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Initializing the Kalman Filter

with Incompletely Specified Initial Conditions

Victor Gémez and Agustin Maravall

Abstract. We review different approaches to Kalman [filtering with incom-
pletely specified initial conditions, appropriate for example when dealing witjh
nonstationarity. We compare in detail the transformation approach and modi-
fied Kalman Filter (KF) of Ansley and Kohn, the diffuse likelihood and diffuse
KF of de Jong, the approach of Bell and Hillmer, whereby the transformation
approach applied to an initial stretch of the data yiclds initial conditions for
the KI, and the approach of Gémez and Marmfaif, which uses a mnd{taong.l
distribution on initial observations to obtain initial conditions for the KI', It is
concluded that the latter approach yields a substantially simpler solution to the
problem of optimal estimation, forecasting and interpolation for a fairly general
class of models.

§1 Introduction

We consider observations generated by a discrete time state space model (SSM)
such that the initial state vector xo has a distribution which is unspecified. We will
further allow for unknown regression type parameters. Examples are non-stationary
time series which follow an ARIMA model, regression models with ARIMA distur-
binces, structural models (as in [9]) and ARIMA component modcls, among others.
Tn all these cases it is not possible to initialize the Kalman Filter (KF) as usual, by
means of the first two moments of the distribution of xq , because they are not well
defined. Therefore, it is necessary to incorporatc new assumptions in order to deal
with this initialization problem.

Among the different alternatives that have been proposed in the literature, we
will focus on the transformation approach of Kohr. and Ansley, the diffuse Kalman
filter (DKF) of de Jong, the initialization procedwre of Bell and Hillmer and the ap-
proach of Gémez and Maravall, based on a trivial extension of the KF, to be denoted
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40 V. Gémez and A. Maravall

the Extended Kalman Filter (EKF), with a distribution defined conditionally on the
initial obscrvations. There are other approaches as well, like the so-called “big k"
method (see, for example, [5] and [7]). This method uscs a matrix of the form
kI to initialize the state covariance matrix, where k is large to reflect uncertainty
regarding the initial state and I is the identity matrix. The big & method is not
only numerically dangerous, it is also inexact. An alternative to the big k method
is to use the information filter (see [1]). However, as scen in [2], the information
filter breaks down in many important cases, including ARMA models.

The paper is structured as follows. In Section 2 we will define the S5M and
consider some illustrative examples. In Scetion 3 we suppose that the initial state
vector xg is fixed, define the likelihood and show how the EKF and the DKF can be
used to eviluate it. In Section 4 we will deal with the different approaches to deline
and evaluate the likelihood of the SSM in the case when there are no regression type
parameters and the initial state vector has an unspecified distribution. In Secction
H we will extend these results to include regression type parametors.

42 Stale space model

Definition 1. A vectorial time serics v = {v;r, v s said to be generated by

the Siate Space Model (SSM) if, for k==1,---, N

{Vk=xh~ﬁ+ckxk+ ZiE, ()

X = Wg—10 + Ap—1Xp—) + Hi1§,

where xg = B§,§, ~ Nia(0, azf} k=0,--+,N,§ ~ N(c,e*C), with cither C

ronsingular or C =0, § and £= (£, ,{;' ) are independent, B is of full column
rank and f§ is a vector of fixed regression p.lr.imLters Also, Var(v) is nonsingular
1E =),

This definition is similar to the one in [13]; the vector § models uncertainty
with respect to the initial conditions. Following [13], we will say that § is diffuse if
C~! is arbitrarily close to 0 in the Euclidean norm, denoted C — co. Contrary to
de Jong, we will always suppose that 8, the vector of regression parameters, is fixed,
considering § diffuse introduces confusion as to what likelihood should be used and
it affects neither the equations nor the computations with the DKF, to be defined
below.

The formulation we use for the SSM has the virtue of explicitly separating the
time-invariant “mean” effect 8 from the state vector x, keeping its dimension to
a minimum. Choosing adcqﬁtcly the matrices X, Wi, Hr and Zi, appropriate
components of § and €, can be excluded from or included in each equation. Thus,
the specification covers the case where the mean and disturbance cffects in cach
cquation are distinct. Tv o simple examples will illustrate the definition.
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Example 1. Suppose a regression model with random walk disturbance and scalar
Vi,

T 3

V(ve — ¥ B) = ax, (2)

where 7 = 1+ L, L is the lag operator (L(vk) = ve-1), and all the ag ~ N(U,a?)
are independent. Model (2) can be put into a stale space form by delining Ay =
:J"; ,C;,-_ = IJZ-JC . U:Wk = ﬂtAk = lnHk =1, Xk =¥r— }’;;rg and §-J'-'—l = k. That
15,
Xf = Xg-1 F ax, ()
vi =y 8+ Xk (30)
For initialization, we make Ag = 1, Hp = 1, Wo=0,B=1and xp= 8. Therefore,

the first state is x; = & + a; and § is in this case equal to the initial state. Because
[xx} follows the non-stationary model (3a), the distribution of § is unspeeified.

Example 2. Suppose Example 1, but with V replaced by 1 — pL, where ol < L.
Then, we lave o regression model with AR(1) disturbances. The S5M s

X = pXe—y -+ A (4)

and (3h). For initialization, we make Ay = 1, Hy = 1//1 - p2, Wy = 0, B=1and
xg = 0 (¢ = 0,C = 0). In this case {xk}, follows the statiomury model (4) and we
can use the fiest two moments of xx, namely E{xx} = 0and Var(xk) = a? (1= p%),
to set up the initial conditions. The first state s xg = (1//1— ptlar

A representation which will be very aseful in what follows is given by the next
theerem.

Theorem 1, Ifv = (v, vy) " is generated by the SSM (1), then v = b+
Sl +¢&, whoere the rows of § are

S =X+ Ci W,
S-g = Xq+ CQ{I.’V1 +A1W{}],

Sy =Xn+Cn{Wno1 + AvaWNo+ -t (An—y A1) Wol,
and thosc of It arc -
O S 1% S e Pl
Besides, € ~ N(0,0°) with & nonsingular and Cou(d,e) = 0.

Proof: The expressions for S; and R; arc obtained by repeated substitiutions using
(1). The vectors g; arc lincar combinations of £,,§,," Eat=10 V.
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£3 Fixed initial state

If 4 is fixed (C = 0), then § = ¢ and the representation of Theorem 1, v =
Ré + S7 + g, constitutes a rf,gres.sion model where the distribution of £ is known,

If we define X = ([,S5) and vy = (5" i TYT. then the log-likelihood of this model,
based on v, is (throughout the paper all log-likelihoods will be defined up to an
additive ccnhtani}

Av) = ‘%{Mln{ﬂzl + 0[S+ (v - X7) =7V - X9)/e®},

where Var(v) = ¢%2 and M denotes the number of components in v, the vector of
stacked observations. The maximum likelihood estimator of o2 iy

P =(v-Xy)"Z (v-Xy)/M. (

o
PR

Substituting &2 back in Av) yields the o2-maximized log-likelihood:

(M1n(6%) + In|2])} .

t\:‘ll—

It turns out that we can evaluate [(v) efficiently using the KF.

