This requirement is violated with nested models
regardless of the presence of weak predictors. Intuitively, with nested models (and for the
moment ignoring the weak predictors), the null hypothesis that the restrictions imposed in
the benchmark model are true implies the population errors of the competing forecasting
models are exactly the same. As a result, in populatiord;+, = 0 for all t, which makes the
corresponding variances also equal to 0. Because the sample analogues (for examg@land
its variance) converge to zero at the same rate, the test statistics have nonbBdegenerate null
distributions, but they are nonbstandard.

Motivated by (i) the degeneracy of the long-run variance ofd;.+, and (ii) the functional
form of the standard in-sample F-test, McCracken (2007) develops an outbofbsample Fbtype
test of equal MSE, given by

MSEo# MSE 4 &

MSE-F = (P # " +1) % = (P#" +1) % .
( ) % MSE; ( ) °MSE;

()

Like the MSE-t test, the limiting distribution of the MSE- F test is nonbstandard when
the forecasts are nested under the null. Clark and McCracken (2005) and McCracken (2007)
show that, for " Dstep ahead forecasts, the MSIE- statistic converges in distribution to func-
tions of stochastic integrals of quadratics of Brownian motion, with limiting distributions
that depend on the sample split parameter’, the number of exclusion restrictionsk;, and
the unknown nuisance parameterS;;. While this continues to hold in the presence of weak
predictors, the asymptotic distributions now depend not only upon the unknown coelcients
associated with the weak predictors but also upon other unknown second moments of the
data. In the following, for the recursive scheme debne $= $11+#P s—lw’(s)SﬁﬁdW(s), $,=
$11*#P ST2W/(8) Sy W (S)dS, $5 = s S2W/(5)SZW(s)ds, $6 = 1 " sTH (B, V2K )S
For the rolling scheme, debne $= ;" (W (s)# W (s# 1))'SzdW(s), $2= ;7 (W (s)#

W (s# 1))/Sis (W (S) # W (s# 1))ds, $5 = $11+#P (W (s)# W (s# 1))'SZ.(W(s)# W (s# 1))ds,

3/2

o W (s)ds.
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$.. 2.
and $g = 11 #e s*l(%Bll/le#)S;;z(W(s) # W(s # 1))ds. For both schemes debne

$ 2.
$3= o P(UBy PRSI ZAW(S), $a = TP IR0 MRS = &p YaIoF [R50
and $; = &p(%Bl_llzﬁ//#)Sﬁﬁ(RB 1_1/2%/#9. The following two Theorems provide the
asymptotic distributions of the MSE-F and MSE+ statistics in the presence of weak pre-

dictors.
Theorem 2.1: Maintain Assumptions 1, 2,3, and 5. MSEF * 4 {2$:1# $,}+2{$3}+{$4}.

Theorem 2.2: Maintain Assumptions # 5. MSE-t * ¢ ({$1# .52} + {$3} +{.5%4})/ ($5+
$6+$7)°.

Theorems 2.1 and 2.2 show that the limiting distributions of the MSE-t and MSE-F
tests are neither normal nor chi-square when the forecasts are nested, regardless of the
presence of weak predictors. Theorem 2.1 is very similar to Proposition 2 in Inoue and
Kilian (2004) while Theorem 2.2 is unique. And again, the limiting distributions are free
of nuisance parameters in only very special cases. In particular, the distributions here are
free of nuisance parameters only if there are no weak predictors and 8, = 1. If this is
the case N if, for example," = 1 and the forecast errors are conditionally homoskedastic
N both representations simplify to those in McCracken (2007) and hence his critical values
can be used for testing for equal population level predictive ability. In the absence of weak
predictors alone, the representation simplibes to that in Clark and McCracken (2005) and
hence the asymptotic distributions still depend upon Sg;. In this case, and in the most
general case where weak predictors are present, we use bootstrap methods to estimate the
asymptotically valid critical values. Before describing our bootstrap approach, however, it

is necessary to clarify the null hypothesis of interest.

2.3 A null hypothesis with weak predictors

The noncentrality terms, especially those associated with the asymptotic distribution of
the MSE-F statistic ($ 4), give some indication of the power that the test statistics have
against deviations from the null hypothesis of equal population predictive ability Hg :

E(u3., # uf;,,) =0 forall t, B for which it must be the case that! ;, = 0. As noted

earlier, it is in that sense that our analytical results are closely related to those in Inoue and
Kilian (2004). Closer inspection however, shows that the results provide opportunities for
testing another form of the null hypothesis of equal predictive ability when weak predictors

are present.



For example, under the assumptions made earlier in this section it is straightforward to
show that the mean of the asymptotic distribution of the MSE-F statistic can be used to
approximate the mean di"erence in the average out-of-sample predictive ability of the two
models3 For example, under the recursive scheme we have

% T4p & 1ot
1 (83141 # 02, ,) + ) [#s Hr (#IBod' + B1)V) + %I,F1I5%ds
while under the rolling scheme we have
% 1ip & 1t
g (@31 # 07 0) + | (#3Bod' + B1)V) + %JoF; 1J5%ds.

Intuitively, one might consider using these expressions as a means of characterizing

when the two models have equal average Pnite-sample predictive ability over the out-of-

sample period. For example, having set these two expressions to zero, integrating and

$I,FF 13,8
tr((=JBoJ +B1)V)

respectively, for the recursive and rolling schemes. This ratio simplibes further wheh = 1

solving for the marginal signal-to-noise ratio implies

equals% and 1,

and the forecast errors are conditionally homoskedastic in which case ((#JBoJ'+ B1)V) =
#2K1.

This marginal signal-to-noise ratio forms the basis of our new approach to testing for
equal predictive ability. Rather than testing for equal population-level predictive ability
Ho: E(ud.s, # uj.,.,)=0forall t, D for which it must be the case that! , = 0 D we test for
equal average out-of-sample predictive abilityHq : E(P*l! T (63, #02,,,))=0D for
which it is approximately the case that ! ;,F; ! [, = d whered equals%tr (#JBod'+
B1)V)ortr ((#JBoJ’+ B1)V), depending on whether the recursive or rolling scheme is used.

While we believe the result is intuitive, it is not immediately clear how such a restriction
on the regression parameters can be used to achieve asymptotically valid inference. If we
look back at the asymptotic distribution of the MSE- F statistic, we see that in general it
not only depends upon the unknown value ofl 7,, but also the asymptotic distribution is
non-standard, thus requiring either extensive tables of critical values or simulation-based
methods for constructing the critical values. Rather than take either of these approaches,
in the following section, we develop a new bootstrap-based method for constructing asymp-
totically valid critical values that can be used to test the null of equal average Pnite-sample

predictive ability.

3By taking this approach we are using the fact that under our assumptions, notably the L?2-boundedness
portion of Assumption 3, ZtT;TP(ﬁaH! ! 63.,,) is uniformly integrable and hence the expectation of its

limit is equal to the limit of its expectation.



2.4  Bootstrap-based critical values with weak predictors

Our new, bootstrap-based method of approximating the asymptotically valid critical values
for pairwise comparisons between nested models is di"erent from that previously used in
Kilian (1999) and Clark and McCracken (2005). In those applications, an appropriately
dimensioned VAR was initially estimated by OLS imposing the restriction that ! j, was set
to zero and the residuals saved for resampling. The recursive structure of the VAR was then
used to generate a large number of artibcial samples, each of which was used to construct
one of the test statistics discussed above. The relevant sample percentile from this large
collection of artibcial statistics was then used as the critical value. Simulations show that
this approach provides accurate inference for the null of equal population predictive ability
not only for one-step ahead forecasts but also for longer horizons (in our direct multi-step
framework).

However, there are two reasons we should not expect this bootstrap approach to provide
accurate inference in the presence of weak predictors. First, imposing the restriction that
I, is set to zero implies a null of equal population N not Pnite-sample N predictive ability.
Second, by creating the artibcial samples using the recursive structure of the VAR we are
imposing the restriction that equal one-step ahead predictive ability implies equal predictive
ability at longer horizons. Our present framework in no way imposes that restriction. We
therefore take an entirely di"erent approach to imposing the relevant null hypothesis and
generate the artibcial samples.

For example, suppose we are interested in testing whether, under the recursive scheme,
the two models have equal average predictive ability over the out-of-sample period and
hence % ,F; 1J%equals Wtr ((#JBoJd’ + B1)V). While this restriction is infeasible
due to the various unknown moments and parameters, it suggests a closely related, feasible
restriction quite similar to that used in ridge regression. However, instead of imposing the
restriction that ! ’{"2! %, = c for some Pbnite constant N as one would in a ridge regression
N we instead impose the restriction that %]zFl‘l(T)Jé%equals %tr ((#IBo(T)J' +
B1(T))V(T)), where the relevant unknowns are estimated using the obvious sample mo-

" ! .
ments: & = P/T,Bi(T) = (Tt ' xisxls)~L, i =0,1, Fy(T) = J5B1(T)J2, and V(T)
denotes an estimate of the long-run variance ohy . .% In addition, we estimate %using

the approximation %= (0 1k, T2l 1,,)’ where ! 1,7 denotes the restricted least squares

“In our Monte Carlo simulations and empirical work we use a Newey-West kernel with bandwidth 0 for
horizon = 1 and bandwidth 1.5*horizon otherwise.



estimator of the parameters associated with the weak predictors satisfying

1 v/ !/

Py (laar. i 1o7) (4)
% 1 "
arg mbiln oy ser # X4 ¢b1)? s.t. B IFH(T)Ishy = dIT

where d equals %tr ((#JBo(T)J' + B1(T))V(T)). For a given sample size, this es-
timator is equivalent to a ridge regression if the weak predictors are orthonormal. More
generally though, it lies in the class of asymptotic shrinkage estimators discussed in Hansen
(2008).

Note that this approach to imposing the null hypothesis is consistent with the direct
multi-step forecasting approach we assume is used to construct the forecasts and hence the
restriction can vary with the forecast horizon ". This approach therefore precludes using
a VAR and its recursive structure to generate the artibcial samples. Instead we use a
pxed regressor approach as discussed in Hansen (2000). In this framework th@s are held
Pxed across the artibcial samples and the dependent variable is generated using the direct
multi-step equation yg,, = Xll,si 17V, s=1,...,T+P#" for asuitably chosen artiPcial
error term Vg, , designed to capture both the presence of conditional heteroskedasticity and
an assumedMA (" # 1) serial correlation structure in the "-step ahead forecasts. Specif-
ically, we construct the artibcial samples and bootstrap critical values using the following
algorithm.®

1. Estimate the parameter vector ! ] associated with the unrestricted model using
the weighted ridge regression from equation (4) above. Note that the resulting pa-
rameter estimate will vary with the forecast horizon. If the recursive scheme is used,
set d to %tr (#IBo(T)J' + B1(T))V(T)); if the rolling scheme is used, setd to
tr (#J3Bo(T)I"+ B(T)V(T)).

2. Using NLLS, estimate anMA (" # 1) model for the OLS residualsV; s+1 such that
Vist1 = (1841 + )1(asrr—1+ .o+ )i_1(1s+1. Let *g4y, s =1,.., T+ P# ", denote
an i.i.d N (0,1) sequence of simulated random variables. DebPn ., = (*g¢ (1541 +
Y1*e ge1€isri o1+ ot Y1 _1¥qqC1sr1) S=1,.., T+ P# . Form artibcial samples of
ys+1 using the bxed regressor structureyg,, = X/1,si 1rt Vs

3. Using the artibcial data, construct an estimate of the test statistics (e.g. MSEF,

MSE-t) as if this were the original data.

5Our approach to generating artibcial samples of multi-step forecast errors builds on a sampling approach
proposed in Hansen (1996)).
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4. Repeat steps 2 and 3 a large number of timeg: = 1,...,N.

5. Reject the null hypothesis, at the +% level, if the test statistic is greater than the
(100# +)%-ile of the empirical distribution of the simulated test statistics.

