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Abstract 

In this article, a unified approach to automatic modeling for univariate series is 
presented. First, ARIMA models and the classical methods for fitting these models to 
a given time series are reviewed. Second, some objective methods for model 
identification are considered and some algorithmical procedures for automatic model 
identification are described. Third, outliers are incorporated into the model and an 
algorithm for automatic model identification in the presence of outliers is proposed. 

Finally, the previous algorithm is extended to cope with missing observations, trading 
day and Easter effects. intervention and regression effects, and transfer functions. 
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1 Introduction 

1.1 Arima Models 

Many of the time series found in industry, economics, social sciences 
and many other scientific fields can be represented, at least as a first 
approximation, by means of a stationary linear process, possibly after 
having applied to the data some suitable transformation and differenc­
ing. In this article, the term stationary means wide sense stationary, 
not strict stationary. See Brockwell and Davis (1992), pp. 11-14. 
Other synonyms for wide sense stationary are second order stationary 
and weakly stationary. The process {z,} is stationary if the mean and 
the autocovariances are given by 

1. E(z,) = Il 
2. E[(zl-j - 1l)(Z, -Il)] = 'Yj, j = 0,1, .. . 

For a stationary process, the autocorrelation function is given by 

'Y P _ J j -- , 
'Yo 

j = 0,1, . . . 

According to a famous theorem due to Wold, every non-deterministic 
stationary process {z,} admits the representation 

00 

z, = Il + L ,pja,_j, 
i;;;;O 

where {a,} is a sequence of uncorrelated variables of mean zero and 
variance O"� (white noise) and 2:}:0 l,pjl' < DC. Modifying O"� if neces­
sary, we can suppose ,po = l. 

It follows from the theorem of Stone-Weierstrass of functional anal­
ysis, that the function f( z) = 2:}:o,pj zj can be approximated with 
any degree of accuracy by a quotient of polynomials 

fez) = f. ,pj"; '" 
1 + B,z + ... + B,z' 

. l+"',z+···+'" zP ;=0 � �p 

This suggests that every non-deterministic stationary process can be 
approximated by an AutoRegressive-Moving-Average (ARM A) pro­
cess: 
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IT B is the backshift operator Bz, = Z'_l> this expression can be 
written more compactly as 4>(B)z, = C + II(B)a" or 4>(B)(z, - 1') = 
II(B)a" where 4>(B) = 1 + 4>,B + ... + 4>pBP and II(B) = 1 + II,B + 

. . . ·+II.B'. The process (1) is denoted by ARMA(p, q). It can be shown 
that (1) is stationary if, and only if, all the roots of the autoregressive 
polynomial 4>(B) lie outside the unit circle. See Brockwell and Davis 
(1992). 

With seasonal time series, multiplicative models are often used 

4>(B)�(B')z, = C + II(B)0(B')a" 

where s is the number of seasons. 
ARIMA models are nonstationary models such that after some de· 

gree of differencing they become stationary ARMA models. The I in 
the acronym stands for "integrated" , because integration is the inverse 
operation of differencing. It turns out that ARIMA models can be suc· 
cessfully used in practice to represent many time series, especially in 
economics. The general seasonal multiplicative ARIMA model is 

4>(B)�(B')V'dV'�Z, = C + II(B)0(B')a" (2) 

where, C is a constant, s is the number of seasons, d = 0,1,2, D = 
0,1, V' = 1- B is a regular difference and V', = 1 - B' is a seasonal 
difference. Instead of z" it may be necessary to use log(z,), or some 
other transformation, to stabilize the variance of the series. IT p and 
P are the degrees of the autoregressive polynomials 4>(B) and �(B), 
and q and Q those of the moving average polynomials II(B) and 0(B), 
model (2) is denoted as a multiplicative (p, d, q)(P, D, Q). model. 

An ARIMA model (2) is said to be invertible if all the roots of the 
moving average polynomialll(B)0(B') lie outside the unit circle. IT 
this is the case, assuming C = ° for simplicity, the model can written 
as Zt + E�l1rjZf-j = at. 

ARIMA models are widely used for the following reasons, among 
others, 

1. they can represent many processes with a parsimonious model· 

2. they can be extended to incorporate the modeling of determin· 
istic effects (interventions), outliers, trading day and Easter ef· 
fects, etc. 

3. a well established procedure for modeling has been developed 
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1.2 The Three Stages of Box and Jenkins' Me­

thodology 

ARIMA models became very popular after the publication of the semi­
nal book by Box and Jenkins (1976), whose first edition was published 
in 1970. In this book, a systematic procedure was for the first time 
proposed to handle the problem of time series modeling by means of 
iterative cycles consisting of 

i) Model identification 

ii) Model estimation 

iii) Diagnostic checking 

At the same time, in Box and Jenkins' book of 1976 some computer 
programs were given to implement this methodology with the aid of 
digital computers. In this way, given the big computing power of 
computers, the user was for th.e first time able to apply a new and 
powerful machinery which would prove very useful in the field of time 
series analysis. The arrival of personal computers contributed further 
to increase enormously the demand for these new tools. 

At the identification stage one chooses a particular model from the 
class (2), that is, one selects values for p, d, q, P, D and Q. Classical 
tools for model identification include plotting the data over time; the 
sample autocorrelation function, the sample inverse autocorrelation 
function and the sample partial autocorrelation function. 

At the estimation stage of the model building cycle, the coefficients 
of the identified model are estimated using some nonlinear optimiza­
tion routine. Usually, three estimation methods for ARMA models are 
considered 

• Conditional least squares 

• Unconditional least squares 

• Exact maximum likelihood 

Fast recursive procedures for likelihood evaluation are available. This, 
together with the speed of modern computers, makes it advisable to 
use the exact maximum likelihood method. 

Two recursive procedures for likelihood evaluation deserve special 
mention. These are the innovations algorithm of Brockwell and Davis 
(1992) and the fast Kalman filter algorithm of Morf, Sidhu and Kailath 
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(1974), as described by Pearlman (1980) and improved by Melard 
(1984). 

Example Suppose that we want to estimate the parameters of the 
MA(l) model z, = a, + 8a,_" t = 1, . . .  , N, where a, is distributed 
N(0,112), and let z = (z" ... ,ZN)' be the observed series and Var(z) 
= ,,2L Then, the log-likelihood is, up to a constant, 

1 
>.(z) = - - {NIn(,,2) + In lEI + z'EZ/,,2} . 

2 . 

The maximum likelihood estimator of ,,2 is iT2 = z'Ez/N and the 
,,2-maximized log-likelihood I(z) is, up to a constant, 

I(z) = - � {N ln(iT2) + In lEI}. 

Then, 

• the conditional least squares method minimizes z'Ez, under the 
assumption that ao = O. That is, it minimizes 2:�1 a;, where 
the a, are recursively obtained from a, = z, - 8a,_" ao = O. 

• the unconditional least squares method minimizes z'Ez, but es· 
timating by maximum likelihood the initial observation ao. Box 
and Jenkins did that using the so-called "backcasting". Mod­
ern recursive methods, like the Kalman filter or the innovations 
algorithm, yield 

8 . = Zt+l - -a, D, 
82 = 1 + 82 - ­D,' 

with the initial conditions "1 = Zl and Dl = 1 + 82• Then, the 
method minimizes z'Ez = 2:�1 (aN D,). It can be shown that 
D, ..., 1 as t ..., 00. 

• the exact maximum likelihood method minimizes z'EzIEI1/N, 
where, with the above notation, z'Ez = 2:�l(aND,) and lEI 
= n�lD,. 

There is a need for good starting values for the optimization method 
used to estimate the model parameters. One good option is the 
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Hannan-Rissanen's method, which will be described later, see Han­
nan and Rissanen (1982). It is computationally cheap, because it uses 
only linear regressions, and it provides estimates that are close to the 
exact maximum likelihood estimates. 

Finally, diagnostic checks are applied to determine whether or not 
the chosen model adequately represents the data. If this is not the 
case, the whole iterative cycle of identification, estimation, and diag­
nostic checking is repeated until a satisfactory model is obtained. 

There are many ways in which we can check the adequacy of the 
model we have estimated. The most basic assumption made in ARIMA 
models is that the errors {at} are independently and normally dis­
tributed. 

The residuals {at} can be checked in a number of ways. To name 
a few, we can inspect the plot of {at}, examine the sample autocorre­
lation and partial autocorrelation function of {at}, use the Ljung-Box 
statistic, check the squared residuals, perform some tests of random­
ness, check for normality, etc. 

1.3 The Difficulties of Model Identification 

The modeling procedure proposed by Box and Jenkins (1976) was 
by no meanS a process that could be fully automated with the help 
of computers. In particular, step i) of the procedure, which involves 
model identification, was rather an art which required an expert in 
time series analysis to carry it out. It was certainly the most difficult 
of the three steps. 

We will describe later the most common tools used nowadays for 
ARIMA model identification but, in spite of the advances that have 
taken place in the last two decades, we can say that step i) continues 
to be the most difficult of the three steps. Besides, we have to be aware 
of the fact that the majority of time series· encountered in practice 
usually have outliers, which makes even more difficult the modeling 
procedure. 

We will also review later the most important methods for auto­
matic detection and correction of outliers that are currently in use. 
As far as ARIMA model identification is concerned, the presence of 
outliers can make it very difficult due to the important biases induced 
by the outliers in the parameter estimates and in the sample auto­
correlation and partial autocorrelation functions. For this reason, any 
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good strategy for ARIMA model identification has to account for the 
presence of outliers. 