Definition 2. The Kalman Filter (KF) is the st of recursions

-

ek = Vi — Xif — CaXpe -1

Dy = CxPep—1Cf + Z 2],

¢ Gre= (APl iCl + By 2D, (6)
Xiwr,k = Wi + Apitp k-1 + Greg,

L Prt1k = (Ax — CrCr)Pek—1 AR + (Hyx — GeZk)HY |

with starting conditions X10=Woll+ AgB§ and Py = T

Here Xg ey is the predictor of xg using (v, -, v/ )" and Var(Xex-1 —
Xk k-1) = Prr—1. The er are the errors of predlr:tmg vy using {vf, . VI_I}T.
They constitute an orhogonal sequence with E {ex} = 0 and Var(ex) = Dy, as
sgiven in (6). Nnt{, that we have supposed ¢? = 1 in the equations (6) because
we will estimate o using (5). It can be shown (see, for example, [13]) thot if
¢=(ef,---,e})7, then there exists a lower triangular matrix K with ones in the
main diagonal quch that e = K(v — XI} and KEK " = D = diag(Dy, D, -+, Dy).
““‘“fﬂ"‘- L7 = KTD'K and 62 = eTD- 'e/M, In|E| = In|Dy| + In|Dy] +

id 1“|DN| In the case of scalar v, the Dy are also scalar and we can obtain
4 "squaie root” of £7! by putting £-1/2 = D=V/2K. Then, we can use a vector
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of standardized residuals 8 = D~'/2e such that 62 = 87&/M and maximizing [(v)
becomes equivalent to minimizing the non-lincar sum of squares

N Vs N 1/
5(v,q) = (H Jﬂi”i) é'e (H |Dif*|)
k=1

k=1

M

For vectorial vi, suppose that in each step of the KF, in addition to Dy, we also
obtain, by means of its Cholesky decomposition, a “square root” D}cﬁ of Dy, k=
1,-+-,N. Then, the matrix DY? = diag(ﬂiﬁ,ﬂéﬂ, o ,DHQ} is a “square root”

of D and we can proceed as in the scalar case to evaluate S(v, 7).

Example 2. (Continued) In this case § = 0, so tnat, by Theorem 1, we have
v = S+ e. The initial conditions for the KF are X10 =0 and Pro = 1/(1 — p).
Then, the KF gives

Ek:Vk"XkE"ik.k—lr ,Dl:]_;f(]_—pzj, Dy =1, 'E:}]-:l

G =p,  Zitr,k = PREk-1 T Pk,

Pio=1/(1-p%), Perix=1 k>0.

The vector of residuals is e = K(v — Sf), where

= 0 0 0 07

—p 1 0 0 O
e | B —p A 0 0 1

L 0 0 0 —-p 1]

and the veetor of standardized residuals is é = D'”Qc, with e, = {Vr}’?@v 1=
and éx = (vp — y;r@ — p(VE—1 — y;';_lgj, k > 1. The nonlinear sum of squares 1Is -

S(v,y) = (1/V/T= ) NETe(1//1- AN . “

We now return to the gencral discussion of the term S(v, 7). We can concen-
trate 7 out of S(v,7) if we replace  in S(v, ) by its maximum likelihood estimator
4, which is the generalized least squares (GLS) estimator of the model

v=Xy+e. (7
We next show how to obtain 4 by means of the EKI. rom what we have

just seen, it is clear that the KF can be seen as an algorithm that, applied to
a vector v of the same dimension as v, yields K and D. The algorithm can

AL

o el
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be trivially extended to compute also D'/2. Therefore, if we apply this extended
algorithm in model (7) to the data v and to the columns of the X matrix, we
obtain D~ Kv = D“'”KX’;«-}-D"U?KQ, where Var(D~ V2 Ke) = 01y, and we
have transformed a GLS regression model (7) into an ordinary least squarcs (QLS)
one. The estimator 4 can now be efficiently and accurately obtained using the QR
alporithim. anjm.‘-:in?; X is of full column rank, if p is the number of components in
7, this last algorithm premultiplies both D12 Kv and D™Y2K X by an orthogonal
matrix Q to obtain w = QD~V2Kv and (UT,0T)T = QD~Y2K X, where U is a
nonsingular p x p upper triangular matrix. Then, ¥ = U~ 'w, where Wi consists of
the first p clements of w, and we can evaluate -

L/ M

N /M N
S(v,3) = (H IDiﬁE) w3 wy (H IDL"‘}'I) :
k=] k=1

where wy consists of the last M — p clements of w.

Definition 3. The Extended Kalman Filter (EKF) is the KF (6) with the equations
for er and Xgq k, respectively, replaced by

Ep = (v 0,20 = CeXgpas; Xigrk = (0,0, -Wi) + A Xy ioy + G g

with the starting condition }.{;_[, = (0, —ApB, —Wy). Also, D;f? 5 computed along
with Dy,

The colimns of the matrix ﬁk,k-—l contain the state estimates, and those of
Ey the prediction errors, corresponding to the data and to the columns of the X
matrix, respectively, The EKF has been suggested in [15] and [19]; it has also been
generalized to the case of a rank deficient X matrix in [6].

Example 2. (Continucd) Applying the EKF with the starting condition Xy =
(0,0), we get

Bi=(Vioyx) = Xikr, Bo=D' B, Kigre = pXkor + pEic.