By using the weighted ridge regression to estimate the model parameters we are able, in
large samples, to impose the restriction that the implied estimates T 2i 127) Of the local-
to-zero parameters! i, satisfy our approximation to the null hypothesis. This is despite the
fact that the estimates of ! 7, are not consistent. While this estimator, along with the pxed
regressor structure of the bootstrap, imposes the null hypothesis upon the artibcial samples,
it is not necessarily the case that the bootstrap is asymptotically valid in the sense that the
estimated critical values are consistent for their population values. To see how this might
happen, note that the asymptotic distributions from Theorem 2.1 depend explicitly upon
the local-to-zero parameters! i, through the terms $3 and $4. In the case of %, this is
not an issue because the null hypothesis imposes a restriction on the value of this term that
does not depend upon 3, explicitly, just an appropriately chosen weighted quadratic that
is known under the null. $3 is a di"erent story. This term is asymptotically normal with
a zero mean and variancep ! 1535V Jy! 1, that in general, need not have any relationship
to the restriction ! ’1*2F1‘1! 1o = d implied by the null hypothesis. Hence, in general, the
asymptotic distribution is an explicit function of the value of !, implying that the null
hypothesis itself does not imply a unique asymptotic distribution for either the MSE-F or
MSE-t statistics.

Even so, as we discuss below, the bootstrap is asymptotically valid in two empirically
relevant special cases. Before providing the result, however, we require a modest strength-

ening of the moment conditions on the model residuals.

| |
Assumption 3: (8) T-* [T UrjUs; | & r# where# =lm1_ T L E(UrjUi; )

forall | $ 0, (b) E((1,s+1(1s+1—j,X1s—j | $ 0) =0, (c) Let $1 = (! 57,)1,..,)1-1),
$r = (951,51,...J1 1), and debne the function(ss+1 = (25+1 ($7) Such that {1541 ($7) =
(1,s+1. In an open neighborhoodNt around $, there exists a Pnite constantc such that
SUPy<s<7 1>1 Il SUPyen, ((1s+1 ($),, '(/1,s+! ($),x7,18) lla ( ¢ (d) Urj#EUT; =( hfr,l,j v, VeAXT 1, Xﬂ-,lyj #
EXT1; x’T,l‘j ) is a zero mean triangular array satisfying Theorem 3.2 of de Jong and David-
son (2000).
Assumption 3 di"ers from Assumption 3 in two ways. First, in (b) it emphasizes the

point that the forecast errors, and by implication hy ¢+, forman MA (" # 1). Second, in (c)
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it bounds the second moments not only ohy¢+1 = ((1s+1 + ) 1(1s+t —1+ . ¥ )1 —1(1.5+1 )X1s
(as in Assumption 3) but also the functions {(1s+1 ($)X7,1,s, and, (1s+1 ($)x1 15 for all $
in an open neighborhood of$;. These assumptions are primarily used to show that the
bootstrap-based artibcial samples, which are a function of the estimated error§; s+, ade-
guately replicate the time series properties of the original data in large samples. Specibcally
we must insure that the bootstrap analog ofh; s+ 1 is not only zero mean but has the same
long-run variance V. Such an assumption is not needed for our earlier results since the
model forecast errorstiis+1 i = 0,1 are linear functions of .bi,T and Assumption 3 already
imposes moment conditions onliy s+1 via moment conditions onhy s+ .

In the following let MSE-F* and MSE-t* denote statistics generated using the artibcial
samples from our bootstrap. Similarly let$,i =1, ..., 7, denote random variables generated
using the artibcial samples satisfying $ =9 $;,i = 1,...,7, for $; debned in Theorems 2.1

and 2.2.

Theorem 2.3: Let ! 75F; 1 %, = d and assume either (i)" = 1 and the forecast errors
from the unrestricted model are conditionally homoskedastic, or (i) dim(! 15) = 1. (a)
Given Assumptions 12,3, and 5, MSEF* * 4 {2$; # $5} + 2{$35} + {$;}. (b) Given
Assumptions 1,2,3,4, and 5, MSEt* * 4 ({2$5 # $5} +2{$35} + {$:})/ B+ $5+$3)°.

In Theorem 2.3 we show that our bxed-regressor bootstrap provides an asymptotically
valid method of estimating the critical values associated with the null of equal average Pnite
sample forecast accuracy. The result, however, requires additional assumptions. In the
prst, we require that the forecast errors be one-step ahead and conditionally homoskedastic.
In the latter we allow serial correlation and conditional heteroskedasticity but require that
I ], is scalar. While neither case covers the broadest situation in which I, is not scalar and
the forecast errors exhibit either serial correlation or conditional heteroskedasticity, these
two special cases cover a wide range of empirically relevant applications. Kilian (1999)
argues that conditional homoskedasticity is a reasonable assumption for one-step ahead
forecasts of quarterly macroeconomic variables. Moreover, in many applications in which
a nested model comparison is made (Goyal and Welch (2008), Stock and Watson (2003),
etc.), the unrestricted forecasts are made by simply adding one lag of a single predictor to
the baseline restricted model.

By itself, however, Theorem 2.3 is insu!cient for recommending the use of the boot-

strap: it does not tell us whether the proposed bootstrap is adequate for constructing

12



asymptotically valid critical values under the alternative that the unrestricted model fore-

casts more accurately than the restricted model. Unfortunately, there are any number
of ways to model the case in which! /5F 115, > d. For example, rather than modeling
the weak predictive ability in Assumption 1 as T-Y2! 5, with ! }5F; 1%, = d, one could

model the predictive content asT ~2C! 7, for constants C < and a) (0, 1/ 2] satisfying
! ’1*2F1‘1! 12 >d. While mathematically elegant, this approach does not allow us to analyze
the most intuitive alternative in which not only is the unrestricted model more accurate
but Jé.f’lyT is also a consistent estimator ofl 7, = 0. For this situation to hold we need the
additional restriction that a =0 and hence! 7, is no longer interpretable as a local-to-zero
parameter. With this modibcation (Assumption 1’) in hand, we address the validity of

the bootstrap under the alternative in the following Proposition.

Theorem 2.4: Let Jé.ﬁl; * P13, =0 and assume either (i)" = 1 and the forecast errors
from the unrestricted model are conditionally homoskedastic, or (ii) dim( ,) = 1. (@)
Given Assumptions 1,2,3, and 5, MSEF* * 4 {2%7 # $5} + 2{$3} + {$;}. (b) Given
Assumptions 1,2,3, 4, and 5, MSE4* * 4 ({27 # $5} +2{$3} + {$;})/ $L+$ 5+ $3)°.

In Theorem 2.4 we see that indeed, the bootstrap-based test is consistent for testing the
null hypothesis of equal bnite sample predictive accuracy (that [5F ;! %, = d against the
alternative that the unrestricted model is more accurate (that Jé.bl‘T * P13,=0). This
follows since under this alternative, the data-based statisticsMSE # F and MSE-t each
diverge to +' while the the bootstrap-based statistics MSEF * and MSE+t* each retain
the same asymptotic distribution as they did under the null.

As we will show in section 3, our bxed regressor bootstrap provides reasonably sized
tests in our Monte Carlo simulations, outperforming other bootstrap-based methods for
estimating the asymptotically valid critical values necessary to test the null of equal average

Pnite sample predictive ability.

3 Bootstrap approaches

Drawing on the proceeding theoretical results, we use nonbparametric and parametric boot-
strap procedures and a bxed regressor bootstrap in testing for equal forecast accuracy, based

on the above MSEF and MSE-t tests.
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3.1 Non-parametric bootstrap

Our nonPparametric approach is patterned on WhiteOs (2000) method: we create bootstrap
samples of forecast errors by sampling (with replacement) from the time series of sample
forecast errors, and construct test statistics for each sample draw. However, as noted above
and in White (2000), this procedure is not, in general, asymptotically valid when applied
to nested models. We include the method in part for its computational simplicity and in
part to examine the potential pitfalls of using the approach.

In our non-parametric implementations, we follow the approach of White (2000) in cen-
tering the bootstrap distributions. Under the nonbparametric approach, the relevant null
hypothesis is that the MSE di"erence (benchmark MSE less alternative model MSE) is at
most 0, and the MSE ratio (benchmark MSE/alternative model MSE) is at most 1. Fol-
lowing White (2000), each bootstrap draw of a given test statistic is re-centered around the
corresponding sample test statistic. Bootstrapped critical values are computed as percentiles
of the resulting distributions of rebcentered test statistics. We report empirical rejection
rates using a nominal size of 10%. Results using a nominal size of 5% are qualitatively

similar.

3.2 Restricted VAR bootstrap

Our parametric bootstrap procedure broadly follows those of Kilian (1999) and Clark and
McCracken (2005), among others. Vector autoregressive equations for and x; are esti-
mated using the full sample of observations, with the residuals stored for sampling. Boot-
strapped time series ony; and x; are generated by drawing with replacement from the
sample residuals and using the autoregressive structures of the estimated VAR to itera-
tively construct data. The initial observations N observations preceding the sample of data
used to estimate the models N necessitated by the lag structures of the estimated models,
are selected by sampling from the actual data. In particular, following Stine (1987), among
others, the initial observations are selected by picking one date at random and then taking
the necessary number of initial observations in order from that date backward. For each
sample of artibcial data, we estimate forecasting models and generate forecasts and test
statistics.

The VAR used in the bootstrap is restricted to impose the null that the x variables

of interest have no predictive content N that is, coelcients of zero. The bootstrap DGP
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equation for y in the VAR takes the form of the null or benchmark forecasting model. For
simplicity, the VAR equations for the x variables are specibed as AR models. This basic
approach is used in such studies as Mark (1995), Kilian (1999), Clark and McCracken (2005,
2006), and Clark and West (2006, 2007).

We use the restricted VAR bootstrap to construct critical values for tests of equal forecast
accuracy based on the MSH- and MSE-t tests. For all tests, because the null hypothesis
of I 7, = 0 is imposed in the data generation process, no adjustment of the sample test
statistics is needed for inference. We simply compare the sample test statistics against the
bootstrap draws, without any re-centering.

For comparison, we also use the restricted bootstrap to generate critical values for the
adjusted t# test of equal MSE developed in Clark and West (2006, 2007). In the interest
of obtaining a normally-distributed or nearly-normal test of equal MSE, Clark and West
propose a simple adjustment to the MSE di"erential to account for the additional parameter
estimation error of the larger model. When applied to a pair of rolling sample forecasts under
a random walk null model, the adjusted test statistic has a standard normal distribution
(asymptotically). With a null model that involves parameter estimation (as is the case in
this paper), Clark and West (2007) argue that the limiting null distribution is approximately
normal. Note, however, that in either case, the null hypothesis is that the smaller model
is true, not that the null and alternative forecasts are equally accurate over the sample of

interest.

3.3 Fixed regressor bootstrap

As outlined in section 2.4, we also consider a bxed regressor bootstrap under the null of
equal forecast accuracy. Under this procedure, we re-estimate the alternative forecasting
model subject to the constraint that implies the null and alternative model forecasts to

be equally accurate. We take the residuals {.:) and ptted values (7, pl,T) from this
model. Following the algorithm outlined in section 2.4, we create artibcial replicas of
the residuals Vf,, and add them to the ptted value to form artibcial samples ofy;,; :
Vivl = x’l,t.f’lyT + V', . Using the artibcial samples of data ony, we estimate the forecasting
models (using actual data on all the variables on the right-hand side, rather than simulated
data), generate samples of forecasts and forecast errors, and bnally compute samples of test
statistics. In particular, we use the bxed regressor bootstrap to construct critical values for

the MSE-F and MSE-t tests. We compare the sample test statistics against the bootstrap
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draws, without any re-centering.

4 Monte Carlo Evidence

We use simulations of bivariate and multivariate DGPs based on common macroeconomic
applications to evaluate the Pnite sample properties of the above approaches to testing
for equal forecast accuracy. In these simulations, the benchmark forecasting model is an
autoregressive model of the predictandy; the alternative models add lags of various other
variables of interest. The general null hypothesis is that the forecast from the alternative
models is no more accurate than the benchmark forecast. This general null, however, can
take di"erent specibc forms: either the variables in the alternative model have no predictive
content, in that their coelcients are O; or the variables have nonbzero coel!cients, but the
coelcients are small enough that the benchmark and alternative models are expected to
be equally more accurate over the forecast sample. We focus our presentation on recursive

forecasts, but include some results for rolling forecasts.