1.4 The Desirability of Automatic Modeliug 

Methods 

There are many reasons to try to automate as much as possible the 
ARIMA model identification stage, but they can be basically reduced 
to two. The first one is that one should eliminate as much as possible 
all mundane and mechanical chores, which can be performed by the 
computer, thus increasing the analyst's productivity. H the user is 
an accomplished analyst, he may invest more of his precious time 
on troublesome data sets that he has to model. On the contrary, 
if he is not an expert in time series models, he can use a powerful 
methodology that he couldn't even dream of using before. The second 
reason has to do with the objectivity of the identification stage, since it 
is desirable that this stage be not subject to heuristic methods and ad­
hoc procedures that vary with each time series expert. For example, if 
a National Statitical Office has to produce some statistical data which 
require the modeling of some time series datasets and an expert is 
involved in the production process who uses subjective techniq,!-es, it 
may be criticized for publishing data which are neither objective nor 
reproducible. 

2 Classical Model Identification Meth­

ods 

In this article, we review the classical model identification methods, 
with particular emphasis in the Box and Jenkins' method. It is pointed 
out that the classical methods are subjective, in the sense that the 
results depend to a great degree on the analyst's experience and back· 
ground. In addition, it is noted that the tools proposed by Box and 
Jenkins for model identification work well for pure moving average or 
pure autoregressive models, but not so well for mixed ARMA models. 
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2.1 Box and Jenkins' Method 

As stated previously, in the model identification stage we try to deter­
mine "appropriate" orders for p, d, q, P, D and Q of the ARIMA(p, d,q) 
x (P, D, Q). model, possibly after the application of some suitable 
transformation to the data to stabilize the variance. The transfor­
mations used belong to the class of power transformations 

z
;') = { (zt - 1)/>. �f >. # 0 

lnz, If >. = 0  

of Box and Cox (1964). It is very often the case that only the loga­
rithmic transformation (>. = 0) is considered, versus the alternative of 
no transformation (>. = 1). Economists usually prefer to use the loga­
rithmic transformation to linearize the relationship between the input 
variables and the output in a regression. In this way, the parameters 
can be interpreted as the elasticity between the variables. 

Assuming that the series has been transformed if necessary by 
means of a Box-Cox transformation, the first step in the Box and 
Jenkins' method is to determine whether or not to difference the se­
ries. To achieve this, apart from the plot of the data, the sample 
autocorrelation function (SACF) 

L��j(Z' - z)(z'+j - z) 
Cj = N , 0  S j < N, 

L,;,(Z, - z)' 

where Z = L�' z,J N, is an indispensable tool. 
If a process requires some differencing to induce stationarity, it 

can be shown that the sample auto correlations will typically behave 
as a very smooth function, and thus not die out rapidly, at high lags. 
The failure of the SACF to die out at high lags thus indicates that 
differencing is required. This is so even though the first few sample 
autocorrelations need not necessarily be large. 

After having determined the stationary transformation, that is the 
operator V·V!' in model (2), the following step is to find an ARMA 
model for the stationary series u, = V·V!' z,. The SACF and sample 
partial autocorrelation function (SPACF) are the fundamental tools 
to obtain the orders of the autoregressive and moving average parts. 
The partial autocorrelation function is defined by 0, = Corr( u" u,) 
and 

OJ = Corr[ui+'- E(uj+1lu" ... , Uj), u,- E(u,lu2, . .. , Uj)), 
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where E(.I.) denotes orthogonal projection and Corr stands for corre­
lation. It can be shown that the partial autocorrelations 0; can be 
estimated by successive AR(j) fittings. That is, if we fit 

u, + ¢jlU'_l + . . . + ¢j;U,_j = C + a, 

for j = 1,2, ... , then irj = ¢jj is the SPACF. 
It can also be shown that if {u,} is a pure autoregressive model, 

i.e., q = Q = 0 in (2), the theoretical partial autocorrelation function 
dies out in an exponential or sinusoidal fashion and has the cut-<>/f 
feature, which means that the partial autocorrelations OJ will obey 
0, = 0 for all k > p + P. Also, if {u,} is a pure moving average 
model, i.e., p = P = 0 in (2), the theoretical autocorrelation function 
dies out in an exponential or sinusoidal fashion and has the cut-<>/f 
feature, which means that the autocorrelations Pi will obey Pk = 0 for 
allk>q + Q. 

Estimated auto correlations can have rather large variances and can 
be highly autocorrelated with each other. Therefore, one has to be 
careful when working with the SACF because detailed adherence to 
the theoretical autocorrelation function cannot be expected. It may be 
the case that moderately large estimated auto correlations occur after 
the theoretical autocorrelation function has damped out, or apparent 
ripples and trends may be present in the SACF which have no basis 
in the theoretical function. 

If {u.} is a pure moving average process, the elements of the se­
quence {v'Nc;}, j > q + Q, are asymptotically normal with mean 0 
and variance iT' (Cj) = 1 + 2 L:��� c�, j > q + Q. Then, an approximate 

100( 1 - 0) percent confidence interval of P; is (-Z�/2iT( c;)/ v'N, ZQ/2 

xiT( Cj)/ v'N), j > q + Q, where Z�/2 is the z-value such that the area 

0/2 lies to its right in the standard normal probability density. 
If {u,} is a pure autoregressive process, then the elements of the 

sequence {v'N ¢ij}, j > p+ P, are asymptotically independent random 
variables with mean 0 and variance 1. Therefore, an approximate 
100(1-0) percent confidence interval of 4>j; is ( -z�/,fv'N, Z�/2/v'N), 

j > p + P. 
For mixed ARM A models, the identification can be more difficult 

if ouly the SACF and SPACF of the series are available. Box and 
Jenkins (1976) provided some information on how to determine the 
orders of the autoregressive and moving average parts from "reading" 
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the SACF and SPACF of a stationary series. However, this approach 
is usually not very effective in practice. 

2.2 The Inverse Autocorrelation Method 

The inverse autocorrelation function (IACF) is the autocorrelation 
function associated with the reciprocal of the spectral density of a sta­
tionary time series, assuming the model is invertible. This means that 
if {z,} follows the invertible ARMA model ¢(B)z, = O(B)a, model, 
then the inverse autocorrelation function of this model is the auto­
correlation function (ACF) of the dual- model II(B)z, = ¢(B)a,. See 
Cleveland (1972) and Chatfield (1979) for more details on the inverse 
autocorrelation function. 

Note that if the original model is a pure autoregressive model, then 
the IACF is an ACF corresponding to a pure moving average modeL 
Thus, the IACF has the cut-off feature and behaves similarly to the 
partial autocorrelation function. 

To estimate the sample IACF (SIACF), first a high-order autore­
gressive model is fit to the data by meanS of the Yule-Walker equa­
tions. These are best solved using the Durbin-Levinson algorithm, 
which will be described later in this article. Then, the SIACF is cal­
culated as the autocorrelation function that corresponds to a moving 
average model which has as moving average polynomial the previously 
estimated autoregressive polynomial. The order of the long autore­
gressive polynomial can be chosen by using the BIC or some other 
penalty function criterion of the type that will be considered in the 
next section. 

The SIACF generally indicates subset and seasonal autoregressive 
models better than the SPACF. However, more calculations are nec­
essary to obtain the SIACF than to obtain the SPACF. 

It can be shown that the SIACF is asymptotically normally dis­
tributed, so that confidence intervals can be constructed. 

The confidence interval of the IACF depends heavily on the es­
timation method and the asymptotic variance of the IACF estimate 
is more complicated than that of the partial autocorrelation function 
(PACF) estimate, which is liN. Therefore, there is more statistical 
error when estimating a confidence interval of the IACF than of the 
PACF. 

- 15 -



2.3 Subjectivity of the Classical Methods 

The Box and Jenkins' method for model identification relies heavily 
on the inspection of plots of data over time and the inspection of the 
graphs of the sample autocorrelation and partial autocorrelation func­
tions. As we saw in the last section, the sample inverse autocorrelation 
function can also be used for model identification. 

However, these last tools can be effective to identify pure autore­
gressive or pure moving average models, but no so effective with mixed 
ARMA models. Besides, the determination of the stationary transfor­
mation, that is, the numbers d and D in (2), can be very difficult. 

With the exception of very few cases in which the data show a very 
distinctive pattern, it is usually rather difficult to identify a model for 
the series at hand. For example, given a sample of finite length, it 
may be extremely difficult to distinguish between the nonstationary 
model (1 - .7B)\1z, = a, and the process (1- 1.704B + .706B2)Z, = 
( 1  - . 7 15B)(l - .989B)a" which has very similar coefficients but for 
which the autoregressive polynomial has all its zeros outside the unit 
circle. 

Therefore, it is most probable that several time series experts who 
use the Box and Jenkins' method, when confronted with the same 
data, will specify different models. This makes the whole process of 
classical model identification dependent on the person who applies 
the techniques. The more experience he has, the more likely he is to 
choose an adequate model for the series. This subjectivity is inherent 
in the classical model identification methods. 

2.4 The Difficulties With Mixed Arma Models 

It has already been mentioned in the last section that the sample 
autocorrelation, partial autocorrelation and inverse autocorrelation 
functions can effectively identify pure autoregressive and pure moving 
average models. On the other hand, when both the degrees of the 
autoregressive polynomial (p+P) and the moving average polynomial 
(q + Q) are not zero, the previous functions are much more difficult to 
interpret. In this case, other model identification methods, different 
from the classical methods, are called for. 

