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Abstract

A concept of dynamic stability in infinitely repeated games with discounting is presented. For
this purpose, one modification of the available theory is needed: we need to relax the
assumption that the game starts in a given period. Under this new framework, we propose
stable strategies such that a folk theorem with an additional stability requirement still holds.
Under these strategies, convergence to the long run outcome is achieved in a finite number
of periods, no matter what actions or deviations have been played in the past. Hence, we
suggest a way in which a player can build up his reputation after a deviation.

Keywords: Repeated Games, Stability, Stable Strategies

JEL classification codes: C70, C72



1 Introduction

The dynamic features of repeated games have been analyzed in a number of
studies. If the same players play the same game repeatedly, then they can
choose their actions as a function of the history of what have been played.
This implies that dynamic programming tools can be used in this context.
This approach has been revealed as a very useful tool. One example of its
applications is the work by Abreu, Pearce and Stachetti (1990).

A dynamic consequence of repeated games is that there can be equilibria
that do not imply to play a static Nash equilibrium (NE from now on) each
period. Players may choose in one period strategies which are different from
the static best response in order to induce, through the history, some kind
of play in the future. The natural question arises: What kind of actions
(different from the static NE) can be supported in a repeated game? The
'folk’ theorems provide an answer for subgame perfect equilibria (SPE).!
Apart from some technical conditions, all action profiles with an individually
rational static payoff can be supported as a SPE of an infinitely repeated
game.

This result sometimes relies on the so-called trigger strategies. However,
the use of this type of strategies brings additional problems. For example, if
for whatever reason the history is slightly perturbed, the continuation path
induced by trigger strategies changes dramatically, switching from a path of
cooperation to a path of (usually) Nash reversion. Obviously, this cannot
satisfy any concept of dynamic stability, as we will see later. This lack of
dynamic stability is also present in other, more general, punishment schemes
used in the literature. Optimal punishment schemes, like those described in
Abreu (1998), are an example.

Against this background, we propose a concept of dynamic stability for
repeated games. The first observation is that we need to modify the usual
theory in the following way: We need a game with no beginning. In other
words, it is often assumed that a repeated game has a first period in which
the game has started. As a consequence, the history of the game is always of
a finite and increasing dimension. It will be seen that this fact brings some
problems for the question of dynamic stability. Hence, we propose a slightly
different framework: the game has no beginning, i.e. history is always of the
same (infinite) dimension.

This modification allows us to define stationary strategies, i.e. strategies
that can be represented by only one function relating the past history with

!See Fudenberg and Tirole(1991), section 5.1.2.
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the current action. Then, we will be able to define our concept of dynamic
stability in repeated games.

Another step in the analysis is to see if the requirement of dynamic sta-
bility modifies in a substantial way the set of possible outcomes in a repeated
game. Our approach here will be to show that the folk theorem also holds
when we require dynamic stability. The proof of the theorem is constructive,
since it yields the class of (stationary) strategies that can support a certain
outcome. These strategies have the property that, after a deviation, the
profile played each period converges again to the long run profile in a finite
number of periods.

The following additional remark concerning the necessity of games with no
beginning may be useful. As already pointed out, the strategies at any period
are functions of the history, under a dynamic programming approach. One
can interpret this history as the object that determines the reputation of both
players, because it summarizes all cooperations and defections conducted
by the players. But, if the game starts in a given period, nothing can be
said about the initial reputation by looking at the history, since in the first
period the history is the empty set. Indeed, it is implicitly assumed that
play begins with full reputation, because strategies often recommend players
to cooperate in the first period.? The available theory is silent about how
this initial reputation is determined. Note that it is indiferent to make an
implicit assumption, or to say that we assume explicitly (and exogenously)
a certain degree of reputation at the beginning of the game: we are in both
cases analyzing the convergence for only one initial reputation. By contrast,
we make in this paper the complete exercise: we take all possible histories
in a given period for a game that has no starting period, and we check if the
strategies induce convergence for all these possible histories. In this way, we
are studying convergence for all initial reputations, whereas the traditional
analysis focuses only on one initial reputation.