This implies Ex = (vk — pvi-1,¥% — pyi-1), k> 1, and By = (v1,y(). The GLS
model v = S{3 + £ has been transformed into the OLS model

Vi1 - p? yi/1—p?

vy — pvy Y — pyy

VN < pVN- YN = PYR -1
Consider next predicting the state x4 using (vi,vg, -, vi_{)7. Thisis cquiv-
alent to first predicting x using (y7,v{,va,++,vi_|)T, and then predicting this
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. . T T . ; ; : £ o
predictor usingg (v, vy oo, vf }T. The first mentioned predictor is %, as

given in (6). It is casy to check that X (1, =1 YT, where Xg gy is given by
the EKF, verifics the same recursion and starting condition as %, k-1, and henee

Rek-t = Xk w1 {ly =7 T, Thus, Rpkot = Xk gkl ;T}T i Lhe predictor we
are looking fur. T4 rican sauired error (Mse) is

Mse(Xg k-1) = Var(xe — e g1 + Xp ko1 — Kpe ko

= Vur{}:;,: - ﬁk,k—t) s Vﬂ?'fik,k-l = ik.ﬁ-—!:l
7Pt + Var (Xexa (0,3 - 1)")")
= g2 Py 1 K( Vi k— 1y Mse f'?‘}x{*?":'w k=11

where }ﬂ({’y}klk_; is the submatrix of X, k-1 formed by all its columns exeept the

first, and Mse(§) = a2 (UTU)= . If vy s the predictor of vy nsing [v;r,v;_,---1
va_ :l then it can be shown analogously that v — v = Ec(), —3 b1 Mso(ve) =

a2 Dy 4 E(v) ,L-:"t"!ht.l:l}L(jjk1 whore E{_};,_. i the submatrix of Se lormed by all ity
columns exeept the first,

The DKF of de Jong can also be used for likelihood evaluntion when € = 0,
although, as we will sec, it has other uses as well,
Definition 4. The Diffuse Kalman Filter (DKTF) is the EKF without the com-
;mt:ﬂ ion of ”:f and with the added recorsion Qe = Qp :'1[ {3 Yy, where
@y =

3 e . i Mool -

Given that (v — X3) T8 " Y v - X3) = g—s'8 s, where g = v 27 v, s =

XTE_I\;, and § = XTE_IX, the @Qr matrix accumulates the partinl sauares and

cress products and
.

]
=l % (8)

CZ?N'!'] [S LB‘ J ]
Thercefore, the DKF allows us to evaluate the (o2, 7 )-maximized log-likelihood, given

by i
—% {M’!n{(q — 518 's) /M) + Z ]{1!f);c|} .

k=i

Example 2. (Contimicd) The DKF gives, besides Eg and Xy ik, computed as in
the EKF, the matrices Qx. In this case,

Quyy = l (= Er‘i?(vk - pvi-1)?
| (1 p)vays | Y ea(ve - pvie-)(ye - ok 1)

* "
v T .
(1 —ﬂ‘z].‘.‘r’l}’r“i' Z.f:;g{yk—;JJ'E—I)(}’J:-'IJH—L] ]
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Finally in this section, we rernark that the estimator 4 is obtained by solving the
normal equations of the regression, Sy = sv. However, solving the normal equations
this way can lead to numerical difficultics because what we are doing is basically
squaring a number and then taking its square root. It is numerically more efficient
to usc a device such as the QR algorithm or the singular value decomposition,
once the EKF has been applied. Another alternative, but computationally more
expensive, is to use a square root filter version of the DKF.

4 Initial state with an unspecified distribution:
no regression parameters

In this Scction, we suppose that & in xg = Bé has an unspecified distribution, that
is § ~ N(c,0?C) with C nonsingular. We also suppose that there are no TCETCsSI0N
parameters and, therefore, Wi = 0, and X = 0. Then, Theorem 1 implies

v=1It64¢ (9)

Ansley and Kohn (2], hereafter AK, define the likelibood of (9) by means of &
transformation of the data that eliminates dependence on initial conditions. Let J
be a matrix with |J| = 1 such that JR has exactly rank(RR) rows different from zero.
Such a matrix always exists. Let Jy consist of those rank(?) rows of J corresponding
to the nonzero rows of JR and let J; consist of the other rows of J so that bR =0,
AK define the likelihood of (9) as the density of Jov. We will show later that,
under an extra assumption, this definition does not depend on the matrix J. To
cvaliate the likelihood, however, and merely for algorithnic purposes, given that
the transformation usually destroys the covariance structure of the data, they use an
cquivalent definition of the likelihood and develop what they call “modified Kaliman
Filter” and "modified Fixed Point Smoother” algorithms. The modified Kalman
Filter is of considerable complexity, difficult to program and is less computationally
efficient than the procedure in [6], when applicable, or the DKF. Also, it does not
explicitly handle fixed effects and requires specialived assumptions regarding the
SSM (see [14]).

Another approach to defining the likelihood of (9) is that of de Jong [13], where
4 is considered diffuse by letbing € — oo, In order to take this limit we need the
following Lheorem. '

Thmmm 2. Let § ~ N(c,0%C) with C nonsingular. Then, the log-likelihood of v

15

| —

M) = = Z{InlC] + o 5| + Injc~! + B2 1
+{(8

o T e

E-c)TC ' E-c)+ (v-RYTE (v - Rﬁ)},fgﬂ} ;
where

b=(C '+ RTS'R)"Y(C e+ RTE ')
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and & coincides with the conditional expectation E{8|v}. Also,
Mse(8) = Var(§]v) = g O+ BYECLRYE.

Proof: The density p(v) verifies p(8|v)p(v) = p(v|8)p(8), where the vertical bar
denotes conditional distribution. The maximum likelihood estimator & of & on the
loft hand side of this equation must be cqual to the one on the right hand side.
Given that the equality between densities implics

(6 — E{8Iv)T gy — E{§v}) + (v - Re) Q7 (v — Re)
(5 -e)TC™ (8 —c)+ (v—RETT (v — RE),
where g, and Qy arc the covariance matrices, divided by 2, of p(é]v) and p(v),

respectively, the left hand side is minimized for § = E{g|v}. To minimize the right
hand side, consider the regression model

|

(", v )T = (ILRT) T8+ », u~ N(0,diag(C, X)) .
Then & is as asserted and _
Var(é|v) = Var(§) =c*(C™' + RTZ7'R)™.

o . . . ] 3 °F; =1 ~
Theorem 3. With the notation and assumption of Theorem 2, if It V5 R mons
singular, then, letting C — o0, we have

A[v]-{r-:l—zlta](:f[ — —-%{111|UEE| + In]RTE_'RE + (v — i i (v - R@r’ﬂ?} )
§-b=(RTE'R)'RTS v, Msc(8) — Msc(b) = a*(RTET'R)™.
Proof: It is an immediate consequence of Theoren: 2.