The difficulty of identifying mixed ARMA models is further in­
creased when seasonality is also present in the time series at hand. 
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Several major advances have been made in the last two decades to 
identify ARIMA models for non-seasonal time series. Among these, 
we can mention the extended autocorrelation function and the small­
est canonical correlation methods developed by Tsay and Tiao (1984, 
1985). These methods are very informative in the identification of 
ARIMA models for non-seasonal time series, but they are less success­
ful when they are directly applied to seasonal time series. It is to be 
noted that these methods can also be used with nonstationary series. 

Since the early 1970s, some penalty function methods have been 
proposed for ARMA model identification. These methods can be used 
with seasonal time series and their popularity is constantly increasing. 
The reason for this is that they can be effective, computationally cheap 
and objective. However, although some results have been extended to 
nonstationary series, these methods are in principle ouly applicable to 
stationary series. 

3 Objective Model Identification Meth­

ods 

In this section, we deal with objective model identification methods, 
in contrast to the subjective model identification methods considered 
in the last section. First, in order to obtain the degrees d and D 
of the stationary transformation in (2), we can use unit root tests. 
Then, several methods can be applied to identify an A RMA model 
for the stationary (differenced) series. We review in this section the 
penalty function and the pattern identification methods. Both of these 
methods are regarded as objective. A good reference for ARMA model 
identification is the book by Choi (1992). 

3.1 Unit Root Testing 

In the Box and Jenkins methodology, the decision concerning the need 
for differencing is based upon the characteristics of the plot of the data 
and of its sample autocorrelation function. For example, failure of this 
last function to die out sufficiently quickiy indicates that differencing 
is required. 

In recent times, there has been a growing interest in more formal 
inference procedures concerning the. appropriateness of differencing 
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operators in the model. Since all the roots of the differencing operators 
V' = 1-B and V'. = 1-B' lie on the unit circle, testing for differencing 
is usually referred to as unit root testing. 

It is interesting to note that, as Dickey and Pantula (1987) point 
out, the results obtained by several authors suggest that overdiffer­
encing is not a problem as far as forecasting is concerned. However, 
there appear to be uses for unit root tests in investigating some eco­
nomic hypothesis. The practical implication of this is that when one 
is interested in the routine treatment of many series with forecasting 
purposes, one should not care very much about whether or not some of 
the series are overdifferenced. It is our practical experience that much 
the same thing happens with regard to model based seasonal adjust­
ment. We can say that overdifferencing is compensated by moving 
average parameters that go to unity. 

We will not review here the vast amount of existing literature con­
cerning unit root testing. The reader can consult, for example, Reinsel 
(1997) and the references therein. We will content ourselves with mak­
ing a few remarks on existing procedures. 

The two "classical" unit root tests of Dickey-Fuller and Phillips­
Perron tend to exhibit rather poor behaviour in the presence of certain 
types of serial correlation. See the Monte Carlo analysis of Schwert 
(1989). 

When there is no seasonality in the series at hand and only regnlar 
differences, that is, differences of the form V'd, are considered, it seems 
that the sequential testing procedure suggested by Dickey and Pantula 
(1987) is the best strategy to follow. According to these authors, only 
tests that compare a null hypothesis of k unit roots with an alternative 
of k - 1 unit roots are considered. In the sequential procedure, one 
should start with the largest k under consideration and work down, 
that is, decrease k by one each time the null hypothesis is rejected. 

The situation is different for seasonal time series. In this case, 
further research is needed and no general agreement exists on how 
to proceed as far as unit root testing is concerned. It seems that 
a generalization of the Dickey and Pantula (1987) approach to the 
seasonal case would be an interesting topic to investigate. 
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3.2 Penalty Function Methods 

In the identification stage, once the differencing orders d and D in 
(2) have been obtained for the nonstationary series {z,}, the problem 
remains of finding an ARMA model for the differenced series u, = 
VdV'�Zt. 

Since the early 1970s, some procedures to determine the orders k 
and i of an ARMA(k, i) model have been proposed which minimize a 
function of the form 

P( k, i) = In ai,. + (k + i) 
C�) 

, k � K, i � I, (3) 

where aZ, is the maximum likelihood estimate of the variance of the 
white noise variance, C( M) is some function of the number of obser­
vations M of the series, and K and I are upper bounds for the orders, 
usually imposed a priori. Because ai" decreases as the orders increase, 
it cannot be a good criterion to choose the orders minimizing it. This 
is the reason why the penalty term (k + i)C(M)/M is included. The 
penalty function identification methods are regarded as objective. 

IT C( M) in (3) is replaced with 2, we obtain the famous AlC crite­
rion, which stands for Akaike's Information Criterion. Other possible 
choices are C(M) = In M, which corresponds to the BIC (Bayesian 
Information Criterion), and C(M) = 21n(1n M), which gives the HQ 
criterion (Hannan and Quinn). The BIC criterion imposes a greater 
penalty term than does AIC. 

One criterion for selection of AR(p) models is the FPE (Final Pre­
diction Error) criterion, which is given by FPE(p) = {I + (p/M)}a;. 

The BIC criterion estimates the orders of an ARMA model con­
sistently, whereas the AIC does not. However, this is not a reason 
to prefer BIC instead of AIC because consistency is based on the as­
sumption that there is a "true" ARMA model for the series and this 
is doubtful proposition. Models are artificial constructs and probably 
there is no such a thing as a true model. 

It is our practical experience and also the experience of some other 
authors, like, for example, Liitkepohl (1985), that the BIC criterion 
works better in practice than AlC, in terms of selecting more often 
the original model when working with simulated series and selecting 
models with a better fit when working with real series. 

Although the penalty function methods are in principle computa­
tionally expensive, because they need maximum likelihood estimates 
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for all possible ARMA models, there are methods, like the Hannan­
Rissanen's method, which use cheaper estimates based on linear re­
gression techniques only. Also, in the case of multiplicative seasonal 
ARMA models, it will be seen that it is possible to further reduce the 
computational burden by proceeding sequentially. That is, by iterat­
ing between selections of the regular and of the seasonal parts. 

The penalty function methods can also be used to identify vector 
ARMA models. The penalty functions to use with multivariate data 
are direct generalizations of the ones for the univariate case. This 
is a great advantage, not shared by many of the other identification 
methods. 

3.3 Pattern Identification Methods 

Since the early 1980s, some methods have been applied for determining 
the orders of an ARM A process which use the extended Yule Walker 
equations. For the ARMA(p,q) process (1), these last equations are 
given by 

j = q+ l ,q + 2, . . .  , 

where '"Ij, j = 0, 1, . . .  , is the covariance function of the process. These 
methods are often called pattern identification methods. See Choi 
(1992). It is to be noted that, contrary to Choi's remark about penalty 
function methods being computationally exorbitant and pattern iden­
tification methods being computationally cheap, it will be shown later 
in this article that the proposed sequential application of Hannan­
Rissanen's method, which is based on the BIC criterion, for stationary 
seasonal models is computationally cheap and can be very effective. 

The pattern identification methods are so called because they are 
based on certain functions which give rise to two-way arrays with 
distinctive patterns. For each ARMA(p, q) model, the corresponding 
two-way array shows a unique pattern. Using the sample analog of 
this two-way array, an ARMA model is identified by looking for a the­
oretical pattern which is closely resembled by the sample one. Among 
the many pattern identification methods which have been proposed in 
the literature, we can mention the R and S array method by Gray, Kel­
ley and McIntire (1978), the Corner method by Begnin, Gourieroux 
and Monfort (1980), the extended sample autocorrelation method by 
Tsay and Tiao (1984) and the smallest canonical correlation method 
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by Tsay and Tiao (1985). These last two methods can be effective with 
non-seasonal time series and can also be used with nonstationary se­
ries. However, the R and S array method and the Corner method, 
which can only be used with stationary series, do not seem to be very 
useful even for data with no seasonality. The Corner method has 
been applied to identification of transfer function models by Liu and 
Hanssens (1982). 

3.4 Uniqueness of the Solution and the Pur­

pose of Modeling 

In the identification stage of model building, it is often the case that 
there are several models for which the fit is acceptable. For example, if 
the BIC criterion is used, there may be a very small difference between 
the BIC of an AR(2) model and the BIC of an ARMA(1,  1) model. In 
this case, we can probably use any of these two competitive models to 
model the data. 

When some competitive models exist, one should try to choose the 
more parsimonious one. That is, the one with less parameters. On 
occasion, it may be useful to choose models that are also balanced. 
This means that the degree of the autoregressive part, included the 
nonstationary transformation, equals the degree of the moving average 
part. Balanced models are useful when one is going to perform model 

. based seasonal adjustment. 
In summary, models should be considered as artificial constructs, 

which are useful for certain purposes, but are only a crude approxi­
mations to reality. In this respect, the criteria used to select models, 
especially when some competing models exist, depend on the applica­
tions. Some criteria may be good for forecasting, but not so good for 
signal extraction, for example. One should always have in mind that 
usually there is not a unique solution to the identification problem. 

4 Tools for Automatic Model Identifi­

cation 

In this section, some practical procedures will be presented for auto­
matic model identification. The emphasis is in the word practical, so 
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that the methods presented will aim at simplicity, efficiency and speed 
when applied to real data. 

We will start with two tests which are proposed for the log-level 
specification. The first one is based on the maximum likelihood prin­
ciple when the series is supposed to follow the model (0, 1, 1)(0, 1,1) •. 

This is the airline model of Box and Jenkins (1976). The reason why 
we choose that model in this and other tests later in this article is that 
it encompasses many other models and is a model very often found in 
practice. The second test is based on a range-mean regression which 
is robust against outliers. 