Of course, this new approach is appropriate to study games with no be-
ginning. However, it should be clear that our motivation is not (only) to
study this class of games. In a game starting today, players need to fix some
idea about the likelihood that their opponents will cooperate or not. Clearly,
we might do this by assuming some prior distribution over a set of possible
types of the opponent. The other possibility is to do what we’re doing here.
Take all possible histories of the game as if it would have no beginning. If the
equilibrium converges to certain profile for all of them, then it is clear that
this profile will be the long run outcome. This is precisely our definition of

2More precisely, the strategies that support a certain outcome usually start by choosing
in the first period the profile to be supported.
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dynamic stability. With this approach, we avoid the use of stochastic tools.
Moreover, we obtain the additional result that following any deviation (or
mistake), the equilibrium will converge to the long run outcome again, and
in a finite number of periods. In this sense, our approach not only provides
a more precise’® answer to the question: "why are we cooperating?”, but
also answers the question: ”if we are not in a cooperative situation (maybe
because someone has deviated in the past), how can we reach it again?”.

Finally, note that the main contributions of this paper are the proposed
definition of stability, the proposed stable strategies, the management of
initial conditions in a repeated game, and how players can build up again
their reputation after a deviation. The folk theorem is presented only as a
complementary result. Of course, the proof is very similar to standard proofs
of folk theorems in repeated games; it is just a matter of extending it to an
environment without starting period and with reversion to the cooperative
outcome.

The rest of the paper is organized as follows. Section 2 presents a review
of the existing theory of repeated games, and proposes the main definitions in
which the rest of the work is based, including the definition of a stable SPE.
Section 3 presents a theorem useful to characterize outcomes supportable as
a stable SPE. Section 4 analizes the memory requirements of the proposed
stable strategies and relate them to the theory on bounded recall. Finally,
concluding thoughts and possible extensions are presented in section 5.

1.1 Related Literature

Abreu (1988) argues that we can have a penalty greater than Nash reversion
(the penalty usually assumed in trigger strategies). In this paper we also use
a penalty greater than Nash reversion. In fact, we use a penalty worse than
(or equal to) the minmax, but only for a finite number of periods. On the
other hand, the penalty in Abreu (1988) is for an infinite number of periods
(if there are no deviations in the punishment phase), and it is not worse than
the minmax.

There are some recent studies concerned with the size of the penalty.
Evans and Thomas (2001) use the concept of perturbed game to study re-
peated games and cooperation. They criticize the previous work by Aumann
and Sorin (1989) and Anderlini and Sabourian (1995), showing that the result
”perturbation implies efficiency” can be achieved only if there are ’draconian’
penalties in the support of the perturbation, i.e. penalties designed to min-

3More precise in the sense that, under our framework, cooperation does not depend on
initial conditions in the long term.
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max a player almost all the time. We have the same concern. Even Nash
reversion is a very big penalty to be fully credible. By contrast, our stability
requirement ensures that penalty is at least limited in time.

The strategy presented below is related to at least two other strategies
proposed in the previous literature. Green and Porter (1984) present a strat-
egy that has a finite number of punishment periods. However, since their
model is of imperfect information, the punishment phase is defined as a
function of one observable variable (the price) that imperfectly reflects the
actions of other players. Therefore, even when players do not deviate, the
observable variable sometimes induces the punishment phase. This occurs
when it falls below a trigger level, generating fluctuations in the behavior of
players. Hence, this environment is not adequate to study stability issues; the
motivation is totally different. A similar strategy can be found in Piccione
(2002).

Fudenberg and Tirole (1991) use in their theorem 5.4 a strategy with
three phases. One is the cooperative phase. If someone deviates, the game
goes to a finite punishment phase. However, at the end of this second phase
the play doesn’t return to the cooperative phase. Instead, it goes to a third
phase with payoffs between the other two. Therefore, the strategies do not
induce a convergent equilibrium path. Moreover, it is imposed exogenously
that play begins in the cooperative phase, which amounts to assume that
players begin the game with reputation.

Finally, Kalai and Stanford (1988) and related papers study the possible
implementation of strategies by finite automata. At first glance, one can in-
terpret this approach as a concern about stationarity of strategies. However,
this is only one requirement of our definition of stability (the other is con-
vergence). Moreover, we think that their automata do not cover stationarity
issues properly, because they assume that automata start the game in some
initial ”state of mind” and, as already discussed, this initial assumption is not
innocuous. The same can be said about Kalai, Samet and Stanford (1988),
with the addition that they show that reactive equilibria can exist only by
chance, i.e. under a particular combination of parameters of measure zero.