4.1 Monte Carlo design

For all DGPs, we generate data using independent draws of innovations from the normal
distribution and the autoregressive structure of the DGP. The initial observations necessi-
tated by the lag structure of each DGP are generated with draws from the unconditional
normal distribution implied by the DGP. While our results can be generalized to any fore-
cast horizon (with models of the direct multibstep form), for brevity we focus on onebstep
ahead forecasts. With quarterly data in mind, we also consider a range of sample sizes
(R, P), rel3ecting those commonly available in practice: 80,40; 40,80; 80,80; and 80,120.
All of the DGPs are based on empirical relationships among U.S. in3ation and a range
of predictors, estimated with 1968-2007 data. In all cases, our reported results are based

on 2000 Monte Carlo draws and 499 bootstrap replications.
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4.1.1 DGPs

DGP 1 is based on the empirical relationship between the change in core PCE inf3ation

(yt) and the Chicago FedOs index of the business cycbe; ¢, the CFNAI):

Yt #0.4y; 1 # 0.1yt 2+ buaXat—1+ Ut

X1t = 0-8X(1,t71)# O-E-Xl,th + Sll,t 5)
Ut 0.8

V& vie T 00 04

In the DGP 1 experiments, the alternative (unrestricted) forecasting model takes the form
of the DGP equation for y (with constant added); the null or benchmark (restricted) model

drops X1 ¢—1:

null: yt Po+ DaYt—1+ ! qYt2+ Uog. (6)

alternative: y; = o+ yica+ qyio+ P 3Xgi-1+ Ugy. @)

We consider various experiments with di"erent settings ofb;1, the coelcient on Xx1¢_1,
which corresponds to the elements of our theoretical construct ,/  T. In one set of
simulations (Table 1), the coelcient is set to 0, such that the null forecasting model is
expected to be more accurate than the alternative. In others (Tables 2 and 3), the coelcient
is set to a value that makes the models equally accurate (in expectation) on average over
the forecast sample. For example, with recursive forecasts an® and P both equal to 80
(this coelcient value changes with R and P), this value is 0.11, about 1/2 of the empirical
estimate. In another set of experiments (Table 4), the coelcient is set to 0.3, such that the
alternative model is expected to be more accurate than the null.

DGP 2 is based on the empirical relationship among the change in core PCE infRation
(yt), the CFNAI ( x1), growth in unit labor costs less core inf3ation k2t), PCE food price
infRation less core inf3ation &3:), and PCE energy price infRation less core infRation Xa4,¢).
To simplify the lag structure necessary for reasonable forecasting models, the growth or

inRation rates used in forming variablesx,, X3¢, and X4 are computed as two-quarter
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averages. Based on these data, DGP 2 takes the form

yr = #0.40y_1# 0.1yy_o+ braXgp—1+ piXor—1 + 3iX3t—1+ uaXar—1 + Ut
X1t = 0.8X11t_1# O.leyt_2+ Vit
Xot = 0.7X2't,1# O.3X2‘t,2 + Vot (8)
X3t = 0-9X3,t—1# 0.2X3,t_2 + V3¢
Xgt = 0.8X4't,1# O.3X4‘t,2 + Vgt
* _ * _
Ut 0.8
fvie $00 04
varfvy;- =1 02 #01 38 :
v vae! o #01 00 03 22 I
Vat 0.3 #06 15 09 726

In DGP 2 experiments, the null (restricted) and alternative (unrestricted) forecasting

models take the following forms, respectively:

Yo = lo+t!layi—1+ ! 1yi—2+ uoy. 9)

Vi = lot!layi—1+ D ayi—o+ PaXap—1+ I gXot—1+ P sXap—1+ ! gXat—1+ Ug. (10)

As with DGP 1, we consider experiments with three di"erent settings of the set ofb;
coelcients, which correspond to the elements of! *{2/' T. In one set of experiments (Table
1), all of the by coelcients are set to zero, such that the null forecasting model is expected to
be more accurate than the alternative. In others (Tables 2 and 3), empiricallybbased values
of the b coelcients are multiplied by a constant less than one, such that, in population,
the null and alternative models are expected to be equally accurate, on average, over the
forecast sample. WithR and P at 80, this multiplying constant is 0.355. In another set
of experiments (Table 4), the coelcients are set at empiricallybbased estimatesh;; = 0.3,
b, = 0.1, i3 = 0.1, and by4 = .015. With these values, the alternative model is expected

to be more accurate than the null.

4.2 Results

Our interest lays in identifying those bootstrap approaches that yield reasonably accurate
inferences on the forecast performance of models. At the outset, then, it may be useful
to broadly summarize the forecast performance of competing models under our various

alternatives. Accordingly, Figure 1 shows estimated densities of the MSE ratio statistic
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(the ratio of the null modelOs MSE to the alternative modelOs MSE), based on experiments
with DGP 2, using R = P = 80. We provide three densities, for the cases in which the
bj coelcients of the DGP (8) are: (i) set to 0, such that the null model should be more
accurate; (ii) set to nonbzero values so as to make the null and alternative models (9) and
(10) equally accurate over the forecast sample, according to our localbtobzero asymptotic
results; and (iii) set at larger values, such that the alternative model is expected to be more
accurate.

As the bgure shows, for the DGP which implies the null model should be best, the
MSE ratio distribution mostly lays above 1.0. For the DGP that implies the models can be
expected to be equally accurate, the distribution is centered at about 1.0. Finally, for the
DGP that implies the alternative model can be expected to be best, the distribution mostly
lays about 1.0. Among our bootstrap procedures, the restricted VAR approach vyields, by
design, a distribution like that shown for the null best DGP. The nonbparametric and bxed
regressor bootstraps are intended to estimate a null distribution like that shown for the
equally good models DGP. In all cases, the null will be rejected when the sample MSE
ratio lays in the right tail of the bootstrapped distribution.

What, then, might we expect test rejection rates to look like across experiments and
bootstraps? For DGPs in which the null model is best, tests compared against the restricted
VAR bootstrap should have rejection rates of about 10%, the nominal size (prior studies such
as Kilian (1999) and Clark and McCracken (2005) have shown this bootstrap approach to
work reasonably well in this type of experiment). However, the same tests compared against
the other bootstraps should have rejection rates below 10%, because given the DGP, the
models should not be expected to be equally accurate. For DGPs with coelcients scaled
such that the null and alternative models can be expected to be equally accurate, we want
the tests compared against the nonbparametric and Pxed regressor bootstraps to have size
of about 10%. That said, as indicated above, we shouldnOt expect the nonbparametric ap-
proach to perform well when applied to recursive forecasts from our nested models (based on
the asymptotics of Giacomini and White (2006), the non-parametric bootstrap may perform
better for rolling forecasts). We should expect the same tests compared to restricted VAR
bootstrap critical values to yield rejection rates greater than 10%, because the restricted
VAR distribution lays to the left of the equal accuracy distribution. Finally, with DGPs

that imply the alternative model to be more accurate than the null, we should look for re-
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jection rates that exceed 10%. Again, though, rejection rates based on the restricted VAR

bootstrap should generally be higher than rejection rates based on the other approaches.

4.2.1 Null Model Most Accurate

Table 1 presents Monte Carlo results for DGPs in which, in truth, the x variables considered
have no predictive content fory, such that the null forecasting model should be expected to
be best. These results generally line up with the expectations described above. Comparing
the MSE-F, MSE-t and CW t-test statistics against restricted VAR bootstrap critical values
consistently yields rejection rates of about the nominal size of 10%. For example, across all
the experiments, restricted VAR bootstrap rejection rates for the MSE-F test range from
9.3% to 11.4%.

Comparing the test statistics to other bootstrap distributions yields rejection rates typ-
ically well below 10%, and often close to 0. Non-parametric bootstrap rejection rates for
the MSE-F test range from 0% to 4.1%. Using the bxed regressor bootstrap yields results
gualitatively similar to those for the nonbparametric approach, with a range of 0.3 to 3.8%.
Under any bootstrap approach, results are qualitatively very similar for the MSE+ and

MSE-t tests.

4.2.2 Null and Alternative Models Equally Accurate

Table 2 presents results for DGPs in which theb; coelcients on some x variables are nonb
zero but small enough that, under our asymptotic approximation, the null and alternative
forecasting models are expected to be equally accurate over the sample considered. These
results also generally line up with the expectations described above, and show clearly that,
for testing the null of equal forecast accuracy, the most reliable bootstrap method is our
proposed bxed regressor procedure.

Tests based on the bxed regressor bootstrap generally have rejection rates of about 10%
(the nominal size). For example, in the case of the MSH- test, rejection rates range from
8.1% to 11.4%.

Tests based on the other bootstrap intended to test the null of equal accuracy, the nonb
parametric bootstrap, are less reliable indicators of equal accuracy. For the MSE- test,
using the non-parametric bootstrap to compute critical values leads to modest undersizing.
In Table 2, the MSE-F testOs rejection rate ranges from 3.2 to 8.8% based on non-parametric

critical values, compared to a range of 8.1 to 11.4% based on bxed regressor bootstrap critical
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values.

Tests based on the restricted VAR bootstrap may also be seen as unreliable indicators of
equal forecast accuracy N but in that they overstate, rather than understate, the likelihood
of two models being equally accurate. Comparing test statistics against critical values from
the restricted VAR bootstrap generally yields rejection rates far in excess of 10%. In the
case of the MSEF test, rejection rates range from 25.3% to 46.6% (Table 2). Similarly,
rejection rates for the C-W t-test range from 23.7% to 54.1%.

Among the alternative tests for equal MSE, results are, for the most part, qualitatively
similar for the MSE-F and MSE-t test. For example, with the bPxed regressor bootstrap,
MSE-t rejection rates range from 7.4 to 10.3%, compared to the MSE= range of 8.1% to
11.4%.

Table 3 provides results for experiments using a rolling forecast scheme instead of the
baseline recursive scheme, for models parameterized to make the null and alternative models
equally accurate (the necessary scaling factor is a bit di"erent in the rolling case than the
recursive). In general, the results for the rolling scheme are very similar to those for the
recursive. Under both schemes, tests based on the restricted VAR reject too often, while
tests based on our bxed regressor bootstrap have size of about 10% (the nominal size). Tests
based on the non-parametric bootstrap continue to be undersized, although the problem
is a bit worse under the rolling scheme than the recursive. For example, with DGP 1 and
R = P = 80, comparing the MSE-F test against critical values estimated with the non-
parametric bootstrap yields a rejection rate of 7.0% for recursive forecasts (Table 2) and
5.2% for rolling forecasts (Table 3).

Our rolling scheme results on the behavior of the MSE- test compared against non-
parametric bootstrap critical values are somewhat at odds with the behavior of the test
in Giacomini and White (2006).6 The di"erence seems to stem from treating the test as
one-sided rather than two-sided. In unreported results for our DGPs, with non-parametric
bootstrap critical values, a two-sided MSE+1 test ranged from being slightly undersized to

slightly oversized, in contrast to the consistent undersizing of the one-sided test.

®Giacomini and White (2006) compare the MSE-t test against standard normal critical values, rather
than bootstrap critical values. In our experiments, comparing the MSE- t test against normal critical values
yields results very similar to those we report for the non-parametric bootstrap.

21



4.2.3 Alternative Model Most Accurate

Table 4 provides results for DGPs in which theb; coelcients on some x variables are large
enough that, under our asymptotics, the alternative model is expected to be more accurate
than the null model.

As anticipated, comparing the test statistics against critical values estimated with the
restricted VAR bootstrap yields the highest rejection rate. In the case of the MSEF test,
rejection rates range from 72.6 to 99.1%. Comparing the test statistics against critical values
estimated with the bxed regressor bootstrap yields modestly lower rejection rates. For the
MSE-F test, rejection rates range from 58.4 to 96.1%. Comparing tests against distributions
estimated with the nonDBparametric bootstrap yields materially lower power. In Table 40s
results, using the nonbparametric bootstrap for the MSEF test yields a rejection rate
between 29.9 and 79.2%.