We will then review the two-stage method proposed by Gomez 
(1997) to estimate unit roots. After that, the Hannan-Rissanen's 
method, hereafter referred to as HR's method, is reviewed. This 
method is used to identify an ARMA model for the stationary (dif­
ferenced) series. It is based on the BIC criterion and is computation­
ally cheap. Some improvements to HR's method, proposed by Gomez 
(1997), will be described. Finally, the method proposed by Liu for 
ARIMA model identification and the LTF method for Transfer Func­
tion Identification are reviewed. 

4.1 Tests for the Log-Level Specification 

The first test for the log-level specification is based on the maximum 
likelihood estimation of the parameter A in the Box-Cox transforma­
tions. We fit an airline model with mean to the data, first in logs 
(A = 0) and then without logs (A = 1). Let z = (z" . ... ,ZN)' be the 
differenced series and let T be a transformation of the data, which 
can be any of the Box-Cox transformations. It is assumed that T(z) 
is normally distributed with mean zero and Var(T(z)) = u2E. Then, 
the logarithm of the density function f( z) of z is 

In (J(z)) = k-� {N In(u2) + In lEI + T(z)'E-1T(z)/u2 + 1n(1/ J(T))2} , 

where k is a constant and J(T) is the jacobian of the transformation. 
Considering the parameter A in the T transformation fixed, the previ­
ous density function is maximized first with respect to the other model 
parameters. It is easy to see that u2 can be concentra.ted out of this 
function by replacing it with the maximum likelihood estima.tor iT2 = 
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T(z),y:,-IT(z)/N. The concentrated function is 

I(z) = -� {Nln(T(z)'y:,-IT(z» + In(l/J(T))'} + ... , 

where the dots indicate terms that do not depend on the value of A 
associated with the transformation T. After having ma.ximized with 
respect to all model parameters different from A, we ma.ximize with 
respect to A. Denoting the sum of squares T(Z),y:,-IT(z) by S(z, T), 
the ma.ximum likelihood principle leads to the minimization of the 
quantity S(z,T)(l/J(T))'fN. It is easy to see that (l/J(T»lfN is the 
geometric mean in the case of the logarithmic transformation, and 
unity in the case of no transformation. Therefore, the test compares 
the sum of squares of the model without logs with the sum of squares 
multiplied by the square of the geometric mean in the case of the model 
in logs. Logs are taken in case this last function is the minimum. 

The other test is the following. First, the data is divided into 
groups of successive observations of length 1 equal to a multiple of 
the number of observations per year s. That is, the first group is 
formed with the first 1 observations, the second group is formed with 
observations 1 + 1 to 21, etc. Then, for each group, the observations 
are sorted and the smallest and largest observations are rejected. This 
is done for protection against outliers. With the other observations, 
the range and mean are computed. Finally, a range-mean regression 
of the form T, = '" + {3m, + u, is performed. The criterion is the slope 
{3. If (3 is greater than a specified value, logs are taken. 

4.2 Regression Techniques for Estimating Unit 

Roots 

Let the observed series {z(t)} follow the ARIMA(p,d,q) model 

¢(B)o(B)(z(t) - J1) = O(B)a(t), (4) 

where ¢(B) = 1 + ¢,B + . . . + ¢pBP, o(B) = 1 + o,B + . . .  + OdJJd 
and O(B) = 1 + O,B + . . .  + O,B' are polynomials in the backshift 
operator B of degrees p,d and q, {a(t)} is a Li.d. N(O,C7') sequence 
of random variables and J1 is the mean of the process. The roots of 
o(B) are assumed to lie on and those of ¢(B) outside the unit circle, 
so that the process w(t) = o(B)z(t) follows a stationary ARMA(p,q) 

-23 -



process. As mentioned earlier, most economic series follow so-called 
multiplicative seasonal models, where 

b(B) = VdV�, 
¢(B) = ¢.(B)¢s(B'), 
9(B) = 9.(B)9s(B'), 

(5) 

s is the number of observations per year, Vd = (I_B)d and V: = ( 1-
B')D. In  practice, for economic time series, the inequalities 0 :S d :S 2 
and 0 :S D :S 1 hold. For simplicity, we will use in the rest of the 
Section the notation (4), even for multiplicative seasonal models. We 
will make specific reference to these models when necessary. 

In the following, a procedure to obtain the differencing orders is 
reviewed which is based on the estimation of unit roots. This last 
procedure is the first step of an automatic model identification method 
which has been proposed by G6mez (1997) and is implemented in 
programs TRAMO and SEATS, see G6mez and Maravall (1996). The 
estimation of the unit roots is done by first estimating autoregressive 
models of the form 

(1  + ¢,B + ¢2B2)(1 + <I>B')(z(t) - fl.) = aCt), (6) 

where {z(tn is the observed series, s is the number of observations per 
year, J1 in the mean of the process, B is the backshift operator, Bz(t) = 

z(t - 1), and {aCt)} is a sequence ofLL d. N(O,a') random variables. 
Then, the series is differenced using the differencing orders given by 
the unit roots obtained after estimating (6) and an ARMA(I, l)x(l, 1), 
model with mean, that is, a model of the form 

( 1  + ¢B)(1 + <I>B')(x(t) - fl.) = (1 + 9B)(1 + 0B')a(t), (7) 

is fitted to the differenced series {x(t)}. If any new unit roots appear 
after estimating (7), the differencing orders are properly increased and 
a new model (7) is fitted. The process is continued until no more unit 
roots are found. Then, the residuals of the last estimated model are 
used to decide whether to specify a mean for the model or not. The 
choice of models (6) and (7) will be justified later. 

Suppose that the series {z(t)} follows model (4), where it is as­
sumed fl. = 0 to simplify matters. Then,. by theorems 3.2 and 4.1 of 
Tiao and Tsay (1983), the ordinary least squares, henceforth OLS, 
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estimators obtained from an AR( k) regression, where k 2: d, asymp­
totically verify 

�.(B) ,: J(B)�m(B), 
where': denotes asymptotic equivalence in probability, m = k - d and 
�.(B), 6(B) and �m(B) are, respectively, the polynomials estimated 
by OLS in the autoregressions 

�.(B)z(t) 
6(B)z(t) 

4>m(B)w(t) 

= a(t), 
a(t), 

= a(t), 

where w(t) = 6(B)z(t) is a stationary process that follows the ARMA(p, 
q) model 4>(B)w(t) = 8(B)a(t) and the subindex in �.(B) and 4>m(B) 
denotes the polynomial degree. In addition, the equality 6(B) = 
6(B) + Op(N-') holds, where N is the series length. 

The practical implication of this result is that if we perform an 
autoregression of order greater than or equal to the (unknown) degree 
of the polynomial 6(B), we obtain a consistent estimate of 6(B) as a 
component of �.(B). If we specify a model of the form AR(2)x(1), 
for �.(B), we cover the cases 6(B) = 1, 6(B) = V, 6(B) = V" 
6(B) = VV, and 6(B) = V2V" which are the ones of most applied 
interest. 

In the case of non-seasonai models, where 6(B) = V· and 0 :0; d :0; 
2 is assumed, if we specify an AR(2) model, all important cases are 
covered. 

Based on the previous considerations, the algorithm to identify the 
differencing polynomial is the following. 

I) Specify a model of the form AR(2)x(1), with mean, given by 
equation (6) if the process is multiplicative seasonai, or an AR(2) 
model with mean, also given by (6) but without the second fac­
tor, if the process is regular. This autoregressive process is esti­
mated using HR's method, which will be described later, unless 
the user decides to use unconditional least squares. If the roots 
estimated with HR's method lie outside the unit circle, the au­
toregression is estimated again using unconditional least ·squares. 
A root is considered to be a unit root if its modulus is greater 
than a specified value, which by default is .97. Go to II). 

II) In addition to the differencing degrees identified in I) as a result 
of the estimated unit roots, a model of the form ARMA(l, l)x 
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(1, I), with mean for seasonal series, or a model ARMA(l, 1) with 
mean for non-seasonal series, is specified. Letting x(t) be the se­
ries that results from differencing z(t) with the differencing poly­
nomial obtained after the estimation of the initial autoregression, 
the equations for these models are given by (7) in the seasonal 
case, and by (7) without the factors involving B' in the regular 
case. The model is estimated using HR's method or exact max­
imum likelihood, depending on the option chosen by the user, 
and if any of the estimated autoregressive parameters is close to 
1 ,  the degree of differencing is increased accordingly. A parame­
ter is considered to be close to 1 if its modulus is greater than a 
specified value, which by default is .88. To avoid cancelation of 
terms in the model, the absolute value of the difference between 
each autoregressive parameter and its corresponding moving av­
erage parameter should be greater than .15. For multiplicative 
seasonal models, it is not possible to pass from 0 differencing to 
VV, directly. If this happens, the roots of the autoregressive 
polynomial obtained in I) are considered again, the one with 
greatest modulus is chosen, and the series is differenced accord­
ingly. If the series has been differenced in this step, repeat II). 
Otherwise, go to III). 

III) Using the residuals of the last estimated model, it is decided 
whether to specify a mean for the model of the series or not 
depending on the significance of the estimated residual mean. 
Stop. 

The ARMA(l,l) x (1, 1). model used in II) is very flexible and 
constitutes a generalization of the airline model of Box and Jenkins 
(1976). For stationary series, it approximates well many of the ARMA 
models encountered in practice. When it is used with nonstationary 
series, it can detect autoregressive unit roots which have not been 
detected by the autoregressive model used I). Imagine, for example, 
a model of the form (1  - B)(z(t) - p.) = ( 1  - .8B)a(t), where the 
autoregressive and the moving average part almost cancel out. In this 
case, an ARMA(l, 1) · model would probably estimate the unit root 
better than an AR(2) model. 