2 Preliminaries

In this section we start with some basic concepts to be used. Then, we
modify the concept of a repeated game with an initial period or node to
define a repeated game without initial period. Finally, we define the concept
of stable subgame perfect equilibrium.
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2.1 Stage Game

Let’s define the following symmetric game, which will be called the stage
game. There are two players. Both of them must play an action simulta-
neously from the same set of possible actions. This set can be discrete or
continuous, finite or infinite. Let’s call this set S. The particular choices of
the two players will be denoted by s1,s5 € S. Let’s define the instantaneous
payoff function for player i, u; as follows:

UZSXSHR

Where the first argument in both payoff functions is the action of player
1 and the second the action of player 2. Each player is trying to maximize
his own payoff.

Assumption Al: The functions u; are bounded, and the (static) best re-
sponse correspondences BR; (s_;) = arg maxu; (s1, S2) are non-empty
54

valued.

2.2 Repeated Game

We construct a new game by the infinite iteration of the stage game defined
before, in which past actions are observable. Now the objective function is
the sum of the instantaneous payoff functions, discounted by the parameter
0, which is the same for both players. It is usual in the literature to assume
that the repeated game starts in a given period and continues up to infinity.
Later we modify this concept using a repeated game that goes from minus
infinity up to infinity. To facilitate comparison between the two concepts we
present here some definitions about a repeated game with starting node.

Let’s call period 0 the first stage game, period 1 the second stage game,
and so on.

It is useful to define the object "history’ in period ¢ as the actions played
by both players in previous periods, and period ¢ itself: h! = {h’,‘%}Z:O s hi =
{h,lg’t, hi’t}. Denote the set of all possible histories at ¢ by H'.

Now we can define a strategy for player ¢ in this repeated game as follows:

Definition 1 A strategy o; for player i in the repeated game with starting
node is a sequence of functions, one for each t € {1,2,...} of the form
st H™' — S, and an action s? € S for period 0.

Note that the set H'™' = (S x S)! varies with ¢.
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In each subgame h'™!, the strategies o, and oy determine a sequence of
pairs of actions, or continuation path, composed of the actions that players
would play if they followed the strategies o; and o, after history h'~!. Let
P(h'™,01,03) = {P; (k™' 01,02) } 1, be the combination of a given history
and its associated continuation path given o; and o,. It can be defined in
the following recursive manner:

- Wl itk <t—1
B0 02) = LB (o )Y, b (0 0, o) Vo)) iR 2

A subgame perfect equilibrium (SPE) can be defined in the following way:

Definition 2 A pair of strategies {01,042} = {si,sb}, -, constitute a SPE
of the discounted repeated game with starting node if, for all periods t €
{0,1,...}, and for all histories h'~' € H'™! in each period, the following two
conditions are satisfied:

Z 5k7tul (Pk (ht_lv 01, 0_2)) Z Z 5k7tul (Pk (ht_17 617 02)) 7V5_1 7é 01
k=t k=t
Z 5k_tu2 (Pk‘ (ht_17 01, 0-2)) Z Z 5k_tu2 (Pk (ht_17 o1, 5-2)) 7V6-2 7£ 02
k=t k=t

Now we can focus on the repeated game without starting node. In this
case history in period ¢ is hf = {h',;}:;:foo.4 Note that here we need to include
all periods up to minus infinity, since there is no starting node. Looking at
the definition of A', it is clear that the set of all possible histories is now the
same for all periods: h' € H, where H = (S x S)*.

The definition of a strategy and of an equilibrium are very similar to the
previous ones:

Definition 3 A strategy o; for playeri in the repeated game without starting
node is a sequence of functions, one for each t € {...,—1,0,1,...} of the
form st H — S.

Definition 4 A pair of strategies {o1,02} = {s',sb},> _ constitute a SPE
of the discounted repeated game without starting node if, for all periods t €

4The number of periods in P (htfl, o1, 0'2) also changes, so now the continuation path
is P (hi™t,01,00) = {Py (h'"1,01,02) }20:—00 with the same recursive definition exposed
above.
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{...,=1,0,1,...}, and for all histories h*=* € H in each period, the following
two conditions are satisfied:

Z(Sk*tul (Pk (ht71,01,02)) > Z(Sk*tul (Pk (ht71,51702)) Vo # 0y
k=t k=t

> 8 uy (Pe (W1 01,00)) = D 6 up (P (W1 01,62)) V62 # 02
k=t k=t

Note that in both cases we have an infinite countable set of conditions
to be checked with an infinite countable set of functions that constitute the
strategies.