It is shown in [13] that A(v)+(1/2)In]C]| tends to a proper log-likelihood, called
the diffuse log-likelihood. By Theorem 3, in order tc compute it, all we have to do
is to consider § fixed in (9) and apply the methodology of Scction 3. If the EKF is
used, then, with the notation of Scetion 3, the results of Theorem 3 can be rewritten

n
1 1
A(v) + In|C| — -2 l:Mln{ur?} 42 {Eln!ﬂlﬂl £ In[U|} + glggmﬂ} ,

2 E=U"w, Mso(®) - Mse(d) = o* (TN,

=m0

whereas if the DKF is used, then, with the notation of (8), we obtain

) N
Atv)+ ] - - [Mln(a"d &5 0Dyl + 0S|+ (g~ sT575)/ "1 '
k=1

§—5=5""s, Mse(8) — Msc(d)=:0*S".

| A}

i
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If § in (8) is singular, de Jong leaves the diffuse log-likelihood wndefined, In
order to define the limiting expressions of Theorem 3 when S is singular, we have
to consider model (9) with an R matrix that is not of full column rank. Let K be
a selector matrix formed by zeros and ones such that XSK 7T has a rank cqual to
rank(R) and replace model (9) by

v=RK"§ +¢, (10)

where §, ~ N(c,0%C), with C nonsingular and 8, is the vector formed by choosing
those components in & corresponding to the selected columns RK 7. This amounts
to making the assumption that the other components in § cannot be estimated from
the data without further information and are assigned value wero with probability
one. The next theorem gencralizes the results of Theorem 2 to the case of a possibly
singular S matrix.

Theorem 4. Suppose model (10) with the convention that if R is of full column
rank, then matrix K is the identity matrix and 48, = 6. Then, with the notation
and assumptions of Theorem 3, letting C — co, we have

1 1 . : -
A{vj-i-—z-lnlcl — —5{1n!.:r?z:| +In|KRTE'RKT |+ (v — RE)TE (v — RE) /o),
6—=8=(R"E'R)"RTE"!v, Mse(d) — Mse(§) = RTEIRY)

where (RTZ™I1R)~ = I{T{K(RTE“IR)KTTLK and & and § are interpreted as
the particular maximizers obtained by making zero the elements not in 6, and §,,
respectively.

Proof: The only thing that needs te be proved is that |[KRTES-'RKT| does not
depend on K. This can be seen in (18, page 527).

The next theorem shows the relationship between the likelihood of AK and the
diffuse likclihood of de Jong. When S is singular, we take as diffuse log-likelihood
the one given by Theorem 4.

Theorem 5. Let J be a matrix with |J| = 1 like those used by AK to define their
likelihood, and let Jy and J» be the corresponding submatrices such that J1[2 £ 0
and JoR = 0. If p(v) is the density of v when C is nonsingular, as given by Theorem
2, and p(Jav) Is the AK likelihood, then, letting C' — oo, we have

721 = {T], / @2} ploav),

fvbepe [1; is the product of the nonzero eigenvalues of the matrix RTJ' J\ R and d
is the number of columns of R, rank(R)< d.
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Proof: Let J be as specified in the theorem. Then, p(v) = P{Jv) beeanse |J]| = 1.
Permuting the rows of JIT il necessary, we can always suppose that Jy [0 are the first
rows of JR. This amounts to premultiplying JR by a matrix P obtained from the
unit matrix by performing the same permutations. Given that P is orthogonal, we
can take PJ instead of J. Let K be a selector r x d matrix, where r = rank(f?), and
consider model (10). If I is of full columnn rank, then K = Iy and r = d. That the
determinant |[KTRTJT JIRKT| is equal to the product of the non.cro cigenvalues
of RTJ] J; It can be scen, for example, in (18, page 527]. Let JRKT = M. If
5, = JEJT and we partition £y = {ﬂij),zj‘ = (), i,7 = L2 conforming to
J=(JF,J)7, then, by Theorem 4, the log-likelihood of v verihies
1 1 - :
A(v) + 5 In|C] = - E{1u|a?n-ﬂ{sﬁa’‘}*‘1 F MM + (L) 05 (Jev)/a).
Ansley and Kohn [2], make the following assumnption.
Assumption A. Matrix R in (9) and (10) does not depend on the medel parameters,

This assumplion holds in many practical situations, inclding the eximples of
Section 2.
Corollary 1. If Asstption A holds, then the A likelihood does nat depetd on
the matrix J.

Proof: It is an immediate consequence of Theorem 5.

Even if Assumption A holds, Theorem & shows that the diffuse log-likelihood
and the AK lug—likc‘iihcmd, when maximized with respect to ot do not give tho
same results. The difference lies in the term Mln(é?) in the o?-maximized diffuse
log-likelihood versus (M — d)In(5?) in the AK log-likelihood, where &2 =(1/M)g-
s188) and %= (1/(M - d))(g—s"S~s). This is a consequence of de Jong taking
the limit of A(v)+ (1/2)In|C] instead of A(v)+ (1/2)In|e?C| in Theorem 4. We think
that it would have been more appropriate to do the lutter than the former. For
instance, when dealing with an ARIMA model, the AK likelihood coincides with
the usual Box-Jenkins likelihood (see [4]), whereas the diffuse likelihood docs nGtT.

We now cousider predicting the state X and” v using {vplr,v;;r,--',“;rﬂl} .
The next two theorems give the details.

Theorem 6. Lot § ~ N{c,0®C) with C nonsingular and let 8, %k and Vi be
the predictors of §, Xx and vk using (vy, I ‘-'I‘JTs respectively. Suppose tae
EKF or the DKF is applicd and let X (&) i k-1 and E(8)x be the submatrices formed
by all but the first columns of ﬁklk_l and Ey, respectively. Then

=18 4RI E Ry NC er BLEG ve)

Mse(8y) = a(C™ + RIZEIRHF}: Xi k=1 = X =1 (b ""E,II}Tr
Mse(Xk k-1) = " P g1 + i(é}k.k-lMS(‘{ﬁk}i(ﬁ)lk—lr

Ve — 7k = Ex(1, —5.)7, Mse(¥) = 02Dk + E(ﬁjkMSc[_Ek}E(é}I :
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. ] o vow = T
where Ite is the submatrix formed by the first k rows of @ and Ze =0 Var((g),
- ,€0}T)
15k '
Proof: The first two equalitics are a conscquence of Theerem 2. The ol her expres-
sions can be proved as the corresponding ones for the case C=0 (Sectiui 3).

Theorem 7. With the notation and assumption of Theorems 6 and 4, 1 the rows
of X(8)kk_1 and E(8)x are in the space gencrated by the rows of (12, E;'Rk)‘,
then, letting C — oo,

5, — 8, = (RIES'R) RIS v, Mse(8,) — Mse(d,) = o (R{S Re) ™,
. =T
Xk k=1 — Xk,k—l{:h — by )T '

Mse(%x k—1) — 02 Py i1 + R(ﬁ}k.k—13’150@&:‘5{@];;:—: ,

3 a7 “ "
e = CeXino1(1, =87, Mse(¥r) — ¢2Dx + E(8)xMsc(8,) E(S)S -

Proof: The first two limits are consequences of Theorems 2 and 4. The other
pxpressions are a direct consequence of Theorem 6.