Consider now the case of a regression model with ARIMA errors. 
The question naturally arises as to whether the previous analysis is 
still valid and if, in consequence, the procedure just described is also 
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applicable in this case. In this respect, the results of Tsay (1984), 
pp. 119-120, allows one to state that, under very general conditions, 
it is possible to work with the original series in order to identify the 
differencing polynomial. 

4.3 The Hannan and Rissanen's Method 

After having obtained the stationary transformation, the next step 
in the model building process is the identification of an ARMA(p, q) 
model for the differenced series, possibly corrected for outliers and 
other regression effects. We will start by considering that there are 
neither outliers nor other regression effects and we will extend the 
results later in this article to the general case. 

In the following, the HR's method and a procedure to identify 
ARMA(p, q) models based on it are reviewed. This last procedure is 
the second step of an automatic model identification method which 
has been proposed by Gomez (1997) and is implemented in programs 
TRAMo and SEATS, see Gomez and Maravall (1996). The HR's method 
is a penalty function method based on the BIC criterion, where the 
estimates of ARMA model parameters are computed by means of lin· 
ear regressions. Therefore, these estimates are computationally cheap, 
although it can be shown that the estimators have similar proRerties 
to those obtained by maximum likelihood. See Hannan and Rissanen 
(1982). 

Let z = (z(l), . . .  , z(N))' the observed series, which follows model 
(4), where we assume p. = 0 for simplicity. After 6(B) has been 
identified, we can compute the differenced series w(t) = 6(B)z(t), 
t = d + 1, . . .  , N, which follows the ARMA(p, q) model 

q,(B)w(t) = II(B)a(t), (8) 

where q,(B), II(B) and {a(t)} are like in (4). If the model is multiplica­
tive seasonal, the decomposition (5) holds. In order to avoid notational 
problems, let the differenced series be w = (w(l), . . .  , w(N - d))'. If 
the orders of the fitted model (8) are (p, q), the BIC statistic is 

BIC." = log(u;,,) + (p + q) log(N - d)j(N - d) , (9) 

where u;" is the maximum likelihood estimator of IT2. The criterion 
estimates the orders (p, q) by choosing (p, ti) which minimizes (9). 
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The method just described to choose the orders, which is based 
on the traditional BIG criterion, is computationally expensive because 
one has to perform a nonlinear optimization for each (p, q) to compute 
iT�" . For this reason, Hannan and Rissanen (1982) propose to per­
form the estimation using linear regression techniques in three steps, 
although the third step is used to compute estimators of the ARMA 
model chosen by the BIG criterion which have similar properties to 
the maximum likelihood estimators. Therefore, only the first two steps 
are used to select the orders (p, q). 

4.3_1 Computation of BICp•q 

1n the first step of HR's method, which takes place only if there is a 
moving average part (q > 0), estimates aCt) of the innovations aCt) in 
(8) are obtained by fitting a long autoregressive model to the series. 
That is, given a big n, the aCt) are computed using 

n 

aCt) = L: �n(j)W(t - j), �"(O) = 1, t 2': 1, 
j=O 

where wet) = 0 if t $ 0 and the �"(j) are computed using Durbin­
Levinson's algorithm. This last algorithm consists of first estimating 
the sample autocorrelations 

1 N-d-t 
c(t) = 

N 
_ d L: w(s)w(s + t) 

.=1 

and then recursively computing the �"(j) using the equations 

"-. 
�"(n) = - L: �"_.(j)c(n - j)/iT�_., 

j=O 

�"(j) = �"_.(j) + �"(n)�"_.(n - j), 
iT� = {1 - ��(n)}iT�_., ¢.(1) = c(l)/c(O), iT� = c(O). 

1n the procedure proposed by G6mez (1997), the value of n is chosen to 
be n = maxWog2(N - d)], 2max{p, q}}, where (p, q) are the orders of 
the ARMA model for which the BIG is being computed and �og2(N -

d)] is the integer part of 10g'(N - d). This choice is based on the fact 
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that Hannan and Rissanen (1982), p. 88, assume that n is greater 
than log(N - d), but not greater than log'(N - d), for some b < 00. 

In the second step of HR's method, given the orders (p, q), first 
the parameters of model (8) are estimated by minimizing 

N-d p q 2 
S(p, q) = I: {I: </>jw(t - j) - I: IJ;&(t - j)} , (10) 

f=m j=O j=l 

where m = max{p + l ,q + I} and </>0 = 1. Then, the estimator u;., 
is computed by the formnia u;., = S(p, q)/(N - d) and the BIe" , 
statistic is computed using (9). 

In the procedure proposed by Gomez (1997), the following mod­
ifications are made. If there is no moving average part (q = 0), the 
estimation of the parameters of the ARM A model finishes here. Note 
that, in this case, the estimates obtained for the autoregressive part 
coincide with the ones obtained by OLS. 

If there is a moving average part (q > 0), the estimators �j and 
0; , obtained by minimizing (10), are consistent but have a bias and, 
therefore, they are not asymptotically efficient. In order to obtain 
bias-corrected, consistent and asymptotically efficient estimators, see 
Zhao-Guo (1985), first form 

, , 
a(t) = - I: Oja(t - j) + I: �;w(t - j), t � 1, 

j=l j=O 

where a(t) = a and w(t) = a if t :$ O. Then put 

, , 
7](t) = - I: �j7](t - j) + ii(t), W) = - I: 0;W - j) + a(t), 

j=l j=l 
t � 1, 

where 7](t) = a and ((t) = a if t :$ O. Finally, regress a(t) on -7](t-j), 
j = 1 ,  . . .  , p, and ((t - j),j = 1, . . .  , q. The estimated regression 
coefficients are added to the estimators �; and 0; to obtain the desired 
estimators �; and 9j • 

When there are a moving average part (q > 0) and an autoregres­
sive (p > 0), Gomez (1997) proposes to obtain better estimates of 
the moving average part by repeating the previous procedure with the 
series filtered with the autoregressive filter. That is, the series is first 
filtered with the autorregresive filter �(B), which has been estimated 
in the two previous steps, to obtain the series x(t) = �(B)w(t). Then, 
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the series x(t), whlch asymptotically follows the model x(t) = 9(B)a(t) 
and, therefore, does not have an autoregressive part, is subject to the 
two previous steps. 

Once the parameter estimates of model (8) have been obtained 
for some orders (p, q), the estimator (ri,. is needed to compute �he 
BIC.,. statistic. In the procedure proposed by Gomez (1997), the 
residuals ret), t = 1, . . .  , n = max{p, q} of the series wet) are first 
computed using a fast Kalman filter routine based on the algorithm 
of Morf, Sidhu and Kailath (1974). Then, the rest of the residuals 
ret), t = n + 1 ,  . . .  , N - d are recursively obtained using the difference 
equation (8). Finally, the estimator {r;,. is computed by the formula 

1 N-d 
(ri,. = N _ d I: r2(t), 

t=l 

and the BIC.,. statistic is computed using (9). 

4,3.2 Optimization of BICp,q 

After having described the algorithm to compute BIC.,. for each (p, q), 
we now review the algorithms used by HR's method and the procedure 
proposed by Gomez (1997) to obtain the optimal model of the form 
(8). In HR's method, the model is chosen as that ARMA(p, ij) model 
for whlch BICp" is minimum among all ARMA(p, q) models satisfying 
p :s P and q :s Q, where P and Q are fixed upper bounds. These 
authors recommend to search first among models with p = q and 
refine the search later. 

To describe the procedure proposed by Gomez (1997), suppose 
the general case, where the series follows a multiplicative seasonal 
model given by (5). In practice, it is assumed that the orders of the 
ARMA(p" q,) x  (p" q.). model followed by the series verify 0 :s p" q, :s 
3 and 0 :s p" q. :s 2, and the BIC statistic should be computed for 
all these combinations. Since the resulting number of combinations is 
high, the search is performed sequentially. The algorithm is 

I) Specify first an ARMA(3,0) model for the regular part. Then, 
compute the BIC statistic for models where the seasonal part 
verifies 0 :s P . . q. :s m., and choose tlie minimum. The number 
m. is chosen by the user, the default value being 1. 
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II) Fix the seasonal part to that chosen in I), compute the BIC 
statistic for models where the regular part verifies 0 ::; p" q, ::; 
m" and choose the minimum. The number m, is chosen by the 
user, the default value being 3. 

III) Fix the regular part to that chosen in II), compute the BIC 
statistic for models where the seasonal part verifies 0 ::; p" q, ::; 
m" and choose the minimum. The number m, is that of I). 

The previous algorithm allows for a substantial reduction in com­
puting time and, however, the results obtained with it are very sat­
isfactory. Once the previous algorithm has finished, and in order to 
avoid the tendency of BIC to overparametrize, especially in the sea­
sonal part, the smallest five BIC are first ordered in ascending order. 
Then, the first one is compared to the other four and if the difference in 
absolute value is less than a certain number and the biggest of the two 
BIC corresponds to a more parsimonious seasonal part, this last one 
is chosen. Among all the BIC that satisfy this condition, the one that 
corresponds to the more parsimonious part is chosen, provided that 
the seasonal part exists (p, > 0 or q, > 0). The procedure also favours 
balanced models (models where the degrees of the autoregressive and 
the moving average parts coincide). 

In the previous algorithm, if the parameters estimated for an ARMA 
model are such that the roots of the autoregressive or the moving av­
erage polynomials lie within the unit circle, this fact is considered as 
an indication of model inadequacy and the model is rejected. 