In the traditional repeated games with initial node we have a very well
defined utility function for the whole game (which is usually assumed to
be additively separable over time). When we extend the model to cover a
repeated game with no beginning, this is no longer true. But this is not
a problem for definitions 3 and 4, as long as we keep the assumption of
separability over time of utility functions. With this assumption, the payoff
function of each player at each period is defined conditionally, and therefore
the optimization problems are well defined, and deviations can be analysed
exactly in the same way as in a game with initial period.

2.3 Stationary Strategies and Stable Equilibria

Once we have defined an equilibrium for both cases (with and without initial
period), the next step is to define stationary strategies.

Definition 5 A strategy o; for the repeated game is stationary if there is a
function s; such that st = s;,Vt.

It is interesting to note that the concept of stationary strategies is not
applicable to a repeated game with initial period,” because the functions st
are defined over different sets (H") for different periods. Contrariwise, when
there is no initial node, all functions s! are defined over the same set (H),
so it is possible to have stationary strategies. Here we have one advantage
of our approach: it is possible to study stationary strategies, and this fact
can simplify the analysis. Note that with stationary strategies, we do not
need to check deviations in all periods in all histories. Instead, it is enough
to fix one period ¢, and analyze deviations in all histories or subgames h?,

®This is true unless the strategy is independent of history for all periods. If this is the
case, we can only have as equilibrium one NE of the stage game every period.
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but only for this period, because the only difference between two subgames
is the previous history, not the period itself.

Now consider the continuation path P (hf,01,02) = { Py (h',01,02) } e
determined by the strategies o, and o, given the history h?, defined above.
The definition of a dynamically stable SPE is the following:

Definition 6 A subgame perfect equilibrium for a repeated game with no
starting node satisfies dynamic stability if the following two conditions are
satisfied:

(a) Stationarity: The strategies o1 and oo are stationary.

(b) Convergence:klim Py (W, o1,09) = klim P, (ﬁt, o1, 02> VA Rt e H

Condition (b) in the previous definition states that in a stable SPE, the
continuation path converges to the same profile for all histories. Conse-

quently, the long run payoff for player i, u; (lim Py (bt o4, 02)>, does not

k—o0

depend on the history.

Since the definitions of stationarity and stability cannot be applied to
repeated games with initial period, the next section focuses only on repeated
games with no starting period.

Now, we can investigate the existence of a stable SPE. For this purpose we
cannot rely on the traditional arguments of existence of NE in each subgame,
because we are focusing on pure strategy equilibria. Existence, however,
can be obtained if there is at least one NE in pure strategies of the stage
game. This is true because the strategies "play the static NE in each period,
regardless of history” are always a stable SPE. In order to obtain a more
general existence result, we should have a definition of dynamic stability also
for mixed strategies, which is beyond the scope of this paper.’

3 Outcomes supportable as a stable subgame
perfect equilibrium

In this section we present a folk theorem with an additional stability re-
quirement. We start by defining the minmax value in pure strategies for

player 1, v = minmaxu; (s, s2). Since, for simplicity, we are focusing on
So s1

symmetric games, this is also the minmax value in pure strategies for player
2. Let m = {mq, mo} be one strategy profile in which this minmax value is
attained for player 1. Again by symmetry, minmax for player 2 is attained

6Some comments about mixed strategies can be found in the concluding section.
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at {my,m1}. Suppose we want to support a certain outcome {ci, 2}, and
for simplicity assume ¢; = ¢ = ¢. We will make two more simplifying as-
sumptions. Later on we will suggest how they can be relaxed. The first one
is:

Assumption A2: Jp such that my € argmaxu; (s, p).

Take p according to the previous assumption, and take ¢ = ms. Normalize
uy (p,q) = uz(q,p) = 0. Then it should be clear that v > 0. Furthermore,
under assumption A2, ¢ is the (static) best response to p, so u; (¢,p) =
uz (p,q) > v > 0. Another simplifying assumption is:

Assumption A3: p #£c, ¢ # c.

The three following subsections are as follows. The first presents the type
of strategies that will be used in the proof of the folk theorem, which is
presented in the second subsection. Finally, we study how long can be the
punishment interval T' that follows a deviation for a given value of §.

3.1 Strategies

Our strategy of proof is to support a certain outcome {cy, ¢ }, by imposing a
penalty of T" periods in the case of a deviation, in which the deviating player
receives a payoff smaller than or equal to v. As stated above, it is assumed
for simplicity that this outcome is such that ¢; = ¢; = c.