Rejection rates for the MSE+ test are broadly similar to those for the MSE-F test,
although with some noticeable di"erences. In most cases in Table 40s results, the MSE-
t test is less powerful than the MSEF test (as with the bPxed regressor bootstrap), but
in some cases (as with the nonbparametric bootstrap), the MSE-test is more powerful.
Finally, as noted above in other experiment settings, the power of the C-W-test is broadly

comparable to that of the MSE-F test compared against restricted VAR critical values.

4.2.4 Results summary

Overall, the Monte Carlo results show that, for testing equal forecast accuracy over a given
sample, our proposed bxed regressor bootstrap works reasonably well. When the null of
equal accuracy is true, the testing procedures yield approximately correctly sized tests.
When an alternative model is, in truth, more accurate than the null, the testing procedures
have reasonable power. The nonbparametric bootstrap procedure, which just reDsamples
the data without imposing the equal accuracy null in the data generation, is not as reliable
when applied to nested forecasting models. Finally, in line with prior research, for the
purpose of testing the null that certain coelcients are 0, a restricted VAR bootstrap is
reliable. However, the null of O coelcients is not the same as the null of equal forecast

accuracy.
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5 Applications

In this section we use the tests and inference approaches described above in forecasting
excess stock returns and core infRation, both for the U.S. Some recent examples from the
long literature on stock return forecasting include Rapach and Wohar (2006), Goyal and
Welch (2008), and Campbell and Thompson (2008). Some recent inRation examples include
Atkeson and Ohanian (2001) and Stock and Watson (2003).

More specibcally, in the stock return application, we use the data of Goyal and Welch
(2008), and examine forecasts of monthly excess stock returns (CRSP excess returns mea-
sured on a log basis) from a total of 17 models. The null model includes just a constant.
The alternative models add in one lag of a common predictor, taken from the set of vari-
ables in the Goyal-Welch data set available over all of our samplé. These include, among
others, the dividend-price ratio, the earnings-price ratio, and the cross-sectional premium.
The full set of 16 predictive variables is listed in Table 5, with details provided in Goyal
and Welch (2008). Following studies such as Pesaran and Timmermann (1995), we focus
on the post-war period. Our model estimation sample begins with January 1954, and we
examine recursive 1-month ahead forecasts (that is, our estimation sample expands as fore-
casting moves forward in time) for 1970 through 2002. In the VAR bootstrap, we use a null
model with just a constant for excess returns and AR(6) models for each of the predictive
variables. In the bxed regressor procedure, the bootstrap equation for excess returns takes
the form of the unrestricted forecasting model from each application (with the coelcients
rescaled to imply equal forecast accuracy).

In the inRation application, we examine l-quarter ahead and 1-year ahead forecasts of
core PCE in3ation obtained from a few models. The null model includes a constant and lags
of the change in inRation. One alternative model adds one lag of the CFNAI to the baseline
model. Another includes one lag of the CFNAI, PCE food price in3ation less core inf3ation,
and and import price inRation less core inRation® We specify the models in terms of the
change in inRRation, following, among others, Stock and Watson (1999, 2003) and Clark and
McCracken (2006). In one application, we consider one-quarter ahead forecasts of inRation
debned as ; = 400In(P{/P{_1), using models relating % +1 to a constant, % {, %' {_1,

and the period t values of the CFNAI, relative food price inBation, and relative import

"We obtained the data from Amit GoyalOs website.
8We obtained the CFNAI data from the Chicago FedOs website and the rest of the data from the FAME
database of the Federal Reserve Board of Governors.
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price inRation. In another, we consider one-year ahead forecasts of inRation debned as
‘ 54) = 100In(P/P_4), using models relating' @4 # ' §4) to a constant, ' §4) # ' @4, and
the period t values of the CFNAI, relative food price inRation, and relative import price
inBation. To simplify the lag structure necessary for reasonable forecasting models, the
(relative) food and import price inRation variables are computed as two-period averages of
quarterly (relative) inRation rates.

For both in3ation forecast horizons, our model estimation sample uses a start date of
1968:Q3. The forecasts are generated recursively. In the restricted VAR bootstrap, the
DGP for inRation takes the same form as the null forecasting model, and we use AR(2)
models for each of the predictive variables. In the bxed regressor procedure, the bootstrap
equation for inf3ation takes the form of the unrestricted forecasting model from each of the
two applications (with the coelcients rescaled to imply equal forecast accuracy).

Results for the stock return and inf3ation forecast applications are reported in Tables
5 and 6. The tables provide, for each alternative model, the ratio of the MSE of forecasts
from the benchmark model to the alternative modelOs forecast MSE. The tables include
p-values for the null that the benchmark model is true (restricted VAR bootstrap) or that
the models are equally accurate (the nonbBparametric and Pxed regressor bootstraps). In the
interest of brevity, results are only presented for the MSE¥F test. We use 9999 replications
in computing the bootstrap p-values.

In the case of excess stock returns, the evidence in Table 5 is consistent with much of
the literature: return predictability is limited. Of the 16 alternative forecasting models,
only two N the Prst two in the table N have MSEs lower than the benchmark (that is,
MSE ratios greater than 1). The restricted VAR bootstrap p-values reject the null model
in favor of the alternative for each of these two models. These test results indicate the
predictor coelcients on the cross-sectional premium and return on long-term Treasuries are
nonbzero. Howeverp-values based on the bPxed regressor bootstrap imply weaker evidence
of forecastability, with the null of equal forecast accuracy rejected for the cross-sectional
premium, but not the Treasury return. This pattern suggests that, while the coelcient on
the Treasury return may di"er from zero, the coelcient is not large enough that a model
including the Treasury return would be expected to forecast better than the null model
over a sample of the size considered. Critical values based on the non-parametric bootstrap

yield no rejections, presumably (given our Monte Carlo evidence) rel3ecting lower power.
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The inRation results reported in Table 6 yield similarly mixed evidence of predictability.
By itself, the CFNAI improves the accuracy of 1-quarter ahead forecasts but not 4-quarter
ahead forecasts. At the 1-step horizon, the restricted VAR bootstrapp-values reject the
null model in favor of the alternative N indicating the predictor coe!cients on the CFNAI
to be nonbzero. Howeverp-values based on the bxed regressor bootstrap fail to reject the
null of equal accuracy. So while the coelcient on the CFNAI may di"er from zero, it is
not large enough that a model including the CFNAI would be expected to forecast better
than the null model in a sample of the size considered. Including not only the CFENAI
but also relative food and import price inRation yields larger gains in forecast accuracy, at
both horizons. In this case, critical values from both the restricted VAR and bxed regressor
bootstrap reject the null. This suggests the relevant coelcients are non-zero and large
enough to make the alternative model more accurate than the null. Here, too, critical

values based on the non-parametric bootstrap yield no rejections.

6 Conclusion

This paper develops bootstrap methods for testing, whether, in a Pnite sample, competing
out-of-sample forecasts from nested models are equally accurate. Most prior work on fore-
cast tests for nested models has focused on a null hypothesis of equal accuracy in population
N basically, whether coelcients on the extra variables in the larger, nesting model are zero.
We instead use an asymptotic approximation that treats the coelcients as non-zero but
small, such that, in a bPnite sample, forecasts from the small model are expected to be as
accurate as forecasts from the large model. While an unrestricted, correctly speciPed model
might have better population-level predictive ability than a misspecibed restricted model,

it need not do so in Pnite samples due to imprecision in the additional parameter estimates.
In the presence of these OweakO predictors, we show how to test the null of equal average
predictive ability over a given sample size.

Under our asymptotic approximation of weak predictive ability, we Prst derive the
asymptotic distributions of two tests for equal out-of-sample predictive ability. We then
develop a parametric bootstrap procedure N a bPxed regressor bootstrap N for testing the
null of equal Pnite-sample forecast accuracy. We next conduct a range of Monte Carlo
simulations to examine the PniteBsample properties of the tests and bootstrap procedures.

For tests of equal population-level predictive ability, we Pnd that, as suggested in Inoue and
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Kilian (2004), a restricted VAR bootstrap provides accurately sized tests. However, this
does not continue to hold when we consider tests of equal Pnite-sample predictive ability
in the presence of weak predictors. Instead, our proposed bxed regressor bootstrap works
reasonably well: When the null of equal Pnite-sample predictive ability is true, the testing
procedure yields approximately correctly sized tests. Moreover when an alternative model
is, in truth, more accurate than the null, the testing procedure has reasonable power. In
contrast, when applied to nested models, the non-parametric method of White (2000) does
not work so well, in a size or power sense.

In the bnal part of our analysis, we apply our proposed methods for testing equal predic-
tive ability to forecasts of excess stock returns and core infRation, using U.S. data. In both
applications, our methods for testing equal bnite sample accuracy Yyield weaker evidence of
predictability than do methods for testing equal population-level accuracy. There remains
some evidence, but only modest. In contrast, using non-parametric bootstrap methods that
are technically invalid with nested models N methods that have relatively poor size and

power properties N yields no evidence of predictability.
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7 Appendix: Theory Details

In the following, in addition to the notation from Section 2, debne|h’T71,s+T = X71,sV] e, @nd

Al g ee - = X7,1,681 . . For the recursive scheme dePnelf,(t) = t' ;:17 hY 1 es - and K4 (t) =
't AL, whie for the roling scheme dePneHj (1) = T (L7 .. . hp, . and
B (t)y= T L7 .4 By, . Moreover let sup, |.| denote supry s 74 pr . |.]-

Proof of Theorem 2.1: (a) The result is a special case of Theorem 1 of Clark and McCracken
(2008) and as a result, we provide only an outline of the proof here. The proof consists of two steps.
In the brst we provide an asymptotic expansion. In the second we apply a functional central limit
theorem and a weak convergence to stochastic integrals result, both from de Jong and Davidson
(2000). Throughout we ignore the Pnite sample di"erence betwee® and P # " + 1.

For the brst step, straightforward algebra reveals that

% oreps
=T (UO,HT # 0l,t+ 'r) (11)

% reps 1/218 $ 1/2
= {2 (T 77707 1 44 )(#IBo()I®+ B1()(THr ()

" + P" T
#T L (THYPHEL(O)# IBo(t)X10.4%F0,Bo(t)I®

+B1(t)xr1,x%1 B1(D))(TY2Hra (1))}
% 7+ p 7

2{ /B #IBo(1)I% Bi)(T YZhry )}
" % T+ P" T .
Hrr W(xr,1,eX5 1, # 2X714%5 1 IBo(1)IB (1)

+B; 1(1)IBo(t)xr0.x%0,Bo(1)IB; (1) %
D% qeprs L

+2{T 1 t:T 0/351 l(t)J B O(t)XT,O,tX%o’tBO(t)J $

#x7.1,51 B o()INTH2H 7 1(1)}.

Given Assumptions 3 (¢) and 5, straightforward moment-based bounding arguments, along with
the debnitions of A, fir 1 1+ -, and Hr 1(t) imply

% 1+ p - % rep s L. .
L (@ w02 )= w2 (T P (T2 (1)
. % i P _ - % rep s o wgy .
#TE TR (O) TR0} + #22OBB PA )(TT Y i )

+#2{(P/T_)(°/ﬁ]2F£ 1339%/#2)} + 0,(1).

For the second step we apply weak convergence results from de Jong and Davidson (2000),

notably Theorem 3.2. Taking limits, and noting that T/2H,(t) & s’ 1S%ZW(S) we obtain the
stochastic integrals presented in the statement of the Theorem.

% rep s "
= (UO,t+ T # 0ZI.,t+ ‘r) =
& &
1+ Ap . 1+ Ap .
#2{2 s 'W¥s)S; dW(s)# s 2W¥s)S; ;W (s)ds}
1 1
& 1+

)\P " . "
+#2] (98B, A% )SII2dW(s)} + #3{ &pURIoF 13506/} .
1
That MSE, * , #2 then provides the desired result.
(b) The proof is largely the same as for the recursive scheme. The only important di"erence
is that instead of Hpa(t) = (t' 1 T hri1. ) for the recursive scheme we now haved 7 1(t) =
(T"Y % . ;4 hraeeo) for the rolling scheme. Hence in the Pnal step of the proof for the

s=t" 7"
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recursive scheme we havel Y/2H 4 (t) & s lSfl/EZW(s) whereas for the rolling scheme we have
TY2H74(t) & Sﬁl/ﬁz(W(s) # W (s# 1)). Other di"erences are minor and omitted for brevity.