The tentative model ARMA(3, 0) specified in I) of the previous al­
gorithm seems to be robust and the sequential search of the algorithm 
has given very satisfactory results in all performed tests of the pro­
posed procedure, with real and simulated series. 

If there is a mean or other regression effects in model (8), the 
procedure proposed by Gomez (1997) obtains first OLS estimators of 
the regression parameters. Then, these effects are subtracted from 
the differenced series before computing the parameter estimates of 
model (8) and also before computing the residuals ret) needed in the 
computation of u;" and the BIC statistic. 
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4.4 Lin's Filtering Method 

Recently, the SCA software package has incorporated a module for 
automatic ARIMA model identification, called "SCA-Expert" .  This 
module uses a procedure based on the filtering method proposed by 
Liu (1989) and certain heuristic rules. Briefly, this method consists of 
the following. 

1 .  Examine first the sample autocorrelation functions (SAC F) of 
z(t), ( 1 - B)z(t), (1 - B')z(t) and (1 - B)(I - B')z(t) to assert 
the differencing orders and to see whether seasonality is present. 
After that, examine the SACF of the properly differenced series. 
If an obvious seasonal ARIMA model can be specified from the 
SACF, stop. Otherwise, go to the following step. Denote by yet) 
the differenced series. 

2. If an obvious tentative model cannot be deduced from the SACF 
of y(t), estimate an intermediate model of the type ARMA(I, I) x 
(1, 1) •. If no one of the autoregressive parameters has is close 
to I ,  generate the series R(t) and S(t), which are the result of 
filtering yet) with the ARMA(I, I), and ARMA(I, I )  models that 
make up the intermediate model. 

If any of the autoregressive parameters is close to I ,  then dif­
ference properly. After differencing, a new intermediate model 
of the same type is estimated and new R(t) and Set) series are 
generated. 

3. Use the sample autocorrelation and partial autocor.relation func­
tions, as well as the extended sample autocorrelation function, 
of R(t) to identify an ARMA model adequate for the R(t) series. 

4. In order to identify a model for S(t), the SACF of Set) can be 
used. If a model is not clear for S(t), examine also the estimated 
parameters for the seasonal part in the intermediate model and 
use them to specify a model for Set). 

This procedure can be criticized for using heuristic rules that are 
not documented. 
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4.5 The LTF method for Transfer Function 

Identification 

The general form of the single-input, single-output transfer function 
model can be expressed as 

w(B) Zt = C + 'Y(B) Xt + nt, (11) 

where {n,l follows an ARIMA model, w(B) (wo + w,B + . . . + 
wm_,Bm-' )B' and 'Y(B) = 1 + 'Y,B + . . .  + 'YrB'. 

In practice, the number of terms in w( B) is small and the value of 
r is usually 0 or 1 .  The rational operator v(B) = w(B)h(B) can be 
written as v(B) = L:�o vtBt . 

The linear transfer function (LTF) identification method proposed 
by Liu and Hanssens (1982) can be described as follows. The transfer 
function model (11)  can be approximated by the following linear model 

Zt = C + (vo + v,B + v,B' + . . .  + vkBk )xt + nt , (12) 

where k is a sufficiently large number. Based on the representation 
(12), the method consists of the following three steps 

1. Initially estimate (12) for a "sufficiently" large value of k and a 
"reasonable" approximation for nt• These are discussed below. 

2. Examine the estimates of the parameters in the model for nt and 
the residuals in the fitted equation. The estimated parameters 
may indicate that differencing is necessary. The residuals are 
used to discover any gross discrepancies in the model. 

3. Use the estimated Vj to determine the form of the transfer func­
tion. This is done by means of the corner method of Beguin, 
Gourieroux and Monfort (1980). In addition, examine the resid­
uals nt = Zt - {: - L:�=o VtXt_k from the fitted model to determine 
an appropriate ARIMA model for nt. 

There are two key elements in the LTF method. These are the 
choice of k and the proxy used for nt in (12). The latter is us�ally 
an autoregressive, if there is no seasonality, or multiplicative seasonal 
autoregressive model. The choice for k is somewhat arbitrary. There 
should be enough weights to account for the longest lagged response 
between input and output. The choice depends also on the sample 
size. 
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5 Automatic Modeling Methods in the 

Presence of Outliers 

Many time series encountered in practice have outlying observations. 
These may be due to errors in the data, strikes, changes in regulations, 
etc. The presence of outliers can make extremely difficult the process 
of model identification. For this reason, any automatic model identi­
fication method has to incorporate some kind of outlier treatment. 

In this section, we start first with the definition of an outlier. Sec­
ond, after examining some algorithms for outlier treatment, we review 
the method proposed by Gomez (1997) for automatic outlier detection 
and correction. Third, some estimation and filtering techniques are 
reviewed which are used to speed up the algorithms of the previous 
methods. Fourth, some reasons are given for the need to robustify 
automatic modeling methods. Finally, an algorithm is proposed for 
automatic model identification in the presence of outliers. 

5.1 Outlier Definition 

When analysing time series data, it is not unusual to find outlying 
observations due to uncontrolled or unexpected interventions, like 
strikes, major changes in political or economic policy, the occurrence 
of a disaster, gross errors, and so forth. Since ARIMA models, which 
are frequently used in time series modeling, are designed to grasp the 
information of processes with a homogeneous memory pattern, the 
presence of outlying observations or structural changes may inflnence 
the efficiency and goodness of fit of these models. See, for example, 
Abraham and Box (1979), Chen and Tiao (1990), Tsay (1986), and 
Guttman and Tiao (1978). 

The traditional approach to handle the problem of outliers, once it 
is assumed that a proper ARIMA model has been correctly identified 
for the series, consists of first identifying the location and the type of 
outliers and then use the intervention analysis proposed by Box and 
Tiao (1975). This procedure requires that a time series expert first 
examines the data and then, with the help of some time series soft­
ware, analyses the sample autocorrelation and partial autocorrelation 
functions of the residuals, graphs of the series and the residuals, etc. 
For this reason, it is important to try to find some procedure which 
automates as much as possible the process of detection and correction 

- 34 -



of outliers. Among the first steps in this direction, we can mention 
the procedures of Chang, Tiao and Chen (1988), Hillmer, Bell and 
Tiao (1983), and Tsay (1988). These procedures are quite effective 
in detecting the locations and estimating the effects of large isolated 
outliers. However, the problem is not solved because 

1) The presence of outliers may result in an incorrectly specified 
model 

2) Even if the model is appropriately specified, outliers may still 
produce important biases in parameter estimates 

3) Some outliers may not be identified due to a masking effect 

The method proposed by Tsay (1986) is an important contribution 
to solve the problem of model identification in the presence of outliers. 
Chen and Liu (1993) have proposed a method for outlier treatment 
that tries to solve problems 2) and 3). This method works rather sat­
isfactorily, although it presents some aspects that can be improved. 
For example, the method uses exact maximum likelihood estimation 
several times, thus making it computationally expensive. It does not 
use exact residuals. The algorithm is too complicated. Multiple re­
gressions are performed without filtering the data and the columns of 
the design matrix by an "exact" filter, like the Kalman filter. It uses 
instead a conditional filter. Finally, the method uses a sort of back­
ward elimination procedure to select the "best regression equation", 
instead of a stepwise procedure which is more robust. 

The method proposed by Gomez (1997) for the detection and cor­
rection of outliers attempts to solve problems 2) and 3) in such a way 
that the above mentioned aspects in the procedure of Chen and Liu 
(1993) are improved, as will be described later. In addition, if it is 
used in the algorithm proposed at the end of this Section, together 
with the algorithm for automatic model identification proposed by 
Gomez (1997), the proposed algorithm constitutes an alternative pro­
cedure to that of Tsay (1986) to solve the problem of automatic model 
identification in the presence of outliers that complements and may 
improve considerably Tsay's procedure. 

Suppose first that there are no regression effects. We will extend 
the results to the general case later. Let the series {z( t)} follow the 
ARIMA(p,d,q) model given by (4), where it is understood that if the 
model is multiplicative seasonal, (5) holds. We will assume for sim­
plicity that }J. = 0 and we will use the notation (4), referring to (5) 

- 35 -



when necessary. To model the effect of an outlier, consider the model 

z"(t) = z(t) + wlI(B)l,(T), (13) 

where II(B) is a quotient of polynomials in B, {z(tn is the outlier free 
series, l,(T) = 1 if t = T and l,(T) = 0 otherwise, is an indicator 
function to refer to the time in which the outlier takes place and W 
represents the magnitude of the outlier. Four types of outliers will be 
considered 

10: II(B) = 9(B)/(e(B)4>(B)), 

AO: II(B) = 1 ,  

TC: II(B) = 1/(1 - eB), 

LS: II(B) = 1/(1 - B). 

The acronyms stand for innovational outlier (IO), additive outlier 
(AO), temporary change (TC) and level shift (LS). The value of e is 
considered fixed and is made equal to 0.7. For a more detailed discus· 
sion on the nature and motivation for these outliers, see Chen and Tiao 
(1990), Fox (1972), Hillmer, Bell and Tiao (1983), and Tsay (1988). 
These four outliers correspond to some simple types of outliers. More 
complicated outliers can be usually approximated by combinations of 
these four types. 

5.2 Algorithms for Automatic Outlier Detec­
tion and Correction 

We will start by considering that there is only one outlier. After 
having described how the effect of the outlier can be estimated and 
adjusted, the case of mnltiple outliers will be considered. Finally, the 
algorithm proposed by Gomez (1997) will be reviewed. 