By Theorem 7, in order to get the desired predictors, we must consider the
regression model (9) with § fixed and apply the GLS theory. We can use the results
of Section 3 and, in order to get an efficient algorithm, we can apply the EKF
or the DKF for likelihood evaluation or prediction. Note that the difficulties that
may arise stem from the fact that the matrix R may be rank deficient. In this last
ciase, we have to use generalized inverses throughout the process and neither all
observations will be predictable, nor will all states be estimatable.

The next theorem states that the predictors obtained with the modified Kalman
Filter coincide with those oblained by means of the EKF or the DKF.

Theorem 8. Let Assumption A hold. Then, the predictors of xy and vy obtained
with the modified Kalman Filter and those obtained with the EKF or the DKF

coincide. If the same estimator of o2 is used in both procedures, then the Mse
crrors also coincide.

Proof: Theorem 5.2 in [2] states that the AK predictors coincide with the diffuse
predictors ard the statement about the Mse follows trivially.

We have seen that, in order to evaluate the AKX log-likelihood, we can usc
the modified Kalman Filter of AK, although it is not the best procedure, or we
iy use the efficient EKF or DKF to evaluate the diffuse log-likelihood, which, by
Theorem 5, differs from the AK log-likelihood only in a constant. This constant,
under Assumption A, does not depend on model parameters. The EKF or the DKF
should be applied to model (9) considering § fixed (C = 0). 1t would be nice to
cinploy the EKF or the DKF only for an initial stretch of the data, as short as
possible, to construet an estimator of § and, from then on, use the KF. When this



Initializing the Kalman Filter 5

oceurs, one speaks of a collapse of the BKF or the DKF to the KF. Let rank(R) =
- and suppose that the first r rows of R are lincarly independent. Let Ry be the
cubmatrix formed by the first r rows and let [7;; consist of the other rows of R.
Partition v = (v, v ;)T and € = (] ,&f;) " conforming to It = (RF,R];)7. Then,
we can write '

vi = Rib+gy (11a)
vig=Rpb+egg ; (118)

The next theorem shows how to implement the collapsing of the EKF or DKF
to the KF.

Theorem 9. Under Assumption A, let J with |J| =1 bca matrix like those used by
AK to define their likelihood, with corresponding submatrices J and Jp such that
J11t # 0 and JoR =0, and let p(virlvi, §;) be the density of vis — E{vilv1, b},
where E{v”h;,ﬁf} is the conditional expectation of vy given Vi in model (11a)
and (11b), considering § fixed (C = 0), and § replaced by its maximum likelihood
estimator 8, in model (11a). Then,

p(Jav) = plviilvi, &),

where p(Jav) is the density of Jav.
Proof: For simplicity, consider that R is of full column rank. If not, we would use
generalized inverses, but the proof would not be affccted. From model (11a) and
(11b), we have, considering § fixed,

E{vi|vi} = Rié+ T 0 (vi — Rid),

where Sg1 = Couley,&;) and T = Var(g). Then, B{vilve,b;} = RiRy'vi
and vy —E{vrrlv, 81} = v — RrRy'v. Define the matrix J=(Jf,J7)T with
Jy=(I,0) and J2 = (=R R7',I). Then, Jisa matrix of the type used by AK to

define their likelihood and vir — E{viilv1,8;} = Jav. This cornpletes the proof of
the theorem.

By Theorem 9, to evaluate the log-likelihood of vi; — E{VH]VI:;E;} = Jav, ne
can procced as follows. First, use the EKF or the DKF in model (11a) to obtain

-

the maximum likelihood estimator (mle) §; and initial conditions for the KF

E{x,} = Xou1(1,-8)7, Var(x,) = 0P+ X(8)5.e1Mse(8) KB a1

where v, is the first observation in (11b). Then, proceed with the KF, applied to the

sccond stretch of the data vy, to obtain the log-likelihood of vir— E{v”iv;,ﬁ;} B
Jov as in Section 3, but with no regression parameters. We have used the initial

KLTM :
ey
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stretch vy of the data to construct the mle ﬁ; and the initial conditions for the KF,
After that, the effect of § has been absorbed into the estimator of the state vector
and that is the reason why we can collapse the EKF or DKF to the KF.

We now give another interpretation to the result of Theorern 9. With the
notation of Theorem 2, we can write

A(V) + In|Cl/2 = {A(v;) +1n|C|/2) + A(vis|v)), (12)

where A(vyy|vr) is the conditional log-likelihood of vy, given vy. By Thoeorem 3,
letting €' — oo, the term in curly brackets tends to —{M;ln(o2) + IR] Ry} /2,
where M) is the number of components in v;, whercas Alvirlvy) converges to
the log-likelihood of Jpv, which, by Theorem 9, is equal to the log-likelihood of
Vit — E{v”]v;,ﬁ_f}. Thus, the diffuse log-likelihood of v is the sum of the diffuse
log-likelihood of vy and the log-likelihood of Jov. Note that the first term does
not contribute to cither the determinant or the sum of squarés of the dilluse log-
likelihood.

Bell and Hillmer 3] use a similar idea to construct initial conditions for the
KF. Instead of employing the KF for the initial stretch of the data, they use the
transformation approach of AK to construct the mle Ef and the initial conditions
for the KF dircetly. Whether this approach is more advantageous than using the
KF is something that depends on the pecularities of the problem at hand. If it
1s easier to obtain the mle and the initial conditions dircetly, then it can be used.
However, the KF approach to construct the mle and the initial conditions hias the
advantage that it is easy to implement, does not depend on ad hoc procedures and
it imposes very little computational and/or programming burden.

The case we have been considering, where the submatrix 127 is lormed by the
first r rows of R is important because it happens often in practice. Examples of
this are ARIMA models and ARIMA component models.

If in model (11a) and (11b) we have v; = §, then Theorem @ implies p(Jov) =
p(vrtlvr). Also, if J is a matrix like those used by AK to define their likelihood
and J is of the form J = (JJ,J)T-with J; = (I,0), then v; is independent
of Jyv. This is the conditional likelihood approach used in [6] in the context of
regression models with ARIMA disturbances and gencralized to the case when there
are missing observations. For ARIMA (p, d, ) modcls, the situation simplifics still
further because it is not necessary to employ the EKF or the DKF for the initial
stretch of the data vy = § to obtain initial conditions for the KF. The'SSM can be
redefined by simply translating forward the initial conditions d units in time, where
d is the degree of the differencing operator.