Proof of Theoremp 2.2: (a) Given Theorem 2.1(a) and the Continuous Mapping Theorem it
sulces to show that P ?: g K(iM 1$,,() * 4 4#4($s+$6+$ 7). Before doing so it is convenient

to redebPne the bracketed terms from (11) used in the primary decomposition of the loss di"erential
in the proof of Theorem 2.1(absent the summations, but keeping the brackets) as

(8314 - # 07 11 ) = {2A1:# Aze} +2{B} + {C;} +2{D}. (12)
With this in mind, if we ignore the Pnite sample di"erence betweenP and P # " + 1, we obtain
% . ] % . % rep s " s "
P K(IM )$,4() = K (M ) 4= T4 5 (85,4+ - # 07 4y )(OG 4 jo - # 07 0 5, )(13)
j="9 j="9
% , % 1+p - % . % 1+p -
= 4 KOM ), AreAve i+ 4] KOM ), AraBer g}
j="9 j="9
% _ % 7+ p -
+4{ N ?K(j/M ) =T BBy ;}
J:

+ other cross products of Ay ;, Ay, By, C, Dy with Aq e j, Az 5, By j, Cpr j, Dy .

In the remainder we show that each of the 3 bracketed terms in (13) converges t4* times $s, $6,
and $7 respectively and that the other cross product terms are eaclo,(1).

For the Prst bracketed term in (13), if we recall the dePnition of fiz1 ;.. and that P is Pnite,
algebra along the lines of Clark and McCracken (2005) gives us

% . % T+ P" T
K({M ) =T ArALe j
=9
% v, Y0 T4 pr T N .,
= T KGMOTTE T TTYHE (08171 )81 YA 9Bo(0I%+ BA(D)B] V%
=9
(B/Nr1 o My o s B2 2B Y2( B o(t# 1)3%+ Ba(t# )B] A (TY2BY 2 Hos(t# )1t )
% ., %
= #4 K (M )T
=9
(B::II.-/ZEhT,l,H-rh%ﬂ’l’t" j+TBi-/2/# 2)811/2(#J80J$+ Bl)Bll/z(Tl/zBi/zHTJ(t)/#)_l_ Op(l)

T+P" 1 " "
(TY2HE (DB %#)B, *(#IB oI+ B1)B; %%

4% - o TP 1/215 ' =5 1/245
= # K (M )T p (TR ERrL e AT g )TV H22(0) + 0,(1)
=" 9
. _ _ % _ .
[TY28%,(t) 1 TY2R% ,(ODved K (M NERr 1 A% o 0 1+ 0,(2).
j="9

.. % 74 pr
#y(T' L

! . .
Given Assumptions 3 and 4, f: " gK (M YERT1 ¢+ Th%l’t.. j+7) ¥ Syz. Since Assumption

3 and Theorem 3.2 of de Jong and Davidson (2000) su'ce forTY/2H (1) & s 18;/:W(s), the
Continuous Mapping Theorem implies

" % T+ P" T . . & I+ Ae " 1/2 1/2
T TY2ES (1)) TY2ES (1) * 4 s wW¥s)SH? /1 wWs)SH?ds.
=T ) . L ki hh
$ . . .
Since ( 11+ Pg 2[WSB(S)S,;gz/ W$(s)Sﬁlgz]ds)vec{Sﬁ-ﬁ] = $ 5, we obtain the desired result.
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For the second bracketed term in (13), similar arguments give us

% , % 1+ p 7
K(iM ) t= T4 5 ArBiy =
j="9
% B . )
B KGMOTE T (TP HE (0B )8, (3B o(D3%+ Ba())B] M0
j="9
(B *hr 1 e h$p s B2 2B, 2(#IBo(t# )35+ By(t# [)By V2(t# [ )(B/*(t# |)%/H)
% " 1% T+ P"
= # K@M )T
i="9
(Bi*ENras -hby o 1o B1/ 24 2)By 2 (# 3B 0I5+ B1)B, /2 (BY*%M) + 0,(1)
% " 1% T+ P"
= # KM )T
i="9

T(TY2HS ,()BY/%H#)B, Y2(#IBod%+ B1)B; /?%

(TY2E 71 (D) ERp 100 %1 o 1 )(AB 1/2%18) + 0,(1)

a1 TP T a8 1/245$ k : : =S
= #(T o ABLNA L T (D) ved KM )ERT 0 -7y e i )]+ 0p(2).

i="9

!
Given Assumptions 3 and 4, ?: + gK (M Y(ERTy M e.) * Sy Since Assumption

3 and Theorem 3.2 of de Jong and Davidson (2000) su'ce forTY/2H4(t) & s 18;22W(s), the
Continuous Mapping Theorem implies

&
R 2 1+ Ap

" . $ . " : $
T [(AB /%% | TY2HS (O] * 4 s M[(AB %% | WXs)S;/*]ds.

t=T

Siian g, $ . :
Since ( 11 g (AB i/z%/#é / W%S)S;gz]ds)veqsm] = $ 5, we obtain the desired result.

For the third bracketed term in (13), similar arguments give us

% , % 1+p 7
K@M ) =T B1:Bais ;=
=" 9
% N I ; "
# o KM )T t:T (8B1/2(t)#)B Y2 (t)(#IBo(1)I%+ B1(1))B; /%%
=" 9
(B1?hr e +h$ 1 o s B2 2B 2 (#IBo(t# )35+ Bo(t# |)By V2(t# | )(BI/2(1# )%/
% B ; "
= # T K(GMHT ! t_+T (BB L/214)B V2(# 3B oI+ B1)B, /2%
=" 9
(B ?ENra e Sy o B2 2B, Y2(#IBod%+ B1)B; V(B ?%/M) + 0,(1)
o v % Tip o . . : :
= # KGM)T T (OB PR N E Rz AT e . )(AB %0 + 0,(1)
=" 9

9%
#Y(PIT)(YBL 2R ) | (BB 2AM ))ved K (M YEfira i A5y )]+ 0y(2).
j="9
|
Given Assumptions 3 and 4, f: . gK(iM YERT 14 A5 4 j+-) * Sis. Since Assumption

5 implies P/T * &p and (&p[("/%%/zﬂi'ss/#)/ (O/%i/ZA"B/# ))vedS;;] = $ 7, we obtain the desired
result.
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There are twelve remaining terms in (13) that are cross products ofA; ;, A+, B¢, C;, and D,
with Ag ¢ 5, Az 4, By, Cp 4, and Dy ; for eachj. That each are 0,(1) follow comparable
arguments. For brevity we show this for the term comprised ofA; , and A+ ;. For this term we
have

% _ % 7+ p -
| KGM) o AvAze 4l =

wa, 0 TP T
| KM T 2T

=9
(hr1,+ -ved# IBo(t)Xr, tX$T 0, Bo()I®+ By(t)xr1, tX$T 1 tBl(t)]$(T1/2HT 1(t# ) TY2Hpa(t# )]

4t 1j2ppr 1 TP
( 2ATVT 71+ ved# IBo(t)X7.0.x%0,Bo()I®+ B1()xrax$y Ba(D]T) %
(SUDT# t# T+ P" 1|T1/2HT,1(t)|) (SUpT# th T+ P" 1|# ‘JBO(t)'J + Bl(t)l)-

Assumptions 3 and 5, along with de Jong and Davidson (2000) su!ce for SUpw 44 74 p~ l|T1/2HT71(t)| = O,(1).
Assumption 3 along with MarkovOs inequality imply both

% 1+p1

T I ved# IB1 (Xm0, 0, Bo())I™ Ba(t)xra, G Bi(D]T = Oy(2)

(TY2H2.(0)(# IBo()I+ Bu(1)) %

t=T

and suppy 14 74 pr 1| # IBo(t)I%+ B1(t)| =O,(1). SinceP and k are pnite andT" /2 = 0,(1), the
proof is complete.

(b) The proof is largely the same as for the recurswe sqheme And as was the case for Theorem
2.1, the primary di"erence is, that instead of Hr 1 (t) = ("t v 1 hr1 6+ ;) for the recursive scheme

t" T

we now haveH 7 1(t) = ( T 1 o=t 741 NT.1,5+7) fOr the rollmg scheme Hence in each step of the
proof for the recursive scheme where the fact thafl /2H 1 1 (t) & s Sl/ZW(s) is used, we instead
use the fact that for the rolling schemeT/2H 7 1(t) & S;L?/;Z(W(s) # W(s# 1)). Other di"erences
are minor and omitted for brevity. ’

Lemma 1: Maintain Assumptions 2, 3% 4, and 5 as well as either Assumption 1 or 1 (a)
TY233 1 7= Op(1). (b) SUP7y 1y 7+ P r ITY2(H5 ,(D# H 1 (D) = 0,(D).

Proof of Lemma 1: (a) Let ",0 denote the Lagrange multiplier® associated with the ridge
regression and dePn€;,(T) = J%B; (T)J, and Ciz = lim 7o E (X7,0,6X% 12.1)-

(a-i) Maintain Assumption 1. The debnition of the ridge estimator implies that for -1 =

1+8
VR NS AR WG et the ridge estimator takes the form
1 2 1
. I —==Bo(T)Cp2(T .. I —==Bo(T)Cp2(T "
!1,T: 1+9 O( ) 12( ) pl,T: 1+€’ O( ) 12( ) (! ! +T 1/2°/d- Bl(T)HT_yl(T)).
0 -1 0 .
1+ 1+Q
Hence 1 2
. I Bo(T)Cu2(T
reag = ag L oeBMCM g gy
E 0 I ’
1 1+2
I <.BoC
* 438 B0 N(%,BVBY)

0 el

p
(TU28; 1)1 3,F, H(T)IS(TY 28, 1)

*This multiplier satispes ( 15)° = and hence & is unique only up to its®

sign. In all aspects of this paper we use the value satisfying i.. = \/(Tl,zg 15 F.,"f(T)J NESTET
1,7 2 1,7

Choosing the opposite sign is irrelevant since, in every case, what matters is not the value of ; L= but itOs
square.
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where
]

b =4 (N (%, BV B1))*I:F; 1I$(N (%, BV By)) a mixed non-central chi-square variate, and the
proof is complete.
(a-ii)) Maintain Assumption 1 % The ridge estimator takes the form

1 6 2 1 6 2
; I 25Bo(T)Ci2(T) I 5Bo(T)Cr2(T)
b= 0 1+1?| O = 0 1j?| ('} + By(T)Hr1(T)).
1+ 0 1+ 0
Hence 0
1/2 1% — & 3y !
T2 r Bl 2F N(T) 3By Il 1+ Ba(MH7.(T)]
* d !
P LE e, 12

and the proof is complete.
(b) For ease of presentation, we show the result for the recursive scheme and assumihg= 2

v ! - \ ! —
and henceVl; .., = *op{r1e2+ )* g {raen AN Vi o = * o (11es2 + )% a1 (12,001 ()
Rearranging terms gives us,

N " % t" T
Tl/z(H!T,l(t) # H!T,l(t)) =T 12 1 (\'/!T,l,s+2 # V11 w2 )XT 18 =
M % T
T2 1 (Fsa2 (1,502 # (11,602) + )* grr ({11,601 # (71,s41) +

O#))* ot Crasnr # (p1001) + () #))* sat (71,601 )XT 160

If we take a brst order Taylor expansion of both{r 1 s+2 and {71 s+1, then for some$; in the
closed cube with opposing verticess;- and $, we obtain

Tl/z("('J'T,l(t) # Hipoq(1) =
T2 Z:I(* sr20 (11,52 (30) (B # $7) + ) o1y (11501 ($30)(37 # $1)
() #))* a1 (rnert BB # $2)+ (J #))* son (21,501 )X 71,6

and hence

sgpnlﬂ(%(t) # Hp (1) (
% t" T

s=1
%

2kq SlglplT" ! * ez (71,542 ($T)XT,1,s||T1/2($T # $7)|

*ns (s )X sITY2 (S # $1)