5.2.1 Estimation and Adjustment for the Effect of an 
Outlier 

Suppose that the parameters in model (4) are known, the observed se· 
ries is z" = (z"(l) ,  . . .  , z"(N))', the outlier free series is z = (z(l), . . .  , 
zeN))' and put Y = (II(B)l,(T), . . .  , II(B)lN(T))'. Then, (13) can be 
written as the regression model with ARIMA errors 

z" = Yw + z. (14) 
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To simplify the exposition, we will assume that z in (14) follows an 
ARMA model or, what amounts to the same thing, o(B) = 1 in (4). 
If this is not the case, we would work with the series obtained by 
differencing z· , z and Y in (14). Let Var(z) = ,,2fl and fl = LL', with 
L lower triangular, the Cholesky decomposition of fl. Premultiplying 
(14) by L-',. the following ordinary least squares model is obtained 

(15) 

Letting r = L-'z, the equality Var(r) = ,,2 IN holds and vector r is 
the residual vector of the series (not observed) . If we let the estimated 
residuals be r· = L- 'z· and write X = L-'Y, ( 15) can be written as 

r· = Xw + r. (16) 

If Y is 0 in (14), the model would be z· = z and if we applied 
the Kalman filter to this model, we would obtain L-'z· . This result, 
which a standard result of control theory, allows us to see the Kalman 
filter as an algorithm that, applied to any vector v instead of z·, 
yields L-'v. Therefore, if we apply the Kalman filter to the vector of 
observations z· and to the vector Y, we can move from (14) to (15) 
or, what amounts to the same thing, from (14) to (16). 

We can estimate w by OL5 in (16 to obtain 

w = (X'Xt'X'r·, (17) 

where the estimator variance is Var(w) = (X'X)-',,2. To test the null 
hypothesis that there is no outlier at t = T, we can use the statistic 

( 18) 

which is distributed N(O, 1) under the null. 
In practice, the parameters of model (4) will not be known and 

they will have to be estimated. Under these circumstances, the usual 
procedure consists of estimating first the parameters of model (4) by 
exact maximum likelihood, as if there were no outliers, and then using 
instead of (17) and ( 18) their sample counterparts 

which are obtained by replacing in (17) and ( 18) the unknown param­
eters with their estimates. It can be shown that f is asymptotically 
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equivalent to T. See Chang, Tiao and Chen (1988), p. 196. Each 
matrix X and, therefore, X' X depends on the type of the outlier. 

To see whether there is an outlier at t = T, the four estimators 
wIO(T), wAo(T), wTc(T) and wLS(T) are first computed, along with 
the statistics fIO(T), fAO(T), fTc(T) and hs(T), where the subindex 
refers to the outlier type. Then, as proposed by Chang, Tiao and Chen 
(1988), the stal ; ,tic AT = max{lfIO(T)I, IfAO(T)I, IfTC(T)I, Ihs(T)I} 
is used. If AT > C, where C is a predetermined critical value, then 
there is the possibility of an outlier of the type given by the subindex 
of the statistic f for which the maximum is obtained. 

Since the time t = T at which the outlier occurs is unknown in 
practice, the criterion based on the likelihood quotient of Chang y 
Tiao (1983), leads to repeat the previous operation for t = 1, . . .  , N 
and compute A = max,A, = If,.(T)I , where tp can be 10, AO, TC or 
LS. If A > C, then there is an outlier of type tp at T. 

Once the type of an outlier at t = T is known, the series and the 
residuals can be corrected for its effect using (13) and (16). 

Up to now, we have assumed that r' and X were computed by 
means of an "exact" filter, which was the Kalman filter. This is the 
correct thing to do, since the number of observations in a time series 
is always finite and we cannot apply the semi-infinite filter, given 
by the inverse of the series model 1f(B) = 1 + 1fJB + 1f2B2 + . . . = 
</>(B)c(B)j8(B), to (13) to obtain 

1f(B)z; = w[1f(B)v(B)I,(T)] + a(t), t = 1, . . . , N, 

instead of (15) . In practice, the usual procedure consists of truncating 
the filter 1f( B) and disregarding some observations at the beginning 
of the series. See Chen and Liu (1993), p. 285. In the procedure 
proposed by Gomez (1997), the residuals are filtered with an exact 
filter to obtain r' and the filter 1f( B) is used to filter the vector Y in 
(14). 

5.2.2 The Case of Multiple Outliers 

When multiple outliers are present, we should use instead of (13) the 
model 

• 

z' (t) = z(t) + Lw,v,(B)I,(t,). (19) 
i=1 
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As shown in Chen and Liu (1993), the estimators of the W; obtained si­
multaneously using (19), can be very different from the ones obtained 
by an iterative process using the results of the previous Section. That 
is, by obtaining first Wi> then W2, etc. For this reason, it is impor­
tant that every algorithm for outlier detection performs at some point 
multiple regressions to detect spurious outliers and correct the bias 
produced in th,· ,'stimators sequentially obtained. 

In order to estimate the parameters in the multiple regressions, 
when the parameters of the ARIMA model (4) are assumed to be 
known, the algorithm proposed by Gomez (1997) uses first the Kalman 
filter like when we moved from (14) to (15). Then, the estimators of 
the W; and the corresponding statistics are computed using (17) and 
(18). This is done in an efficient manner, using the QR algorithm 
and Housholder transformations. A more detalled description will be 
given at the end of this Section. 

5.2.3 Estimation of the Standard Deviation a of the 
Residuals 

When outliers are present in the series, the usual sample estimator 
can overestimate O .  For this reason, it is advisable to use a robust 
estimator. In the procedure proposed by Gomez (1997) the estimator 
used is the MAD estimator, defined by 

,, =  1.483 x median{Jr·(t) - 1'. 1} ,  

where f· is  the median of the estimated residuals r· = L-'z·. The 
parameters of the model were assumed to be known in the previous 
formula. If they were unknown, they would be replaced with their 
estimates, as usual. 

For outlier treatment, the procedure proposed by Gomez (1997) 
assumes that the orders (p, d, q) of model (4) are known and it proceeds 
iteratively. In the first stage, outliers are detected one by one and the 
model parameters are modified after each outlier has been detected. 
When no more outliers have been detected, the procedure goes to the 
second stage, where a multiple regression is performed. The outliers 
with the lowest t-value is discarded and the procedure goes back to 
the first stage to iterate. 

The procedure used to incorporate or reject outliers is similar to 
the stepwise regression procedure for selecting the "best" regression 
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equation. This results in a more robust procedure than that of Chen 
and Liu (1993), which uses "backward elimination" and may therefore 
detect too many outliers in the first stage of the procedure. 

Up to now, we have supposed that there were no regression effects, 
but it is easy to incorporate these effects into the procedure. Let the 
series follow the regression model with ARIMA errors 

z(t) = y'(t){J + v(t), t = 1, . . .  , N, (20) 

where {J = ({J" . . .  , {J.), is the vector containing the regression param­
eters, which may include the mean as the first component, {z( tn is 
the observed series, {y(tn are the vectors containing the regression 
variables and {v(tn follows the ARIMA model (4) with p. = o. Then, 
the algorithm proposed by Gomez (1997) for automatic detection and 
correction of outliers, described in detail, is the following 

Initialization 

If there are any regression variables in the model, included the 
mean, the regression coefficients are estimated by OL5 and the 
series is corrected for their effects. 

Stage I: Detection and estimation of outliers one by one 

1.1) The ARIMA parameters are estimated, using Hannan-Rissanen's 
method, and the series is corrected for all regression effects present 
at the time, included the outliers so far detected. If desired by 
the user, exact maximum likelihood can be used for estimation, 
instead of HR's method. 

1.2) Considering the estimates of the ARIMA parameters obtained in 
1.1 as fixed, the regression coefficients are estimated by GLS and 
their t statistics are computed. To this end, the fast algorithm 
of Morf, Sidhu and Kallath (1974) is used, followed by the QR 
algorithm. New estimated residuals are obtained. 

1.3) With the estimated residuals obtained in 1.2, the robust MAD 
estimator of the standard deviation of the residuals is computed. 

1.4) If u = (Ud+" . . .  , UN)', where d is the degree of the differenc­
ing operator, denotes the differenced series, the statistics TIO(t), 
TAO(t), hs(t) and TTC(t) are computed for t = d + 1, . . .  , N. 

- 40 -



To this end, the residuals computed in 1.2 and the MAD ob­
tained in 1.3 are used. Let, for each t = d + 1 ,  . . .  , N, A, = 

max{lfIO(t)l, IfAO(t)l, IfTc(t)l, IfLS(tm. If A = max,A, = If,p(T)1 
> C, wher� C is a pre-selected critical value, then there is a pos­
sible outlier of type tp at T. The subindex tp can be 10, AO, 
TC or LS. If no outlier has been found the first time the algo­
rithm pa,' "s through this point, then stop. The series is free 
from outlier effects. If no outlier has been found, but it is not 

. the first time that the algorithm passes through this point, then 
go to ILL If, on the contrary, an outlier has been found, then 
correct the series for all regression effects, using the estimates 
obtained in 1.2 and the last outlier coefficient estimate obtained 
while computing A, and go back to 1.1 to iterate. 

Stage II: Multiple Regression 

Using the estimates of the multiple regression and their t statis­
tics obtained the last time the algorithm passed through 1.2, 
check whether there are any outliers with a t statistic < C, where 
C is the same critical value than in 104. If there aren't any, stop. 
If, on the contrary, there are some, then remove the one with the 
lowest absolute t-value and go back to 1.2 to iterate. 