The intuition of the strategy that is going to be used to support the
outcome is very simple. In fact, the strategy can be defined very easily in
the case of an initial period in the following way. Start in the cooperative
phase, with the two players playing c. If player 1 deviates, switch to phase
1, and if player 2 deviates, switch to phase 2. In phase 1, the prescribed
profile is {p,q}. The game remains in this phase until {p, ¢} is observed
for T' consecutive periods, in which case the game switches again to the
cooperative phase, or until a deviation occurs, in which case a penalty to the
deviating player starts again. The same for phase 2, but with a prescribed
profile {q, p}.

The problem, however, arises when there is no initial node, since we
cannot impose a given phase at the start of the game. The alternative is
to define the phase as a function of the previous history. Also, we need
strategies to be independent of calendar time, by stationarity.

We will present now the strategy in a formal way. It is very similar to
the one just described for games with initial period. First, we try to find
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a suitable starting point in history (7), and then we use 6, to record the
phase in which the game was in period j > 7. The expression I (A) denotes
a function that takes the value 1 if the condition A is true, and 0 otherwise.
The strategy for player 1 with 7' periods of punishment is as follows:’
Step 1: Analyze previous history A=t If Zj_:l_ool (h;'=A{e,c}) > 1
then take 7 = max {k : h;' = {c,c}}, initialize 6., = 0, and go to step 2. If
Z]__Oo (h = {c c}) =0 and Zj__oo ( (hjlf—1 = c) +1 (h?’_l = c)) > 2,
then take 7 = max{k: <0: Zj:k (1 (h; =¢) —|— I (h?’fl =c)) = 2}, and
initialize 0, ., = 1 if k271 = ¢, and 97+1 =2 if h1 = ¢, and go to step 2. If
— Bl 2,—1
]_7oof(h1—{cc})—0andz ( (hy —c)+[(h =c)) =1,
then take 7 = {k; 1 (h1 = c) +1 (h2 = c) = 1} and initialize 0, =

1if h271 = ¢, and 0,,; = 2 if Kb = ¢, and go to step 2. Finally, if
j_:l_oo (I (h]l.’_1 = c) + 1 (hf.’_1 = c)) = 0, then initialize 8y = 0 and go to
step 3.

Step 2: If 7+ 1 = 0, then go to step 3. If not, compute 6,5 as follows.
If .41 = 0 and h-}; = {c, c} or both arguments are different from ¢, then
0..0=0.1f0,,1 =0 and hTJrl # ¢, hTJrl =c, then 0,5 =4. If 0,1 =1,
then if b ' = {p,q},Vk € {r+2-T,. T+1} 0,9 =0, else 0,9 = 1,
where ¢ is 1 unless hijll = p and hijll 3& q, in which case i = 2. If 0,1 = 2,
then if h; ' = {q, p} Vk e {r+2- T o7+ 1}, 0,00 =0, else 0,40 = 1,
where ¢ is 2 unless h =pand AL} "1 # ¢ in which case 7 = 1. Iterate until
0y is computed.

Step 3: If 8y = 0, then play c. If 8 = 1, then play p. If 6y = 2, then play
q.

Note that the previous maxima always exist because, at any given point,
the history finishes in the previous period.

As anticipated above, the variable 6 can be interpreted as the phase in
which the game is. Note that it is only used to determine the action to be
played, with no other future effects. The strategy is presented in this way to
avoid confusion between imposing a particular phase in a particular period,
and determining the phase in one period endogenously. This is done in step
1. In step 2 we analyze deviations from cooperation, or from a punishment
phase, that have been occurred in the past, to be sure that at each time we
know who is the player that has deviated most recently. In step 3 we simply
require the players to play according to the current phase, which has been
determined in the two previous steps. It is worth noting that we need to do
the three steps at each period. Formally, it is not possible to make them once

"We assume that period is equal to 0 without loss of generality, by stationarity of the
strategy. Also, only strategy for player 1 is presented, by symmetry.
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and then follow the argument at the beginning of this subsection for games
with initial period (because we require stationarity), although the intuition
is similar.

3.2 The folk theorem

The proof of the following folk theorem for stable equilibria is quite standard,
and hence we will only focus on the steps needed to fulfill the new stability
requirement (for further details see Fudenberg and Tirole (1991)).

Theorem 7 Suppose we have a stage game in normal form satisfying as-
sumption A1, and consider the associated repeated game with no initial pe-
riod. Then (a) 36 € (0,1) such that, for all § € [(_5, 1), every pure strategy
profile with payoffs greater than the minmax values can be the limit of the
equilibrium path of a stable SPE, for all histories; and (b) for all § € [(_5 , 1),
convergence to this limit can be achieved in a finite number of periods, for all
histories.