+) 2k sup|T !
t s=1

t" T
* o (st (B)XTslITY2 (S # $7)

, . %
+(J#))2kesuplT
t S=

. D %
HTY20 #))sup|TH
t =

* et (11,541 X7,1,6]-

Assumptions 1 or ®, along with 3% sulce for both T¥2($, # $,) and TY/2() # )) to be
0O,(1). In addition since, for large enough samples, Assumption 6 bounds the second moments
of , (m,sfz ($7) and, (711,541 ($7) as well asxr,1,s, the fact thatthe *_, _arei.i.d. N (q,l) then im-
pliesT 1" T 7% o Crasne Sr)Xrae T 0 7%, (rasn $p)Xraand T 1 7% %
(7,1,5+1 X71,5 are all 0, 5 (1). This in turn, (along with Assumption 5) implies that sup|.| of each
of the partial sums is 0,(1) and the proof is complete.
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Proof of Theorem 2.3: We provide details for the recursive scheme noting di"erences for the
rolling later. Straightforward algebra implies that

' pepros ' e pros
TG # 00 )= T2 L (#9Bo(0%F BuD)H ()
#H%l(t)(#JBo(t)J%l,th1tJBo(t)J$+ B1(t)xr.1.0% 1 B1(t)H) (D}
#TT20 TP T RS (#IBo()IS+ Bi(t)B) MO)(TYA T)}
T ?-”’ TV ) B HO# IBo() IS Ba(t) xSy (#IBo()I+ Bi(t)B] O(TY2! 1))
[
#2 TS (# 9B (03 BaO)( K10 # H, (1)
+( ﬁT 1t+ 7 # hT 1,t+ -r) (#J BO(t)J$+ Bl(t))HT 1(t)
H?l(t)(# IBo(t)I %71 tXT 1,1JBo(t)J ¥+ By(t)x71 tXT 1,:B1(D)( 19 ra(t) # H |Tl(t))
H(Rh e # N ) (#JBo(t)J$+ B (t))(rq' () # Hi 4 (1)
# (Q$5)(I‘P'T1(t) # Hi (1) $(# IBo(1)I %71 X3 tJBo(t)J$+ B1(t)x7,1,x% 1 Ba(t)(K 1 (1) # HY (1)
#1178, YO)(# IBo(t)I%+ Ba(t)xr X% 1 (JIBo(D)IH 14 (t)
#1 By O IBo(0I%+ BaON Ry o # )
#1778 H(OH# IBo(t)I%+ Ba(t))xr1,x%, IBo()INH () # HY (1)}
(14)
Note that there are 4 bracketed{.} terms in (14). The prst three are directly analogous to the three
bracketed terms in (11) from the proof of Theorem 2.1. We will show that these three terms have
limits $! =< $;, for $; i = 1 # 4 debned in the text. The additional assumption of either conditional
homoskedasticity ork; = 1 are needed only in the proof for $; =< $3. Finally, we then show that
the remaining fourth bracketed term is 0,(1).
Proof of bracket 1. The sole di"erence between this term and that in the proof of Theorem 2.1
is that they are debned in terms ofh!l_’t” rather than hy . . Since these terms have the same prst
and second moments, as well as the same mixing properties, the exact same proof is applicable and
hence we have

!
g TN (# IBo(1)I+ Ba(t) i (1)
#H%'l(t)(#‘]BO(t)‘J:BXTlthltJBo(t)3$+ Bl(t)XTlthltBl(t))HT O} 4281 # 8

where $; and $, denote independent replicas of $ and $, respectively. Independence follows from
the fact that the *,, _ arei.i.d. N (0, 1).
Proof of bracket 2 Rearranging terms gives us

T 125" ?7; ;h§1t+7(#JBo(t)3$+ B1(1))By “(t)(TY/21 ;1)
" + P ! I ’
=T Y220 57 ThE ) Ba) 3P MO(TY2E )

From Lemma 1 we knowT1/2J§! 1.7 = Op(1). Algebra along the lines of Clark and McCracken
(2005) then gives us

% 1+ p - . \ ) % 14 p - . \
hf1e-Bi(®I2F {OTY2I5 )= T V22 h§y, BadoFy Y(TH2I5 ) 1)+ 0,(D).

T /22

This term is a bit di"erent from that for the sqcond bracketed term in Theorem 2.1. There, the
second bracketed term takes the formT" /22" T ThTIHTBlJZFl I 1o+ 0,(1). What makes

them dj"erent here is that since T/2J$i 1,7 1S not consistent for ! 1o, it is not the case that

L ?TP "h¥ 1. .B 1JoF (T2 1,7) equalsT" /22’ ;HTP "h¥1..B 132F; 1 3o+ 0,(D).

However, it is true that both terms are asymptotically normal. For the former, clearly

. % 1+p 7 .
T /22 o h$ 14 ,B1J2F; i, * 4 $2 0 N(0,4#)

where # = &p! L,F, 13381V B1J,F, 11 },. But for the latter, due to the iid. N (0,1) (and strictly
exogenous) nature of the*,, _, we have
% 1+ p -

T /22 h%’!,l,t+TBlJ2Fi’ ng(Tl/zi 17) " d $50 N(0,4W)
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where

W =lim Var{T" 172" or Thi L, B1doFy MIS(TY2H 1 o), "
&p lim E{(T1/2 lT)f‘ilel 188 {limvar(p" /2" T} Thi . )1B1IoF; TIR(TYR 1))
&p lim E{(T1/2 17T)5‘112|=1 1I$B1V B1JoF; NIX(TY2H ) 1)}

The precise relationship between $ and $3 depends on the relationship between # andw . This in
turn depends upon the a"dditional restrictions in the statement of the Theorem.
(a) If we let V = #2B; ', W simplibes to

W = #2&p im E{(TY/21 | 1)%,F; NHTY2E, 1)
#2&p lim E{(T21 | 7)%,F] N(T)IXTH2 1)}
#2&13 lim E{d} = #2&pd

The result follows since under the null hypothesis, # = &p! |,F; 13$B1V ByJoF, MY, = #2&p! LF; 1), =
#2&pd.
(b) If we let dim(! },) =1, W simplibes to

W = &plim E{(T1/2i 17T)$J2F{ 1I$B1V B1JoF; MIX(TY2E 1))
= &plim E{(T/20,, 1)2(F; 1)23$B1V B1Jo} '

But P, , was estimated satisfying the restriction that (T/20,, ;)2 = Fy(T)®and henceW =
&p lim E{F1(T)&F, 1)23$B,V B1J,} = &pF, 1dI$B1V B1J,. Following similar arguments, we also
have # = &p(! 1,)%(F; 1)2J3B1V B1J,. But under the null, (! },)? = dF; and the proof is complete.

Proof of bracket 3: Rearranging terms gives us

|
T f”’ T(Tl/zllT)$B L)(# IBo(1)I%+ B1(1))X7,1.x5 1, (#IBo(t)I%+ By(t)By "(1)(TY/21 1)
=T VA )R] 03B (Xm0 Ba(OIF HOIKTHA 1)

From Lemma 1 we knole/ZJgi 17 = Op(1). From there, algebra long the lines of Clark and
McCracken (2005) gives us

T f*TP" TV )R] H©)IBa(Oxr,x5 1 Ba(t)I2F; H(OINTYV2 1)
=T ST T)$J2F1 H()35B1(1)B; *B1(DIoF; HOIXTY2 4 1)+ 0,(1)
TS T YA )R NINTYE 1)+ 0,(1)

=(P#" +1/T)&+ 0,(1) * , &d" $,

The result follows since under the null hypothesis, § * ! 12F1 1, = &pd.

Proof of bracket 4: We must show that each of the eight components of the fourth bracketed
term in (14) are 0,(1). The proofs of each are similar and as such we show the results only for the
fourth and seventh components. If we take absolute value of the former we bnd that

[ |
| Ry # ) % 3B o(1) I+ Ba(0)(HY 1 (1) # HE 1 (1) )
(e T TIR e, # Bl D(SUP, [# IBo(t)IS+ By(t))(sup, T2MY (1) # Hb 1 (1)])

while straightforward algebra along the lines of Clark and McCracken (2005) gives us

Y repror
TS By MO IBo(0)I% Ba(O)(Aly o, # Ny )

:(T1/2J$' ,T)$F 1J$Bl(T /2 T+P T(ﬁTlt+r# h!T,l,t+‘r))+ Op(l)-
Lemma 1 implies both sup TY/2|i9, () # H} (1) = 0,(1) and T/2J! 17 = O0p(1) while
Assumption 3* sulces for sup, | # JBo(t)J$+ Bi(t)] = O,(1). That T 172" L TR #

h'T)U+ +) = 0,(1) follows an almost identical line of proof to that in Lemma 1b (Wlthout the supt| |
component) but with a di"erent range of summation.
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The result will follow if T"%/2° 17 TR, # hiyy . | = o,(1). For simplicity we assume,
as in the proof of Lemma 1, that" = 2 and hence the forecast errors form anMA (1). If we then
take a Taylor expansion in precisely the same fashion as in the proof of Lemma 1 we have

% T+ P" 1
"1/2
T / =T |ﬁTlt+7'#tht+'r|(
% 71+p -

2T T g (e X lITA(Sr # $7)

o, TPy 12
+) 2k T - [*se1 s (01 (Br)XT 1, IT (87 # $7)]
u "y % T+ P" T . 1/2
+() #))2k(T o [* 1 (1,01 )X 1, [IT (S # $7)]
% 7+ p 7

HTY2()#))T wep e (miea Xl
Assumptions 1 or ¥ and 3* sulce for both TY?($, # $,) and TY2() # )) to be O,(1).
Since, for large enough samples, Assumption®3ounds the second rpoments of (r1,s+2 ($7) and
(T|15+1 ($7) as well as x5 ¢; with *S+Td|str|buted AN (0,1), T 7 F oy (rase2 ($r)XTas],
T 1 f_lT [*e1s (71,501 ($p)XT2 5], and T 17 STlT * +1 (11,541 X715 @are all O, (1), and the proof
is complete.

Proof for the rolling scheme Results for the rolling schemeldi"er only in the dePnition ofH!m(t) =

T' Y i .., (@nd to a lesser extentidy, (1) = T" 1 _,. o5 Ry L ). In particular, if

we substitute T1/2HTl(t) & VY2(W'(s)# W' (s# 1)) for TV2H] (1) & V128" 1w! (s) as used
above and in the proof of Theorem 2.1, we obtain the desired conclusion.

Proof of Tlheorem 2.4: Given Theorem 2.3 and the Continuous Mapping Theorem it sulces
to show that P ? K (M )83 * ¢ A (SE+SL+$h) where$, =9 $, for$; i =5# 7 debned
in the text. Before domg S0 it is convenient to redebne the four bracketed terms terms from (14)
used in the main decomposition of the loss di"erential in Theorem 2.3 (absent the summations, but
keeping the brackets) as

(8074 , # 095, ) = {2A], # AL} +2{B} } + {C;} + {D;}.