5.3 Estimation and Filtering Techniques to 

Speed up the Algorithms 

To estimate the regression parameters of a regression model with 
ARIMA errors, when the autoregressive and moving average param­
eters of the ARIMA model are assumed to be known, the procedure 
proposed by Gomez (1997) uses the following algorithm. Let the ob­
served series z = (z(1),  . . .  , z(N))' follow the regression model with 
ARIMA errors 

z =  YfJ + u, (21) 

where fJ = (fJl > '  . .  , fJ.)' is the vector containing the regression param­
eters, which may include the mean as the first component, Y is an 
N x k matrix of full column rank and u follows the ARIMA model (4) 
with J.I = 0, which is supposed to be known. After differencing z, the 
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columns of Y and " in (21), it is obtained that 

y = Xfj + v, (22) 

where y = (y(d + l), . . .  , y(N))" X is an (N - d) x k matrix, the 
components of v = (v(d + l), . . . , v(N)), follow the ARMA model 
</>(B)v(t) = O(B)a(t) and it is assumed that the degree of the dif­
ferencing polynomial c(B) is d. 

If Var(v) = q2n and n = LL', with L lower triangular, is the 
Cholesky decomposition of n, then, premultiplying (22) by L-l, it is 
obtained that 

(23) 

which is an OLS model. As described in Section 5.2.1, the Kalman fil­
ter can be applied to y and the columns of the X matrix to move from 
(22) to (23). The Kalman filter algorithm used is the fast algorithm 
of Morf, Sidhu and Kailath (1974). fj can now efficiently estimated 
in (23) by means of the QR algorithm. This last algorithm produces 
an orthogonal matrix Q such that Q'L-1X = (R', O)" where R is 
a nonsingular upper triangular matrix. Partitioning Q' = (Q" Q2)' 
conforming to (R', 0)" one can move from (23) to 

Q�L-ly = Rfj + Q�L-IV 

from which � = R-1Q�L-ly and ,;-2 = y'(L-l ),Q2Q�L-ly/(N - d - k) 
are easily obtained. The Q matrix is obtained by means of Housholder 
transformations. 

5.4 The Need to Robustify Automatic Mod­

eling Methods 

The presence of outliers in the series can affect tremendously all auto­
matic model identification procedures, starting with the specification 
of unit roots and ending with the identification of an ARMA model 
for the differenced series. For this reason, there is a need to robustify 
automatic modeling methods. This can be achieved by the following 
scheme. Specify first a robust model for the series. This model could 
be the airline model, since, as mentioned earlier, it encompasses many 
models and is a model very often found in practice. Then, use this 
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model to detect and correct the series for outlier effects. The critical 
value at this stage should not be low because we want to correct the 
series for the effects of the biggest outliers, which are the outliers that 
can distort most the automatic model identification procedure. With 
the series corrected for the outlier effects detected with the airline 

. model, apply the automatic model identification procedure. With the 
model identified by this last procedure, specify a lower critical value 
and detect and correct the series for outliers. This cycle can be re­
peated several times until a satisfactory model is found. Usually, two 
iterations are enough. 

5.5 An Algorithm for Automatic Model Iden­

tification in the Presence of Outliers 

Taking into account the procedure proposed by Tsay (1986) and the 
previous considerations on how it could be improved, an algorithmical 
procedure is proposed (this procedure is implemented in programs 
TRAMO and SEATS, see Gomez and Marava.ll, 1996) which, briefly 
described, is the following. 

a) Preliminary tests. IT desired by the user, the procedure can test 
for the log-level specification, Trading Day and Easter effects. 
These last two tests are performed using the default model (air­
line model). 

b) Initialization. IT the user wants the series to be corrected for out­
liers, accept the model specified by the user (the default model 
is the airline model) and go to step 3. Otherwise, go to step 1. 
The critical value C for outlier detection can be either entered 
by the user or specified by the procedure. In this last case, the 
value of C is chosen depending on the length of the series. 

c) Step 1 .  If the user has specified the differencing orders and 
whether there should be a mean in the model, go to step 2. 
Otherwise, the series is first corrected for all regression effects, 
if any. Then, using the corrected series, the differencing orders 
for the ARIMA model are automatically obtained and, also auto­
matically, it is decided whether to specify a mean for the series 
or not. Go to step 2. 

e) Step 2. Perform automatic identification of an ARMA(p, q) model 
for the differenced series, corrected for all outliers and other re-
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gression effects, if any. If the user wants to test for Trading Day 
and Easter effects and any of these effects Was specified

· 
in the 

preliminary tests, check whether the specified effects are signif. 
icant for the new model. If the user wants to correct the series 
for outliers, go to step 3. Otherwise, stop. 

d) Step 3. Assuming the model known, perform automatic detection 
and correction of outliers using C as critical value. If a stop 
condition is not satisfied, perhaps decrease the critical value C 
and go to step 1 .  

In the previous algorithm, the procedures for obtaining the differ· 
encing orders, automatic model identification and automatic detection 
and correction of outliers are the ones proposed by Gomez (1997), 
which have been described in previous sections. The tests for the log­
level specification are the ones considered in the previous section. The 
Trading Day and Easter effects, as well as tests for their presence in 
the model, will be described in detail in the next section. 

6 An Automatic Procedure for the Ge­

neral Regression-Arima Model in the 

Presence of Outliers, Special Effects and, 

Possibly, Missing Observations 

In this section, the algorithm for automatic model identification in the 
presence of outliers oflast section is extended to the case in which there 
are missing observations. The algorithm was seen to handle any kind 
of regression effect. Special effects, like Trading Day and Easter effects 
are considered in detail, as well as intervention and other regression 
effects. Tests for the presence of Trading Day and Easter effects are 
given. Finally, some guidelines as to how transfer functions can be 
incorporated into the model are given. 

6.1 Missing Observations 

The procedure proposed in the last section for automatic model iden­
tification in the presence of outliers can be extended easily to the case 
of missing observations. Missing observations are treated as additive 
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outliers. Thls implies that we can work with a complete series, because 
the missing values are first assigned tentative values. Then, after the 
model has been estimated, the difference between the tentative value 
and the estimated regression coefficient is the interpolated value. See 
Gomez, Maravall and Peiia (1997) for details. 

Since we work with a complete series (there are no holes in it), 
we can use same algorithms described previously for automatic model 
identification and for automatic detection and correction of outliers. 
The tentative values assigned to the missing observations are the 
semisum of the two adjacent values. 

6.2 Trading Day and Easter Effects 

Traditionally, six variables have been used to model the trading day 
effect. These are: (no. of Mondays) . (no. of Sundays) , . . . . (no. of 
Saturdays) . (no. of Sundays). 

The motivation for using these variables is that it is desirable that 
the sum of the effects of each day of the week cancel out. Mathemat­
ically, thls can be expressed by the requirement that the trading day 
coefficients {3j , j = 1 ,  . . .  , 7, verify '£;;1 {3j = 0, which implies {37 = 

- '£;;1 {3j. 
Sometimes, a seventh variable, called the length-<>f-month vari· 

able, is also included. This variable is defined as m, - tn, where m, 
is the length of the month (in days) and tn = 30.4375 is the average 
month length. 

There is the possibility of considering a more parsimonious mod· 
eling of the trading day effect by using one variable instead of six. In 
thls case, the days of the week are first divided into two categories: 
working days and non-working days. Then, the variable is defined as 
(no. of (M, T, W, Th, F)) · (no. of (Sat, Sun) x 5/2). 

Again, the motivation is that it is desirable that the trading day 
coefficients {3j , j = 1 ,  . . .  , 7  verify '£;;1 {3j = O. Since {3, = {32 = . . .  = 
{3. and {3. = {37, we have 5{3, = -2{3 • .  

The Easter variable models a constant change in the level of daily 
activity during the d days before Easter. The value of d is usually 
supplied by the user. 

The variable has zeros for all months different from March and 
April. The value assigned to March is equal to PM - mM, where PM 
is the proportion of the d days that fall on that month and mM is the 
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mean value of the proportions of the d days that fall on March over 
a long period of time. The value assigned to April is PA - rnA, where 
PA and rnA are defined analogously. Usually, a value of rnM = rnA = 
1/2 is a good approximation. 

Since PA - rnA = 1 - PM - ( 1 - rnM) = -(PM - rnM), the sum of 
the effects of both months, March and April, cancel out, a desirable 
feature. 

Since Trading Day and Easter effects are modeled by means of 
regression variables, a possible test for these effects is the following . 

. If no model has been identified, specify an airline model with mean. 
Otherwise, use the identified model. Then, using the differenced series 
y, apply first the Kalman filter to move from model (22) to model 
(23), where {3 is the vector of regression parameters, that includes 
the Trading Day and/or Easter parameters. Since model (23) is an 
OLS model, we can use an ordinary F-test to test if all Trading Day 
parameters are zero or not. A t-test can be used to test if the Easter 
parameter is zero. 

6.3 Intervention and Regression Effects 

Intervention variables are regression variables that are used to model 
certain abnormal effects, like strikes, major changes in economic pol· 
icy, natural disasters, etc. See Box and Tiao (1975). 

Examples of intervention variables are 

• impulses 

• level shifts 

• temporary changes 

• ramps 

These variables usually consist of sequences of ones and zeros. Other 
regression effects, like economic variables thought to be related to the 
observed series, can also be incorporated. 

6.4 Transfer Functions 

Transfer functions can be incorporated into the model by means of 
a procedure similar to the LTF method. First, consider some lags of 
the input series as regressors in all the process of automatic model 
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identification in the presence of outliers. Once an adequate model for 
the output series has been identified, use the corner method to specify 
a rational function in the backshift operator B which fits the pattern 
of coefficients of the lags of the input series. 

After the identification stage has been completed, the estimation 
stage can be performed, for which a model of the input series is needed. 
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