Suppose there are missing observations in v and that in (11a) the vector v;
contains a subvector vy of missing observations. Let vypbe the subvector of vy
formed by the nonmissing observations and let v be the subvector of v contain-
ing the rest of the nonmissing observations. Then, by analogy with the result of
Theorem 9, we can still consider \ E.{v”]v;,ﬁf}, treat vyar as a vector of fixed
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parameters, and define the likelihood of {v;rf;,, VL:I T as that of the regression model
Uy = RlUmvim + wyy, (13)

where 7T i Rylgvio,wy = g4y — RHRFIQ“ and Upoand Uy are the
submatrices of Rf_l formed by the columns corresponding to vy and vy, respee-
tively. Here we have supposed that Ry is of full coluran rank. If not, we would
use generalized inverses, but the main result would not be affected. Note that the
vector vy is considered as a vector of fixed parameters that have to be estimated
along with the other parameters of the model. The next theorem shows that this
definition of the likelihood is equivalent to the AK definition.

Theorem 10. Under Assumption A, the (o?, via)-maximized log-likelibood cor-
responding to (13) coincides, up to a constant, with the a*-maximized AK log-
likelihood.

Proof: Let Var(w,,) = o2 and let @ = LLT be the Cholesky decomposition of
€. If we promultiply (13) by L™, we obtain the QLS model

L7y = LT RyUmvim + L™ wyy.

The QR algorithm, applied to the L™ R;; Uy matrix, yields an upper triangular

matrix § with nonzero elements in the main diagonal such that QT L™ Ry Uy =
(§T,07)7, where Q is an orthogonal matrix. Then, we can write

s S -
Q'L IEH= [D}VIM"FQTL Yy

The matrix L™! will not have, in general, unit determinant. If we multiply L™ by
c = |L|VMu1 | where M is the number of components in vy, then L1 has unit
determinant. Let K = (K[, KJ)T with Ky = (J,0) and K3 = (=RpUo,I) and 16;
P = (P, PN)T with P, = (I,0) and P, = (0,eQT L~1). Partition Q" = (Q1,Q2)
conforming to QIL"‘R”UM =.S.and Q;FL_IR“UM = 0. If J = PK, then J has
unit determinant and

Jvlovi)T = vio, (@@ L7y, )T)T

- T Tr=1. 3TyT
—(R]o, (aSR1u)T,0)T8 + ()0, (13 +0QT L lwyy) T2 (0Qa L7 wrs) )
where we have partitioned R; and g; conforming to the partition of vy into vio
and vyp. Given that (R]g, (@SRiam) ™) has rank equal to that of /2y, the matrix

J is of the AK type. Therefore, the AK likelihood is the density of aQq L', and

the AK log-likelihood, maximized with respect to o2, is

._% {{MH = TS)In{E‘rE} 1 1IIIL|2':M“""'5”MH} :
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where

6 =] (L7 QQ7 L', /(M) —75)

and rg = rank(S). The log-likelihood of (13), maximized with respect to o? an
vim is —{M;In(6%) + In|L|?} /2, where

52 = EITI(L“I)TQQQJL_IHHKMH :

This completes the proof of the theorem.

Theorem 10 generalizes the result obtained in [6] for ARIMA models with
missing data. This approach is useful when the matrix 72y corresponding to the
first observations vy (including the missing ones) is of full column rank.

We now suppose that in model (9) the first r rows of 1T do not, in general,
constitute a submatrix of It of rank r. Let Ity be the first submatrix of 1T formed
adjoining consceutive rows to the first row, such that it has full column rank and
let R;y consist of the other rows of R. Partition v = (v/,v/[,)T and g = (¢] ,¢],)7
conforming to R = l:!?:fT1 R}'}]T. In the rest of the scetion, whenever we refer to
madels (11a) and (118), we will refer to this partition. Consider the decomposition
given by (12). Then, letting C — oo as before, the term in curly brackets tends to

1 _ R .
=5 (Miln(e®) + |y | + | R Eﬁlﬂfi + (vy - RIQ:JT 20 v = Ridy) /e,

where Var(g;) = 0?2y and §;, = (RT L0 R TRIEN vy The conditional log-
likelihood A(vyr|vy) converges to the log- hkchhmd of Jyv, where

Jo = (=R STy — S S0 (I = RiST'TY), 1), B = Covley,er),
and Ty = RJE7. To sce this, define J = (J,J0) T with Jy = (1,0). Then,

A(v) = A{Jv) because J has unit determinant and

| 1
Alv) + 5]11|C‘| = {A(vy) + §|11|GE} + AlJav|vy).

Note that now J is not a matrix of the AK type.

Theorem 11. Let J be the matrix we have just defined , with the corresponding
submatrices Jy and Jy, and let p(vlvy,é ;) be the d{m:ty of vir — E{vi|v1,4,},
where E{v|v;, & 1} is the conditional expectation of vy given vy in madel (11a)
aned (11h), cm:sidcnngé fixed (C = 0) and § replaced by its maximun likelibood
estimator ﬁ; in model (11a). Then,

p{Jav) = plvyy|vy j.') !



oL o

'E“IT"'

Initializing the Kalman Filter 59

where p(Jav) is the density of Jav.
Proof: The proof is analogous to that of Theorem 9.

Thus, to evaluate the AK log-likelihood or the diffuse log-likelihood, we can still
use the EKF or the DKF as before, until we have processed a stretch of observations
such that the corresponding submatrix of R has full column rank, anc then collapse
to the KF. The likelihood is evaluated as the sum of two terms. One corresponding
to the stretch v; and the other corresponding to vyr. More specifically, the EKF
or the DKF applied to model (11a) yields

ISuLIRTE R and  (vi = Rid ) S0 (vi - Rid)) (14)

where 8, = {RIEI_[‘ R;)']R}FE?IIV;. These three terms will be needed for the
computation of the likelihood because now there will be no cancellation of terms.
With the notation of Section 3, if the EKF is used, the expressions in (14) are

Ny
ISy =23 W|DY?|, |RfET Rl = UL
k=1

and X )
(vi— Rf.é.fJTzl_i! (VI = Rféf] =

ol 5

whoreas, if the DKF is used, they are

My
n|Sp) =) In|De|, |R{E5 Rl =S|
k=1

}Ll'td
(vi = Rid)TER (vi = Riby) = qr = 51 87 's1.

The initialization for the KF, to be used with the sccond streteh of the data vy, is

~ e - - ~
E{x!} = X:.a—-l(lr_é." }T 3 V&T(X,} = UZP_-,:—I + x{é}a.lulmm(éf}x(é}z_{-—l '

where, as before, v, is the first observation in (115). Once the run of the KF is
completed, we have to add up the terms in (14) to the corresponding terms obtained
with the KF, [Var(Jev)| and (Jov)T (Var(Jav)) ™ (J2v).