With this in mind, if we ignore the Pnite sample di"erence betweenP and P # " + 1, we obtain

|- . O s
P ; 7K(J/M )$dd(])_ ; --EK(J/M ) ;+T13i] (00t+7' 1t+T)(uOt J+T# Olt J+'r)

= {I. j *K(J/M ) ?+Ti]TA!1,tA!CI.,t" j}+4{. j::"jK(]/M ) Z:T}j-jTAl,tBl,t" it
i P 7

AL K (M ) I TBLBL, )

+ other cross products of A} ,, A}, B ;,C;,D} with Al .. ;, AL ;,B] o ;,Clu ;, D

In the remainder we show that each of the three bracketed terms converges t4* times $!i =dg,
i =5 # 7 respectively and that each of the cross product terms are each,(1).
Proof of bracket 1. As was the case in the proof of Theorem 2.3, the sole di"erence between this
term and that in the proof of Theorem 2.2 is that they are debned in terms ofh’., ,, . rather than
hr 1.+ . Since these terms have the same Prst and second moments, as well as the same mixing
properties, the exact same proof is applicable and hence we have
[ —
j T+ P" 1
; SK(GM ) tr+T+7 ALAL =
#TSKGM ) T (TR B2 2)B, Y2 (# IBo(1) IS+ B1(t))%

Bldl/i(Bl/ZthlH_Tthlt j+TB]]:/2/# 2)811/2(#J80(t# ])J$+ Bj_(t# ]))B 1/2(Tl/281/2 Tl(t# J)/# 2)
* d gl

where $ denotes an independent replica of $. Independence follows from the fact that the* .
areii.d. N (0, 1).
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Proof of bracket 2: After rearranging terms, the second bracketed term is
|

;' *K(J/M ) 31+TI-D+|]TA1 tBlt J

= 3 SKGM )T T (TR () # 3B o(1)I %+ B(1) %
h‘T,wThT'u o r(# IBo(t # )%+ By(t# DB (T )

= S KGMO)T ?T‘j;(rl/zHTl(t)) (#JBo(t)I%+ B1(t))%

j=

hhg e -8 o e Br(t# §)JoF  (0# ))IS(TY2E )

This term is a bit di"erent from that for the second bracketed term in Theorem 2.2. As in the proof
of Theorem 2.3, it di"ers becauseJ$(T*/2! 1,7) 1S not consistent for ! 1. However, it is true that
both terms are asymptotically normal. To see this note that

' LK (M )T"1! f*TP;'jT(Tl/zHgFl(t))$(#JBo(t)J$+ B1(t))%

hT|l f+Ths:;F1t y+TBl(t# P)32F; H(t# J)J$(T1/2' 1,7)

= T KMO)T T (TR (0) 1# B o+ B1)%

(EhT sLyt+ ‘rhT‘lt j+T)Bl~JZF1 1J$(Tl/2| 1T)+ Op(l)

=Tt tT+TIiJT (TH2H 7 1(1) (#JBOJ$+ B1)VB1JoF, NIH(TY21, 1)+ 0,(1)
* d#4$L 0 N(0,W)

whereW = In(1+ &p)#" 8lim E{(TY/2 | 7)%0,F; 13§81V B1J,F; 13$B1V B1JoF; 13881V B1JoFy LIH(TY2 1))
The asymptotic normality follows from the fact that H{F,l(t) is independent of T /2 1,7 and moreover

that T'1 0 7 (TY2HL (1) * 477 §" V12w (s)ds O N(0,In(1+ &p)V). As in the proof

of Theorem 2.3, the exact relatronshrp between $ and $¢ depends upon the additional assumptions

stated in the Theorem.
(a) If we let V = #°B; 1, W simplibes to

W = #8In(1+ &p)lim E{(TY/21 | 1)%0,F; LI§(TY2 | 1))
= #5In(L+ &p)lim E{(TY/2] ; 1)%0,F; {(T)IXTH2E, 1)}
#5In(1+ &p)IiMm E(® = #5In(1 + &p)d

But from Theorem 2.2, the debnition of $s gives us

&g, Ap
#$6 = ( s 'W(s)ds)WV1/2B1J,F, 133B1V B1JoF, 1I3%0 N (0,#)
1

where
=In(1+ &p)%R,F, 1I3B1V B1J,F, 1I3B1V B1IoF, 1I3B 1V B1JoF, 105%.
Assuming conditional homoskedasticity this simplibes to # = #%In(1 + &p)! '12F1 1 !12. The result

then follows since under the null,! 12F1 1, =
(b) If 1}, is scalar we bnd that

=In(L+ &p)lim E{(TY2] 1, 1)2(F; 1)2I$B1V B1JoF; 1I$B1V B1JoF, TI$B1V B1Jo)
=In(1+ &p)lim E{&F1(T)(F1,)*(I$B1V B1J2)3%)
=In(l+ &p)d(F; 1)3(I$B1V B1Jy)°
But from Theorem 2.2, the debnition of $s gives us

& 1+ Xp
# 86 = ( s WW¥Xs)V2ds)B1J,F, L3381V B1IoF, 13390 N(0,#)
1

where
=In(1+ &p)(! 1,)%(F; H*(I3B1V B1J,)°.
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The result then follows since under the null, ¢ ;,)%F; * =
Proof of bracket 3. After rearranging terms, the third bracketed term is

I . I . . . L8 .
TLKGM ) D BB = T KGMOT TR 0B 0 IB oIS+ Ba(0)%
h‘Tlth'u J+T(#JBo(t#J)J$+ Bl(t#J))BH(t T2 7
! LK GMO)TT T (TR 2)30F; HOIBa(OhY b N i Ba(t# ))IoF; Mt # §)INTH2E )

This term is also di"erent from that for the third bracketed term in Theorem 2.2. As in the proof of

Lemma 2, it di"ers becauseT*/23%1 | . is not consistent for! 3,. Even so, sinceT /23§ | ;. = O,(1),

the above term is alsoO,(1). To see this, algebra along the lines of Clark and McCracken (2005)

gives us

;_ :K(J/M )T S fTJTP T(TY2 1T)‘J2Fl H(0)IFB1(t)hh g e 3y e Ba(t# [)JoF, H(t# ))IFTY2E )
= e sKaMOTIE T (T1/2'1T)J2F1 H(IFBL)(EN] 1 10 W o ju )Ba()I2F; HOIXTY2E L 1) + 0,(2)
= jz--;K(J/M )T l tT+TIiJT (Tl/z' 1T) J2F1 1 Bl(EhT1t+Th%“'lt J+T)BlJZF£ 1Jﬁ$(Tl/zi 1,T)+ 0,(1)
=Tt DT (ayAly )JzFl L3381V B1JoF, NIHTH2 | 1) + 0,(1)

#95," lim &p(T3/2 L) 2Fy L3BIV BLIoF; LINTYA 1)

As in the proof for bracket 2 above, the exact relationship between $ and $; depends upon the
additional assumptions s}ated in the the Theorem.
(a) If we let V = #2B, ', we immediately see that

7" &p# HIM{(TY21 1)2oF, 13B1V B1oF; WIX(TH2 )
= &p# 2im{(TY/21 | [)IoF; NINTY21 1)) = &p#" 2lim @= # 2&pd

But under the null, and with the additional assumption of conditional homoskedasticity, from The-
orem 2.2 we know that

$7" # %&p! HF, WISBVBLILF, MY, = # 28p L U, = # 28pd =8

and the proof is complete.
(b) If we let ! |, be scalar we bnd that

#4$,  lim &p(TY/21 | 1)%,F; 13381V B1JoF; MIR(TY21 1)
&P“m(Tl/zl 12.7)%(F; H)233B1V B1J;

&p lim éPF1 (T)(F; 1)2I$B1V B1J;

&PdFl J B]_V BiJ, + Op(l)

But under the null, and with the additional assumption of that !}, is scalar, from Theorem 2.2 we
know that

#i$, " &P '1!2|=£ 138B1VB1JoF, M, = &p(! 15)2(F, D)2I$B1V B1 I,
= &pdF, 1J$B,V B1J, = #48$Y

and the proof is complete.

Proof of bracket 4: We must show each of the remaining cross-products oh ,, A ;, B;, C;,
and D; with A} . jr A 4 s Bj. o Ct. , and D}. ; are 0,(1). The proof is nearly identical to that
for the fourth bracketed term from the proof of Theorem 2.2. The primary di"erence is that the
relevant moment conditions are all debned in terms of;., ,, . rather than hy 3 4+ .. But since these
terms have the same brst and second moments, as well as the same mixing properties, nearly the
same proof is applicable and hence for brevity we do not repeat the details.

Proof for the rolling scheme Results for the rolling scheme di"er only in the debnition ofH[TJ(t) =
T h 1. - (@nd to a lesser extentlf () = T 1t

. _ :
s= ¢ 71 Bg gi o). IN particular, if
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we substitute TY/2HE (t) & VY/2(W! (s) # W' (s# 1)) for TY/2H} (1) & V1/2s" 'W!(s) as used
above, we obtain the desired conclusion. '

Proof of Theorem 2.5: Regardless of whether the recursive or rolling scheme is used, the proof
follows very similar arguments to those used in Theorems 2.3 and 2.4. Any di"erences that arise
come from di"erences in the asymptotic behavior ole/ZJési 1,7 under Assumption 1% as compared
to Assumption 1. Therefore, since the decomposition at the beginning of the proof of Theorem 2.3 is
una"ected by whether Assumption 1 or 1*holds, and the Prst bracketed term does not depend upon
the value of either ! |, or T¥/2J8 | ;. the same proof can be applied to show 2# $5 =72$, # $,
and $; =< $5 under Assumption 1% For the third bracketed term, the asymptotic behavior of
T/2)8i 1,7 is also irrelevant D all that matters is that the ridge constraint is still imposed whether
working under Assumption 1 or 1°.

Di"erences arise for the second, and fourth bracketed terms. For the fourth bracketed term,
the di"erences remain minor since we need only show that the relevant components are adl,(1)
and the corresponding proofs only make use of the fact that, under Assumption 1, Lemma 1 implies
TY/23%1 | 1 = O,(1). These arguments continue to hold since undey Assumption ATV,

remains O,(1) B despite also having the property thatT+/2J$l | , * 7 Ffllg# .
1271 12
We therefore focus attention on showing that § =< $, for i =3,6,7. In each case, the di"erent
asymptotic behavior of T1/2J§i 1,7 under Assumption 1® does impact the proofs directly. And as
we saw earlier, in each case the proof also requires additional assumptions as noted in the statement
of the theorem.

Proof that $4 = 4 $5: As in the proof for Theorem 2.3, the second bracketed term satisbes

% 0

. 0 74P+ . . . Yo T+ P - . .
T 122 h¥ 1 Bi()IoF, H(OIXTY2H, )= T 122 h¥ 1 e B1doFy NIN(TY2E | 1)+ 0,(D).

What makes this di"erent under Assumption 1%is that since T*/233i | . * » W! 1, We also
’ 1271 12

have
T 1/22;/0 T TS e BaOF; MOIKTH )
= TR '|12F1dl'|12% tT:TP” Th?f!,l,HTBlJzFl N+ 0,(1)
* AN (0,4W)
where

[—_ $ "
W = ( Gtz )&l 12F1 19,B1V BadaFy Mg,
121 12

Since =N (0, 4#) ,# = &p! '12Fl 13381V B1J,F, 1 1,, the precise relationship between § and $3
depends on the relationship between # andV. This in turn depends upon the additional restrictions
in the statement of the Theorem.

(a) If we let V = #°B; *, W simplibes to

d
W= # e
1201 12

)&p! HF: 1L, = #2&pd.

The result follows since under the null hypothesis, # = &p! ,F; LI$B1V ByJoF, 1Y, = #2&p! LF. 11}, =
#2&pd.
(b) If we let dim(!},) = 1 and note that in this case J$B1V B1J, = Fy atr (#JBJ®+ B1)V),
W simplibes to
W = d&ptr (#IBoJ%+ B1)V).

The result follows since under the null hypothesis, # = d&ptr (#JBoJ®+ B1)V) and the proof
is complete.
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Proof that $§ =7 $6: As in the proof for Theorem 2.4, the second bracketed term satispes

! ] T
j- 7K(J/M ) Z—WTI-DF'] AltBlt J
T KM O)T T (TR () # 3B o(1)I %+ Bi(t) %

h‘T L+ q h%"'lt ]+T(#JBo(t#J)J$+ Bl(t#J))Bl (t#J)(Tl/leT)

Ry LT (TY2HY (1) B1daF; M5BV B1IoF; H(TY28E 1 1) + 0,(1)

.-HQ

What makes this di"erent under Assumption 1%is that since T*/23%1 | ;. * » W! 1, We also
1271 12

have
I "
T iﬁ.ﬁTl/zHT (t))$Bl‘]2F1 13881V B1JoF, Y(TY/23§ 1,7)
:( géFfllﬁlz )T b Z+TF:'JT (Tl/zHTl(t))$Bl\]2Fl 1\]$B:|_V B]_\]2Fl 1! 12 + Op(l)
* 4 N(O,W)

where W = In(1 + &p)(ﬁ# o ! EF, 138B1V B1J,F, 1$B1V B1JoF, 1I$B1V B1oF, ML)

|
The asymptotic normality follows from the factthat T" 1" 177 (TY/2H1, (1)) * 4 s V12w (s)ds 0
N (0, In(1+ &p)V). Since $+N (0,#),# = In(1+ &p)%I,F, 1J $Eslv BlJzFl 1B,V BlJzFi 1388,V B1J,F, 1I5%
the precise relationship between § and $s depends on the relationship between # andW. This in
turn depends upon the additional restrictions in the statement of the Theorem.
(a) If we let V = #2B; ', W simplibes to

W = #In(1+ &)d .