Proof. Part (b) is done in detail in the following subsection. For simplicity,
the proof will make use of assumptions (A2) and (A3).%

Take the strategies defined in the previous section, with a penalty length
T arbitrarily chosen, and {c,c} as the profile to be supported.” If {c,c} is
a Nash equilibrium of the stage game, the proof is trivial, so assume that it
is not (note that this implies that maxu, (s,¢) — uy (¢, c) is strictly greater

8 Assumptions Al and A2 are made for simplicity. They are not necessary to derive
the result, and in this note we are going to suggest how the result could be proved if they
don’t hold.

Suppose players are in phase 2 for certain history. Under A1, player 1 has no incentives
to deviate because he is playing his static best response. On the other hand, if A1 doesn’t
hold, then player 1 could deviate for a short run profit. After this deviation, player 1 will
be punished for T' consecutive periods with the profile (p,q). But, the profit is for only
one period, so it is bounded, and the punishment is more intense the larger are § or T'.
Hence, for 6 and T sufficiently large the incentive disappears.

Concerning assumption A2, please note that the second part of the assumption is not
restrictive, because ¢ = mo and hence if ¢ = ¢ then w; (¢, ¢) < v.

Finally, if we need the punishment profile to be such that p = ¢, it would be difficult
to assess whether {q, c} is a deviation of player 1 or the punishment phase that follows a
deviation of player 2. In the second case, if player 1 deviates and plays ¢, the strategy in
section 3.1 would identify {c,c} as a cooperation, instead of a deviation of player 1. But
note that ¢ is the static best response to ¢, so this deviation is not profitable.

9The same proof can be replicated for asymmetric games or symmetric games with

c1 # ¢, although with a little bit more notation. Simply we would have two different 4,
one for each player, and it suffices to take the bigger of the two.
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than 0). We need to show three facts. First, the strategies are stationary.
Second, they induce a convergent continuation path, for all histories. And
third, there are no profitable deviations. Since the game is symmetric, only
deviations of player 1 will be considered.

The first and second parts are straightforward, given the definition of the

strategy.
Concerning deviations, the following conditions!® are enough to avoid
them:
u (gp) (L4384 +67") + 15w (c,0) >
6T+1
> max uy (s,p) + 55 ui(c,c); 1 <t <T (1)
seS—{q}
5 ST uy (¢ 0)
. > 1<t < T 2
1-35 ul(cac)—sgglf_i?p}ul(sacD—i_ 1—4§ y+ =t = ()
6T+1
ui (_C’(SC) > maxu, (s,¢)+ 5w (c,c) (3)

Inequalities (1) and (2) rule out deviations in histories following a devi-
ation of player 2 and 1, respectively, with ¢ remaining punishment periods.
Finally, inequality (3) rules out deviations when players are supposed to co-
operate and play c.

It is easy to see that, under our assumptions, condition (1) is always
satisfied.

Condition (2) is equivalent to

max u; (s,
sES—?p} 1( Q)

T
>
5 51 (Cv C)

(4)

Note that Igla?( }ul (s,q) < maxu; (s,q) = v < uy(c,c). Hence, for a
SES—p S

finite T there exists a §; € (0,1) such that (4) is satisfied for all § € [§;,1).
Finally, condition (3) can be expressed as:

uy (c,c) - 67 — (msaxul (s, c)> 0+ <m§xxu1 (s,¢) —uy (c, c)) <0 (5

10We are using the principle that, if the strategies constitute an equilibrium, then it is
enough to check deviations as the following: deviate in one period and then follow again
the strategy. See Fudenberg and Tirole (1991), section 4.2.
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Note that the left hand side of (5) is a polynomial (in §) of degree
T + 1. Let’s call it Y (4), so condition (5) is equivalent to Y (§) < 0. It’s
easy to see that Y (0) = maxuy (s,¢) — uy (¢,¢) > 0, Y (1) =0, Y'(0) =

(T4 1) up (c,¢) - 6" — (maxu1 (s, c)), and that Y (9) is (strictly) convex

in (0, 00), since uy (¢, ¢) > 0.
Now, two cases are possible:
maxu (s,c)
Case 1: WI(TH) > 1: In this case the polynomial Y (§) is (strictly)
decreasing in (0, 1). Since Y (0) = maxu; (s,¢) — uy (¢,¢) > 0 and Y (1) =0,

then Y (0) > 0 for ¢ € (0,1). Therefore, there is no equilibrium in this case.
maxui (s,c)

Case 2: 775 < 1: Here the function ¥’ (0) is decreasing in (0, 3),
1
T

nlgxul(s,c)
u1(c,e)-(T+1)
Y (0) = maxuy (s,¢) —uy (¢,¢) > 0and Y (1) = 0, then 355 € (0,1) such that

Y (6) <0 forall § € [0, 1).