The fact that we don’t know for how long we will have to use the EKF or the
DKF before we make the transition to the KF may mike collapsing unattractive.
There is an alternative procedure to evaluate the AK log-likelihood or the diffuse
log-likelihood that might be of interest in some cases. It consists essentially of
reshuffling the observations in such a way that again the first r rows of R are
lincarly independent. An algorithm to achieve this is the following. Apply the EKF
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or the DKF to model (9) and, at the same time, obtain the row cchelon form o
the R matrix. Each time a new observation vy is being incorporated, we check
whether its corresponding row vector Ry is a linear combination of the rows already
processed. If it is, we skip this observation as if it were rissing (see [10]). Otherwise,
we process the observation as part of the initial stretch of the data vi. Proceeding
in this way, after some time we will have processed a stretch of the data v; for
which the corresponding submatrix R; of R will be formed by & maximal set of
linearly independent row vectors. Let vy consist of the other observations and let
v, be the first observation that we skip as if it were missing. This will be the first
observation of v;;. Suppose the Fixed Point Smoother (FPS) corresponding to v,
is applied, along with the EKF or the DKF, to all the columns of JH{L-HI;;. Then,
after processing vy, we can sct up as initial conditions for the KF, to be applicd to
vit, the following

- T - A—
Efxa} = X011, =61)7, Var(x,) = o*Py; + X(8),/Mse(3,)X(8)T, ,
where }t51f1fjsrj and X(6),,r are the matrices obtained with the FPS, and §, is

the mle corresponding to v;. Note that the advantage of using only the KI for
likelihood evaluation comes at the expense of an increase in the computations,

Example 3. Consider the following ARTMA (1,1,0) modcl
(I -+ q&L}?vk = ar,

where the notation is as in Example 1. To obtain an SSM formulation, we define

XJ; = U',Ck = C= {I,GLEJ,_. :ﬂ,wk :BT Ak — |in 1¢:[ — .“‘11 jrk —_ inr1 Wlt_ll

¢ 1-
i =1,Hy=1- @ X1,k = Vi, X2k = Vi4) — 2441 and £y = a. Then, we can
write

Xp = Axp_1 + T8ur Y= 0%.

To initialize, we consider that (1 = L)vg = uy is stationary and follows the
model (14 ¢L)uy. = a;. Then,

1 S
):1—-[1}1’0—1-[1 1]
and we can choose Ag=1,,B=(1,1)T,xp = B, § = vg and
Hy = [1 D] [ 1 ] 1
L 1fl-¢] y1—¢*"

The first state is x; = B§ + Hpay. Model (9) specializes to R = (1,1,---,1)7 and
Ee=ui+- - dug,k=1... » V. The AK likelihood can be obtained as the density
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of the diferenced data, This is cquivalent to multiply v by the matrix

FY @ 0o 0 07
1 1 B B0
J=|0 =11 ... 0 0f
L0 8 Peosws g 1)

define Jy = (1,0,---,0) and Js such that J = (J[r, J3)T, and take as AK density
the density of Jov. Note that JR = (1,0,.+-,0)7 and Je = (u1,uz, .., upn)T. The
EKF or the DKF produces Dy = 1/(1 - ) B = 1k =2 e Ny

L] = In|JEJ 7| = In|Dy| 4 -+ In|Dy| = In(1/(1 — &%),

| RTE R = In|RTJT(JZJT) VIR =0, &

(v = RO)TE" (v = RE) = (va + ¢vi — V1)’

i

+ Z[ k4 Ovieo1) — (Vo + ¢vie-2)]”-

In case the DKF is applicd,

(1—@?Vi+(vatovi—wi)® (1= oi)v]
Qnsr = | + 0 l(vi + @Vir) — (Ve + ¢Vi2))? :
(1—¢%)v (1-¢%)

Model (11a) becomes the first equation of (9), vi = &+ wuy, where vy = vy, iy =1
and £, = u;. Model (11b) consists of the rest of the equations. Supposc we use the
EKF or the DKF in (11a) to obtain §, and initial conditions for the KF, that we
will apply later to model (116). Then,

= 0 —1 1 1 I~
}xl,{}ilﬂ —1]’ Ey =), Pl'ﬂzl-—ﬁﬁ‘l[l“ {l‘"‘f’]:!.|1

Gy = l 1-¢ J D|=l+¢21

o+
(1 - @)V —¢ T & ase
[m—¢+¢i ¢w—1J’ ﬁﬁ‘[l—@flrﬁ4

Given that éj, = v;, we have Msﬂ[ﬁl] =1/(1- ¢?) and the initial conditions for the
KF are :

s =3 3]

N - 1 1 1-¢
Var(xz) = Po,i + X(8)2uMse(@)X Q20 = T-gm [1-¢ (1-9)% )"
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Therefore, using the EKF or the DKF in (11a) Lo estimate ¢ and to compute initial
conditions for the KF yields the same starting values, but shifted ahead one period
of time. This is an example where we can redefine the SSM, taking v; = & and
translate the initial conditions forward one unit of time. This is true for all ARIMA
(p, d, q) models (see [6]).

§5 Initial state with an unspecified distribution: the general case

In this Section we consider a more general SSM than that of Scction 3. Besides
making the assumption that § in %o = B§ has an unspccified distribution, § ~
N{c,0?C), with C nonsingular, we allow for regression parawncters. That is, we
consider J fixed but unknown. By Theorem 1, we have v = R§ + SpP +g. Defining
X =(R,8) and v= [_é_T,_,ﬁ'_T)T we can write the model more concisely as

v=Xy+e. (15)

To define the AK likelihood, consider a matrix J of the type used by AK
when there are no regression parameters and let J; and Jy be the corresponding
submalrices such that JIR # 0 and JoR = 0. Then, the AK likelihood is the
density of Jao(v — §8). In order to efficiently evaluate the likelihood and predict
and interpolate unobserved vi’s, they use their modified KF and modificd FPS,
applying them also to the columns of the regression matrix, as outlined in Scetion
3. The reader is referred to [15] and [16] for details. For the reasons mentioned
in Scetion 4, we consider the modified KF and modificd FPS computationally less
efficient and coneeptually more complex than the EKF or the DKF,

To compute the diffusc log-likelihood of (15) we have to consider that § is
diffuse, € — oo, and B is fixed. De Jong docs not consider explicitly this case,
although it is a case that is often encountered in practice. Procecding as in Theorems
2 and 3 of Scction 4, replacing v by v — S8, and letting € —+'o0, we have

1 1
Av) + gInlCl — —S{Injo® S|+ In|RTE7'R)

+(v -8B R8T (v - S8 - REfo?),
§—8=(R"S'R)'RTE" (v - 5B).
Minimizing this diffuse log-likelihood with respect to 0 yiclds an estimator Q which
minimizes (v — SE}TPTE_lp[v = .5'_,@}, where P=1T — R{:RTE"R)_IHTE_l. It
can be shown that the estimators & and @_ obtained in this way can be obtained in

T . - =T =
i single stage as the GLS estimator ¥=(& ,8 )" of model (15). Thus, the EKF

or thebIJKF can be used to compute the (02, ~)-maximized diffuse log-likelihoed,
given by .