The result follows since under the null hypothesis,

=In(1+ &p)o/ﬁJzF1 13§88,V B1J,F, 1I3B1V B1J,F, 1I3B 1V By JoF, J$%
= #6 IN(L+ &p)! LF; 11, = #5In(1 + &p)d.

(b) If we let dim(!},) = 1 and note that in this case J$B1V B1J, = Fy atr (#JBoJ®+ B1)V),
W simplibes to
=In(l+ &p)datr (#JIBoJ%+ B1)V)® .

The result follows since under the null hypothesis, # = In(1 + &p)d atr (# JBoJ%+ B1)V)? and the
proof is complete.
Proof that $} =< $;: As in the proof for Theorem 2.4, the third bracketed term satisPes

= ! . [ .
LLKGM ) TR B = KM )T Y T2 )8 H)(# IBo(t)I5+ Ba(t)%

N e fhT 1 o - (#IBo(t# )T+ B(t#1))B; HE# TR )
=T D (T2 1) R NISBIV BuoFy H(TH2IS | 1)+ 0,(1)

t=T+j

What makes this di"erent under Assumption 1%is that since T*/23$1 | ;. * » W 1, We also
1251

have [
T T*ﬁf (T1/2' N NOERE-RY, BlJzFl YT2a8 ) )
= &p( SF, LU8B,VBLIIF, M, 8 '

ﬁ#F /6#)

In contrast, the associated term from Theorem 2.2 takes the value $= &p! 5F; *J$B1V B1JoF, i,
The exact relationship between these two terms depends upon the additional assumptions stated in
the Theorem.

(@ If we let V = #ZBll, $Y S|mpI|Des to &P#Zd The result follows since under the null
hypothesis,$; = &p F1 138 5BV BlJzF1 12 = &p#2d and the proof is complete.

(b) If we let dim(I 12) =1 and note that in this case JB,V B;J, = Fy atr (#JBoJ%+ B1)V),
$4 S|mpI|bes to &pdtr ((#JBOJ$+ Bl)V) The result follows since under the null hypothesis,
$; = &p! 12Fl 138 5BV BlJzFl 12 = &pdtr ((#JBOJ$+ B1)V) and the proof is complete.
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Figure 1. Densities of MSE(null model)/MSE(alt. model), R = 80, P = 80
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Table 1: Monte Carlo Rejection Rates, Null Model Best
(nominal size = 10%)
DGP 1
R=40 | R=80 | R=80 | R=80
statistic bootstrap approach | P=80 | P=40 | P=80 | P=120

MSE-F non-parametric .009 | .041 | .018 .015
MSE-F restricted VAR .099 | .114 | .095 103
MSE-F bxed regressor .012 | .038 | .022 .018
MSE-t non-parametric .013 .052 .019 .018
MSE-t restricted VAR .095 | .105 | .099 104
MSE-t pPxed regressor .015 .047 .026 .024
CW t-test | restricted VAR 094 | 112 | .097 .100
DGP 2

R=40 | R=80 | R=80 | R=80
statistic bootstrap approach | P=80 | P=40 | P=80 | P=120

MSE-F non-parametric .000 .013 .004 .003

MSE-F restricted VAR .096 | .093 | .097 .104

MSE-F pxed regressor .003 .010 .003 .005

MSE-¢ non-parametric .001 | .019 | .005 .004

MSE-t restricted VAR .096 .087 .095 104

MSE-t pPxed regressor .005 .019 .007 .005

CW t-test | restricted VAR .098 | .086 | .102 107
Notes:
1. The data generating processes are debned in equations (5) and (8). In these experiments, the coelcients b;; =0
for all i,j , such that the null forecasting model is expected to be most accurate.

2. For each artibcial data set, one-step ahead forecasts of y; are formed recursively using estimates of equations (6)
and (7) in the case of the DGP 1 experiments and equations (9) and (10) in the case of the DGP 2 experiments. These
forecasts are then used to form the indicated test statistics, dePned in Section 2.2. R and P refer to the number of
inbsample observations and 1-step ahead forecasts, respectively.

3. In each Monte Carlo replication, the simulated test statistics are compared against bootstrapped critical values,
using a signibcance level of 10%. Section 3 describes the bootstrap procedures.

4. The number of Monte Carlo simulations is 2000; the number of bootstrap draws is 499.
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Table 2: Monte Carlo Rejection Rates, Equally Accurate Models
(nominal size = 10%)

DGP 1

R=40 | R=80 | R=80 R=80
statistic bootstrap approach | P=80 | P=40 | P=80 P=120
MSE-F non-parametric .048 | .088 | .070 .068
MSE-F restricted VAR 296 | .253 | .256 .304
MSE-F pxed regressor 091 | .114 | .101 .108
MSE-t non-parametric .054 .098 077 .073
MSE-t restricted VAR .283 | .208 | .237 281
MSE-t pPxed regressor .083 .100 .095 103
CW t-test | restricted VAR 310 237 .270 .320

DGP 2

R=40 | R=80 | R=80 R=80
statistic bootstrap approach | P=80 | P=40 | P=80 P=120
MSE-F non-parametric .032 .060 .050 .064
MSE-F restricted VAR 466 .295 372 448
MSE-F bxed regressor .085 .088 .081 .099
MSE-¢ non-parametric .048 | .080 | .061 .072
MSE-t restricted VAR 480 | .262 | .356 451
MSE-t pPxed regressor .081 .087 .074 .095
CW t-test | restricted VAR 541 | 319 | .432 519

Notes:

1. See the notes to Table 1.

2. In these experiments, the coelcients b;; = 0 are scaled such that the null and alternative models are expected to
equally accurate (on average) over the forecast sample.
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Table 3: Monte Carlo Rejection Rates, Equally Accurate Models
Rolling Forecasts
(nominal size = 10%)

DGP 1

R=40 | R=80 | R=80 R=80
statistic bootstrap approach | P=80 | P=40 | P=80 P=120
MSE-F non-parametric .034 .081 .052 .052
MSE-F restricted VAR .336 .245 .295 .340
MSE-F pPxed regressor .097 115 .105 .108
MSE-t non-parametric .043 | .101 | .065 .062
MSE-t restricted VAR 332 | .206 | .269 .328
MSE-t bxed regressor .081 | .104 | .097 106
CW t-test | restricted VAR 359 | .241 | .317 378

DGP 2

R=40 | R=80 | R=80 R=80
statistic bootstrap approach | P=80 | P=40 | P=80 P=120
MSE-F non-parametric .011 | .055 | .032 .036
MSE-F restricted VAR 541 | .323 | .418 524
MSE-F Pxed regressor .074 | .088 | .084 .090
MSE-t non-parametric 022 | .076 | .047 .044
MSE-t restricted VAR 588 | .287 | .431 546
MSE-t pbxed regressor .072 | .085 | .077 .083
CW t-test | restricted VAR .623 | .358 | .499 .612

Notes:

1. See the notes to Table 1.

2. In these experiments, the coelcients b;; = 0 are scaled such that the null and alternative models are expected to
equally accurate (on average) over the forecast sample.

3. In these experiments, the forecasting scheme is rolling, rather than recursive.
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Table 4: Monte Carlo Rejection Rates, Alternative Model Best
(nominal size = 10%)

DGP 1
R=40 | R=80 | R=80 R=80
statistic bootstrap approach | P=80 | P=40 | P=80 P=120
MSE-F non-parametric .348 .299 424 544
MSE-F restricted VAR .842 | 726 | .864 .930
MSE-F bxed regressor .636 | .584 | .738 .843
MSE-t non-parametric 406 .360 466 .580
MSE-t restricted VAR .801 | 559 | .775 .882
MSE-t Pxed regressor .508 .366 541 .668
CW t-test | restricted VAR .895 753 | .934 978
DGP 2
R=40 | R=80 | R=80 R=80
statistic bootstrap approach | P=80 | P=40 | P=80 P=120
MSE-F non-parametric ATT .330 .587 792
MSE-F restricted VAR .948 .844 | .964 991
MSE-F bxed regressor 74 .676 .870 961
MSE-t non-parametric 569 | 452 | .672 .843
MSE-t restricted VAR 960 | .780 | .957 .992
MSE-t Pxed regressor .684 .488 752 .896
CW t-test | restricted VAR 992 | 931 | .998 1.000

Notes:

1. See the notes to Table 1.

2. In these experiments, the coelcients b;; = 0 are set to empirically-based estimates, which are large enough that
the alternative model is expected to be more accurate than the null model.
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Notes:

Table 5: Tests of Equal Accuracy for Monthly Stock Returns

Bootstrap p—values

alternative model MSE(null)/ | non- | restricted |  fized
variable MSE(altern.) | param. VAR regressor
cross-sectional premium 1.009 144 011 .073
return on long-term Treasury 1.005 .380 .034 170
BAA-AAA yield spread .996 .691 .619 492
BAA-AAA return spread .995 .809 775 .768
net equity expansion .994 .658 .785 .656
CPI inRation .993 .653 .871 771
stock variance .992 .736 .761 242
dividend-payout ratio 991 677 915 724
term (yield) spread .987 737 970 .987
earnings-price ratio .985 .968 919 .934
10-year earnings-price ratio .983 .884 .969 .983
3-month T-bill rate .982 742 991 991
dividend-price ratio .981 .836 .948 .995
dividend yield .981 .832 .989 .997
yield on long-term Treasury 978 .810 .995 .995
book-market ratio .965 .998 .998 .996

1. As described in section 5, monthly forecasts of excess stock returns in period t+ 1 are generated recursively from
a null model that includes just a constant and 15 alternative models that include a constant and the period
in the case of CPI inBation) value of each of the variables listed in the Prst column. Forecasts from January 1970 to

December 2002 are obtained from models estimated with a data sample starting in January 1954.

t(t! 1

2. For each alternative model, the table reports the ratio of the null modelOs forecast MSE to the alternative modelOs
MSE and bootstrapped p-values for the null hypothesis of equal accuracy, based on the MSE- F statistic. Section 3

details the bootstrap methods. The RMSE of the null model is 0.046.
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Table 6: Tests of Equal Accuracy for Core Inflation

Bootstrap p—values
MSE(mull)/ | non- | restricted |  fized
alternative model variables | MSE(altern.) | param. VAR regressor
1-quarter horizon
CENAI 1.020 .376 .040 251
CFENAI, food, imports 1.091 .156 .001 .084
4-quarter horizon
CENAI .920 711 919 .894
CFENAI, food, imports 1.257 .235 .001 .053

Notes:

1. As described in section 5, 1-quarter and 4-quarter ahead forecasts of core PCE inf3ation (specibed as a period
t + | predictand) are generated recursively from a null model that includes a constant and lags of inRation (from
period t and earlier) and alternative models that include one lag (period t values) of the variables indicated in the
table (debned further in section 5). The 1-quarter forecasts are of quarterly inRation; the 4-quarter forecasts are of
4-quarter inRation. Forecasts from 1985:Q1 + ! ! 1 through 2007:Q2 are obtained from models estimated with a data
sample starting in 1968:Q3.

2. For each of the alternative models, the table reports the ratio of the null modelOs forecast MSE to the alternative
model®s MSE and bootstrapped p-values for the null hypothesis of equal accuracy, based on the MSE- F statistic.
Section 3 details the bootstrap methods. The RMSE of the null model is 0.626 at the 1-quarter horizon and 0.451 at
the 4-quarter horizon.
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