Note that the value of T determines whether we are in case 1 or 2, and
maxu1 (s,c)

case 1 can be avoided by taking 7" > -2

ul(_c,c)

The proof is complete by considering 6 = max {d1,d2}. W

and increasing in <3, 1), with § = € (0,1). Again, since

3.3 Bounds for the punishment interval

In this subsection we make a different type of analysis. Once we have shown
that a stable perfect equilibrium exists for sufficiently patient players, we can
ask ourselves the following: for a given (sufficiently high) d, what values of
T constitute a stable SPE?

We have seen that a necessary condition is
constraint on 7’ is:

maxu (s,c)

o < 1, so the first

maxu; (s, c)
S

T > -1 (6)

Uy (Ca C)
Other constraints on 7" are conditions (4) and (5), but now for a fixed .
With some algebra we can obtain the following from (4):

sergf){(p}U1(S’q)
n log < u1(c,0) ,
log (d) )

The numerator and the denominator are negative, and ¢ is big enough
so that the denominator is small enough (in absolute value) to produce a

BANCO DE ESPANA 21 DOCUMENTO DE TRABAJO N.° 0618



sensible bound.
Now, from (5) we get:

maxu1 (s,c)

T> 1 (8)

log &

Therefore the admissible values for T" are the positive integers such that
(6), (7) and (8) are satisfied. The lower bound is'!

maxu1 (s,c)
log (_Tic) (1=96)+ 1)

maxu (s, c)
S

-1 -1,1
ax log ¢ " owug (¢ ) ’
and the upper bound is
max _u1(s,q)
s€S—{p}
IOg ( u1(c,c) >

log (9)

Note that the numerator is finite under assumption A1, because rglai( }ul (s,q) <
SES—p

uy (¢, ¢). The denominator is also finite and different from 0 for § € (0,1).
Therefore, the upper bound is strictly finite, so convergence must be achieved
in a finite number of periods.

The intuition for the upper bound is very simple. Consider the incentives
for a player that is being punished. Clearly, deviation is more profitable if
the punishment period is longer. Therefore, the punishment period cannot
be very long, because it would induce deviations.

4 Memory Requirements

In this section we study the memory requirements of the strategies presented
in section 3.1, in an attempt to compare our approach with the theory on
bounded recall. First we will show that our strategies do not work under
bounded recall. This could cast doubt on the complexity of our strategy and
hence on its applicability in the real world, as Aumann (1997) suggests. For
this reason we define a concept of memory requirements weaker than bounded

" Remember that condition (6) is a strict inequality, and the other two conditions are
weak inequalities.
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recall, and we provide upper bounds for memory requirements under this
weaker definition.
We start by defining absolute memory of a strategy:

Definition 8 A strategy o; has absolute memory ® (0;) = A if X € N is the
minimum number such that si(h'~") = si(h'™"), for any period t € Z, and

for every pair of histories h*' € H and h*™' € H such that hl, = hi Vk €
{t—N...,t—1}.

We can say that a strategy o; satisfy bounded recall if and only if ® (0;) <
0o. Now, it is easy to see that the strategy defined in section 3.1 does not
satisfy bounded recall, as the following proposition shows:

Proposition 9 The strategy defined in 3.1 has infinite absolute memory.

Proof. Consider a history h*~! € H such that bt ' = {q,q} ,Vk <t — 1,
Now, consider another history h'™* € H such that ﬁ',;_l = {q,q},Vk <
t—1,k#t—\ and fbij\ = {c, q}, for some A > 1. According to the strategy
defined in 3.1, player 1 should play ¢ after history h*~!, whereas he should
play ¢ after history h'~!. The proof is complete by taking the limit A — oo.
|

The previous proposition shows that our stable strategies cannot be de-
fined under a bounded recall framework. But this does not mean that our
strategies are infinitely complicated, because we can provide bounds for their
memory requirements using a definition weaker than absolute memory. We
call this weaker concept conditional memory, and it is defined as follows:

Definition 10 A strategy o; has conditional memory ¢ (os,h'™") = X in
subgame h'~' if X € N is the minimum number such that si(h'*~') = si(h'™1),
for every history h'~' € H such that hi, = hl, Vk € {t — \,...,t —1}.