1
_E{Mln(;’f?) +In[Z] + In|RTE'R|},
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where M is the number of components in v and 6% = (1/M)(v ~-X7) T2 (v—-X3).
Under Assumption A of Section 4, the AK (o2, 7)-maximized log-likelihood differs
from the (o?,7)-maximized diffuse log-likelihood only in a constant. As in Section
4, it is passibl_c to employ the EKF or the DKF for an initial stretch of the data
to construct an estimator of §. However, it will not be possible now to collapse
to the KF because we will still have to estimate the § parameters. The most we
can do is to collapse to a reduced dimension EKF or DKF. More specifically, let
rank(R) = r and suppose that the first 7 rows of R arc linearly independent. Let
R; be the submatrix formed by the first r rows and let Iy consist of the other rows
of R. Partition v = (V}_,V}I}}T,S = (S?,SE)T, and e = (g] ,€];)" conforming to
R = (R],R})T. Then, we can write

vi=Rib+SiB+er, (16a)
vig=Rpé+ Suf+&m- (160)

Suppose that Ry has full column rank. If not, we would use generalized inverscs
instead of true inverses but the main result would not be affected. As in Section
4, we will apply first the EKF or the DKF to (16a) to obtain a GLS estimator 8
of §. However it will not be possible now to absorb both § and g into the state
estimator. Only 8§ will be absorbed. In this way, the EKF or the DKF will only be
simplified, not collapsed to the KF, when we apply it to (16b) in the second step
of the procedure. The number of states of the EKF will be reduced by a number
cqual to the number of components in §. Let v, be the first observation in (16b).
We showed in Section 3 that, if § and 3 are known, ther the estimator of the statz

x, using (ETNF,V;',“HV:—JT is
is,a—l = 5{5,:—1(1 - IT)T = }n{{v}:,s—l = k(.‘i}s.a—lé = R(Ej"""lé’ (1?)

where X(v)sa-1, f{{é},l,_1 and .}.{[:Ei:}_,.,_q are the columns of }td_,_l corresponding
to v,, 8 and 3, respectively. The GLS estimator &, of & obtained from (16a) is
Sy =V7'T(vi-518),

where V = R 27 R, T = RFZ7! and Var(g) = 425, Substituting &; back in
(17) yields

Zonet = K(V)naet = K(B)na-1 V1 Tvs = (X(B)ss-1 = X&) a—1VTITSH)B
= i("’}s,a—l R :;C(E}a,:-l_@_:
x:.rhcrc X, s—1 is the estimator of x, using {ﬁT, vy, Vo, ‘*’.qT-t)T and (}-{{"’}a.-—h
X()s,s—1) arc the estimators, respectively, of the states corresponding to the data
and the 3 parameters. Given that
MSE(?T:.,:—I) =Varlx,~X,a-1+ P e }_'C,,.—I}
=Var(x, — %,,,-1) + Var(&y a1 = Xaa=1))
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we have MEe{Ryui) = EJ'EF_,__.,_l -} ﬁ{ﬁ},ﬂ,_ng::{éfjﬁ{é}ls_l. By Theorem 9 of
Section 4, the EKF, to be applied to (16b), can then be initialized with Var(x,) =
Mse(X, ,—1) and X, ,_; = (X(V)s,5—1, X(B)s,5—1). If the DKF is to be crnployed,

the initialization for the Q matrix would be
[g;: g:] - [g;j] Q% [Q21 Q) ,

where Qs = (Q;;), 1,7 = 1,2,3. This can be seen considering that, after esti-
mating §, the sum of squares is (vr — S;_@}TPTEFIP(W - 818), with P = |
—-R;(HFE?'R;)“‘R}FE‘TI. If the first 7 rows of 2 do not constitute a subrmatrix
of R of rank r, we would proceed as in the last part of Scction 4.

Example 1. (Continued) Model (15) specializes to € =ar+vag, k=145 N R
=(1,---,1)T and § = (1., ¥n)T. The AK likelihood is; as in Example 3, the
density of the differenced data. If JyJi and Jp are the matrices defined in Example
3, with J = (J{,J)7, then the AK likelihood is the density of

Ja(v = 8B) = (va — v — (y2 — Y1) B, vn = Vvt = (Y — yuoy) ‘BT

The EKF or DKF produces Dy =1,k=1,---,N,E| = {vl,l,yT],Ek = (wy, 0,
YE) k=2,--- N, In|5 =0,In[RTE'R|=0,d = v, -yi B,

N -1 N
8= Z[}’k = Ye—1 )y = }’k—l)T} Z{}’k = Ye=1)(Vk — Vi),

bl k=2

L

and
N

o e
(vV=XNTEN v - X3) =37 [va = vier = (v = yu-1)TB]

L

k=

3%

Model (16a) becomes the first equation of (15), v = § + }';r_,q-k aj, where vy =
vi,Rp=1,5r =y and £; = ay. Model (1Gb) consists of the rest of the cquations.
Suppose we use the EKF or the DKF in (lﬁb) to obtain ﬁ; and then collapse to a
reduced dimension EKF or DKF, to be applied later to model (16b). Then,

i1-"3 =(ﬂ,—1,ﬂ), EI =(V1,1,}’F}, P],U': ]-:
Gi=1, D=1, 5{2.1 — fVI,ﬂ,}’r), Py=1.

Clearly, §; = v; — ¥1 B, and, therefore,

X2,1 = Vv — Y?ﬁ = i(v)i,l = R(Q}?Jﬁ
Mse(igjlj =1,
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The collapsed EXF or DKF can be initialized with Xsq = (vi,yy) and
Var(xz) = 1. Note that now the dimension is that of the original EXF or DKF
minus one. In case that the DKF is applicd, we have

vi v vyl
(e = vy 1 }fr i

yivi i yiyi
and the matrix of partial squares and cross products to initialize the collapsed DKF

is
2

v vy v 0 o
l': = ! lyl — ' L' ) B [ .
22 [}’1‘*’1 y1yy Lr’l v yrl 0 0
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