The definition of conditional memory calculates memory requirements,
conditional on being in a particular subgame. On the other hand, absolute
memory is defined without any conditioning, so it can be interpreted as the
maximum conditional memory over all possible histories.

Now, we are in a position to provide bounds for conditional memory
requirements of the stable strategy defined in 3.1:

Theorem 11 Let o1 and o be the stable strategies defined in 3.1 for player

1 and 2, respectively. Then, ¢ (o;, Py (R, 01,09)) =1 for anyt € Z,ht™! €
H,ie{l1,2},k €Z such that k > t+T.
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Proof. If players play according to the stable strategies defined in 3.1, then
Py (WY 01,00) € {{c,c},{p,qa},{q,p}},Vk > t, depending on the value
of 0, computed in steps 1 and 2 in the definition of the strategy. More-
over, the profiles {p, q} and {¢,p} can only last for at most 7" periods, so
Py (WY, 01,09) = {c,c},Vk >t + T. The proof is complete by noting that
step 1 in the definition of the strategy ignores the part of the history observed
before the most recent {c,c}. W

The previous theorem states that, if players play according to the stable
strategies defined in 3.1, then conditional memory requirements eventually
collapse to 1, because eventually both players will be playing c. This means
that conditional memory requirements are finite and small, except from his-
tories that are very far from the equilibrium path implied by our stable
strategies.

5 Concluding Comments

In this paper we have proposed a concept of dynamic stability in repeated
games with discounting for which a modification of the traditional theory
is needed. In particular, we need to introduce a game with no beginning,
i.e. a game with an infinite history at all periods. One should keep in mind
issues like reputation or robustness to initial conditions when interpreting
the proposed concept of dynamic stability.

A characterization'? of payoffs supported as a stable equilibrium is also
presented, with the additional result that convergence to the long-run strat-
egy profile can be achieved in a finite number of periods, for all previous
histories. The proof is constructive, giving the strategies that support the
long run profile. We have also shown that memory requirements of these
strategies are bounded, but under a concept of memory requirements weaker
than bounded recall.

One can look at the contributions of this work in at least three different
ways. The most direct is the study of games with an infinite history, i.e.
with no beginning. A more interesting interpretation is that the theory
developed here provides a formal justification for the folk results often used
in the literature, because all equilibrium paths converge to the cooperative
outcome. In other words, we are checking the robustness of the folk results
to the assumption that strategies begin with certain profile. Finally, the
analysis of the convergence process is interesting by itself. If for whatever
reason players are not cooperating (maybe because someone has deviated in

12This characterization is incomplete in the sense that we have focused on pure strate-
gies, and on games with no uncertainty.
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the past), the strategies presented here provide a way in which players can
build up again their reputations.

The analysis developed here has nevertheless several limitations, and fur-
ther research will be useful. The main limitation is that the theorem requires
a supported outcome in pure strategies. Although the rest of the assump-
tions are innocuous, and are made for simplicity, the requirement of pure
strategies cannot be generalized in a straightforward manner. If we want to
support convex combinations of the pure strategy payoffs, we cannot apply
the usual argument of a public randomizing device and a correlated distrib-
ution. The reason is that we require the equilibrium path to be convergent,
not to switch at random over a set of outcomes. But one can still have a
notion of dynamic stability in these cases. Perhaps the simplest way is to
substitute condition (b) in the definition of a stable SPE by convergence in
expected payoffs, not in the profile played. Maybe there are other possibili-
ties, like convergence in distribution over outcomes, even though it may be
difficult to develop stationary strategies with the property that future prob-
ability distribution over outcomes is invariant, irrespective of the realization
of the present (stochastic) outcome.

Second, we have focused on games with no uncertainty, so a concept of
stability for games with some source of uncertainty may be useful. Probably,
the definition will be close to Ely and Vilimiki (2002) and Green and Porter
(1984), but the extension is not straightforward. One possibility would be to
make the definition analogous to those used in stochastic processes, assuming
that from now on all stochastic variables take a realization equal to their
mean value (including variables related to imperfect information). Then, the
definition of convergence could be modified accordingly.

Third, it is interesting to note that the folk result presented here is a
limit result. The theorem in section 3.2 states that we can support stable
equilibria for a sufficiently high discount factor. It doesn’t say anything
about optimal punishment schemes (satisfying stability), in the sense that
there may exist other strategies that require weaker conditions for 6. This is
obviously another possible extension.
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